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THE NECESSARY AND SUFFICIENT CONDITION FOR THE
SOLVABILITY OF THE DIOPHANTINE MATRIX EQUATION
Amx_|_Amy +Amz = Amw

ALEKSANDER GRYTCZUK AND IZABELA KURZYDLO

ABSTRACT. Let A be an integral 2 x 2 matrix. The equation
has a solution in positive integers x, y, z, w, m > 2, where x, y, z, w are distinct,

if and only if the matrix A is nilpotent or (det A = 0 and TrA = —1) or
(det A=1andTrA=0)or(detA=1andTrA = —-2)ordetA=TrA =1.

1. Introduction

We give necessary and sufficient conditions for the solvability of the matrix
equation

(11) Amx+Amy+Amz — AW

in positive, distinct integers x, y, z, w and m > 2. The result is an extension
of earlier results contained in the papers [5], [9], [11], [12].

D. Frejman in [5] and A. Grytczuk in [9] independently proved that if A =
(9 1), then the equation

(1.2) AT AT = AT

where x, y, zz m € N and m > 2 has no solution. In[11] Le and Li proved that if
A= (¢ é’) is an integral 2 x 2 matrix, a +d > 0 and bc > ad, then the equation
(1.2) is not satisfied in natural numbers x, y, z and m > 2. They posed also the
conjecture that the equation (1.2), where A is an integral 2 x 2 matrix , has
solutions in positive integers x, y, z and m > 2 if and only if the matrix A is a
nilpotent matrix. In [12] they proved a corrected version of this conjecture: if
A is an integral 2 x 2 matrix, then (1.2) is satisfied in positive integers x, y, z
and m > 2 if and only if A is a nilpotent matrix or Tr A = det A = 1. Another
proof of this result gave A. Grytczuk in [8]. In [7] A. Grytczuk and J. Grytczuk
found necessary and sufficient conditions for A € M,(Z), n > 2 to satisfy the
equation A* + AY = A? for some positive integers x, y, z.

We note that for X = A*,Y = AY, Z = A? we obtain from (1.2) the Fermat’s
equation

(1.3) X"4+Y"=2".
In 1966 R. Z. Domiaty [4] discovered that the equation (1.3) has infinitely many
solutions in My(Z) for m = 4. Some results relating to the equation of Fermat
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in the set of matrices have been described by P. Ribenboim in monograph [15].
In 1995 A. Wiles [18], R. Taylor and A. Wiles [16] proved that (1.3) has no
solutions in nonzero integers X, Y, Z if m > 2. An important problem is to
give a necessary and sufficient condition for solvability the equation (1.3) in
the set of matrices. The solvability of (1.3) in GLy(Z) was first investigated
by L. N. Vaserstein [17]. A. Khazanov in citel0 gave necessary and sufficient
conditions for solvability (1.3) for X, Y, Z belonging to SLa(Z), SL3(Z), GL3(Z).
A. Gryczuk [9] proved some necessary condition to satisfy (1.3) in integral
2 x 2 matrices X, Y, Z, and in [6] he gave an extension of this result. Studies
connected with Khazanov’s results effected too H. Qin [14]. The equation of
Fermat was investigated by Z. Cao and A. Grytczuk in [2]. In [3] Z. Cao and A.
Grytczuk gave a necessary and sufficient condition for the solvability (1.3) for
X,Y,Z € SLo(Z). Z. Patay and A. Szakacs [13] studied the Fermat’s equation
(1.3) in SL3(Z) and in irreducible elements of the rings Ms(Z) and M3(Z).

2. Basic Lemma

LEMMA (2.1) (Schur [1]). Let A be an n x n complex matrix. Then thereis a
unitary matrix P such that

M bz .. by
P*AP = Ao :
0 . An
where A1, Mg, ..., A, are eigenvalues of the matrix A.
3. Results

THEOREM (3.1). Let A be an integral 2 x 2 matrix. The equation (1.1) has a
solution in positive integers x, y, z, w and m > 2, where x, y, z, w are distinct, if
and only if the matrix A is nilpotent or (det A =0and Tr A = —1)or(det A =1
and TrA=0)or (detA=1land TrA=—-2)ordetA=TrA=1

Proof. Suppose that the equation (1.1) holds. If A is a nilpotent matrix,
then A* = 0 forall k € N, k > 2. Thus (1.1) is satiesfied in this case.
Suppose that A is not nilpotent.
Let r = TrA,s = —det A. Then f(A) = A2 — rA — s is the characteristic
polynomial of the matrix A and
r+vr2+ks r—r2+ks

(3.2) n= TR = ’

are eigenvalues of A.
By Lemma (2.1) there exist a unitary matrix P such that

(3.3) A=PTP,

where T is the upper triangular matrix with the eigenvalues of the matrix A
on main diagonal.
From (3.3) by induction for 2 € N we obtain

(3.4) Al = p*TkpP,



THE SOLVABILITY OF SOME DIOPHANTINE MATRIX EQUATION 111

where T* is the upper triangular matrix which has on main diagonal charac-
teristic roots A%, A%,
From (1.1) and (3.4) we get

(3.5) T+ T™ 4 Tm =Tm,

Comparing the elements on the main diagonals we obtain from (3.5)
(3.6) ATE 4+ AT+ AT = AT,
(8.7 AGE AT+ AR = AP

Now, we assume that s = 0. From (3.2) we have A1 = %Irl, Ay = %‘r‘ If
r > 0, then A, = r and the equation (3.6) is not satisfied. If r < 0, then A; = 0,
Ag = r. Thus (3.6) holds for x, y, z,w, m € N and m > 2. Analysing the equation
(3.7) we obtain that it is satisfied for r = —1 if and only if
(3.8)

mx = 2ky, my = 2kg, mw = 2ks, mz = 2ky + 1 or

mx = 2k1, mz = 2ky, mw = 2ks, my = 2k4 + 1l or
my = 2ki, mz = 2ky, mw = 2ks, mx = 2ky + 1 or
mx = 2ky, my =2ks +1, mz=2ks + 1, mw =2ks+ lor
my = 2k, mx =2ke + 1, mz = 2ks + 1, mw = 2ks + 1 or
mz =2k, mx =2ks+ 1, my = 2ks + 1, mw = 2ks + 1, ky, ko, k3, ks € N.
Let s # 0. Then the matrix A is nonsingular. Let © = min{x, y, z, w}. Since
x, y, 2z, w are distinct, then by (1.1) follows that
3.9 AV = §1 AT 4 5o AT+ 53 A™™, 81, 89,03 € {—1,1},
where u < n1 < ng < ngs.
From (3.9) we give
(3.10) A™MmTO( ] 4 Sy AT 5 AT = T,
From (3.10) we have
(3.11) (det A)™™ =% det(811 + 5o A™"2 ™) 4 sz AMnaTm)) = 1,

Denote B = 81148, A"~ ™) 1 §3 A™"s—m1) Since A, B are integral matrices,
then det A, det B are integers. Thus by (3.11) follows that det A =% 1. So
s="1.

We consider the following ten cases.

l.r=0ands=1.
From (3.2) we have A; = 1. Then the equation (3.6) does not hold.

2. r>0ands=1.
Then

E
Do o

14

(3.12) M

>

By (3.6) we have
(313) A’ln(X—w) + /\’ln<y—w> + Arln(z—w) -1,
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By (3.12) and (3.13) follows that exponents m(x —w), m(y —w), m(z—w)
must be negative. The equation (3.13) is not satisfied if all indices are
< —3. Therefore at least one of them must be equal to —1 or —2, which
is impossible, because x, y, z, w and m > 2 are natural numbers.

3. r<0ands=1
Then Ay < —1+2—‘/5, thus |Ag| > ”T‘@ Hence

(3.14) |Ag|? > |Ag| + 1.
From (3.14) we obtain

(3.15) IAaf® > |A2)? + | Azl
Therefore from (3.14) and (3.15) we get

(3.16) A2|® > 2|Ag| + 1.

Let max{x, y, 2, w} = v. Then by (3.7) follows that
A3 = 815" 4 8aAg 2 4 83Ag ", where 81, 82, 63 € {—1, 1}, v > v1 > vy > vs.
Hence
Aol < [Agl™ + [Ag|™ + [Ag]™,
which implies
(3.17) 3| Ag|™r > |Ag|™.
From (3.17) and (3.16) we get a contradiction.

4. r=0ands= —1.
From (3.2) we have A = v/—1, Ao = —v/—1. By an easy calculation we

obtain
1 if mw = 4k
v-1 ifmw=4F +1
3.18 AT = , ke NU{O
(3.18) ! [ptl—1  ifmw=4k+2 {0}
—/—1 ifmw=4k+ 3
1 if mw = 4k
—v—-1 ifmw=4k+1
3.19 AP = , ke Nu{0}.
(3.19) 2 -1 if mw =4k + 2 {0}

V-1 ifmw=4k+3

From (3.18), (3.19), (3.6), (3.7) we observe that the equation (1.1) is
satisfied if and only if the following relations are satisfied
(3.20)

mx = ri(mod 4), my = re(mod 4), mz = rg(mod 4), mw = ry(mod 4),
<T‘1,7‘2,7‘3,7‘4> = <0,0,2, 0>, <2,0,0,0>, <0,2,0,0, ) <1, 1,3, 1>,
(3,1,1,1),(1,3,1,1),(2,2,0,2),(2,0,2,2),(0,2,2,2),(3,3,1, 3),
(1,3,3,3),(3,1,3,3),(0,1,2,1),(0,2,1,1),(1,0,2,1),(1,2,0, 1),
(2,0,1,1),(2,1,0,1),(0,2,3,3),(0,3,2,3),(2,0,3,3),(2,3,0,3),
(3,0,2,3),(3,2,0,3),(1,3,0,0),(1,0,3,0), (0,1, 3,0), (0,3, 1, 0),
(3,0,1,0),(3,1,0,0),(1,3,2,2),(1,2,3,2),(2,1,3,2),(2,3,1,2),
(3,1,2,2),(3,2,1,2).
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5. r=2ands=-1.

Then A; = 1 and (3.6) is impossible.

6. r=—-2ands=—1.

Then A; = —1 and from (3.6) we obtain the equation

D™+ (D™ +(-1)™

which holds if and only if (3.8).

7. r < —-3ands=—1.

= (71)mw 1)

Then |Aq| > %, [Ag] > % Therefore max{|A1], [Ag|} = |A2| >

”T‘/g. Similary as in case 3° we obtain a contradiction.

8. r>3ands=—1.

We see that max{|A1], |[A2]} = |A1] > # and we get contradiction in
a similar way as in case 7°.

9. r=—-1lands=—1.

Then A; = _1+T*/j3 and A3 = 1. Analysing the exponents mx, my, mz,
mw modulo 3 in (3.6) it easy to see that (3.6) is impossible.

10. r=1and s = —1.

Then A; = HT‘/_?, Ay = I_T\/js are eigenvalues of A. We see that

1
A
/\2
(3.21) ame — 71

-1
-\

_)\%

1
Ag
—A
(3.22) P S
-1
—Ag

A1

if mw = 6k

ifmw==6k+1
if mw = 6k + 2
if mw =6k +3
ifmw=6k+4
if mw=6k+5
if mw = 6k

ifmw=6k+1
if mw = 6k + 2
if mw =6k +3
if mw =6k +4
if mw=6k+5

, ke NuU{0}

, ke NuU{0}

From (3.21), (3.22), (3.6) and (3.7) we get that (1.1) holds if and only if
the following relations are satisfied
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(3.23)

mx = ri(mod 6), my = re(mod 6), mz = rs(mod 6), mw = rs(mod 6),

(r1, 79,73, 74) = (0,0,3,0), (0,3,0,0), (3,0,0,0,), (1,1,4,1), (4,1,1,1), (1,4, 1, 1),
(2,2,5,2),(5,2,2,2),(2,5,2,2), (3,3,0,3), (0,3,3,3), (3,0,3,3), (4,4, 1, 4),
(1,4,4,4), (4,1,4,4), (5,5,2,5), (2,5,5,5), (5,2,5,5), (0, 1,3,1), (0,3, 1, 1),
(1,0,3,1),(1,3,0,1),(3,0,1,1), (3,1,0,1), (0, 1, 4, 0), (0,4, 1,0), (1, 0, 4, 0),
(1,4,0,0), (4,0,1,0), (4,1,0,0), (0,2,3,2), (0,3,2,2), (3,2,0,2), (3,0,2,2),
(2,0,3,2), (2,3,0,2), (0,2,5,0), (0,5,2,0), (2,0,5,0), (25,0, 0), (5,0,2,0),
(5,2,0,0), (0,3, 4,4), (0,4,3,4), (3,0,4,4), (3,4,0,4), (4,0,3,4), (4,3,0,4),
(0,3,5,5), (0,5,3,5), (3,0,5,0), (3,5,0,0), (5,0,3,5), (5,3,0,5), (1,2, 4, 2),
(1,4,2,2),(2,1,4,2),(2,4,1,2), (4,1,2,2), (4,2,1,2), (1,2,5,1), (1,5,2, 1),
(2,1,5,1),(2,5,1,1), (5,2, 1,1), (5,1,2,1), (1,3, 4,3), (1, 4,3,3), (3, 1,4, 3),
(3,4,1,3), (4,1,3,3), (4,3,1,3), (1,4,5,5), (1,5,4,5), (4, 1,5,5), (4,5, 1,5),
(5,1,4,5), (5,4,1,5), (2,3,5,3), (2,5,3,3), (5,2,3,3), (5,3,2,3), (3,2,5,3),
(3,5,2,3), (2,4,5,4), (2,5,4,4), (4,2,5,4), (4,5,2,4), (5,2,4,4), (5,4,2,4)

The proof of Theorem (3.1) is complete. O

From the proof of Theorem (3.1) we obtain the following :

THEOREM (3.24). All solutions of the equation (1.1) in positive integers x, Y,
z, wand m > 2, where x, y, z, w are distinct, are given by

(10)if (det A=0and TrA= —1)or(det A=1and Tr A = —-2),

(22) if (det A = 1and Tr A = 0),

(25)ifdet A ="Tr A = 1, and if A is a nilpotent matrix with nilpotency index
k > 2 then (1.1) holds for all natural numbers x, y, z,w and m > 2 such that
mx >k my>kmz>kmw>Ek
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REPRODUCING KERNELS OF WEIGHTED POLY-BERGMAN
SPACES ON THE UPPER HALF-PLANE, PART II

JOSUE RAMIREZ ORTEGA

ABSTRACT. Let IT be the upper half-plane. The weighted r-poly-Bergman
space of IT consists of all functions in L2(II, (A 4+ 1)(2y)*dxdy) satisfying the
equation (%)n f = 0. In the case A = 0 new representations of poly-Bergman
kernels are given by differentiation of certain rational functions. In general,
the weighted poly-Bergman kernels are given by means of the action of a
certain operator group on an orthonormal basis of L2(R*, dxdy).

1. Introduction

Using Vasilevski’s methods ([6]), formulae for weighted poly-Bergman ker-
nels of the upper half-plane IT were obtained in [4]. For instance (see [6]), the
true-n-poly-Bergman kernel of II is given by

n—1ln—-1
b feEo= WZZ s (ZZ) <i§> et

=0 k=0

N (—=1)y+*k (n — 1) (n — 1)
T mBG+ LE+ D\ E )

and B(x, y) is the usual beta function ([5]). In Section 4 we establish a new
form of the poly-Bergman kernels. We will see, for instance, that the true-n-
poly-Bergman kernel is given by differentiation of the rational function

Z+sn! (g + s)”l
{+s [+s '

For weighted poly-Bergman spaces, reproducing kernels are given by the action
of the operators

where

X;=ED, ((=t+i7)

onto the Laguerre polynomials with suitable weight attached, where E; and D,
are defined by (E;f)(x) = e"**f(x) and (D,f)(x) = \/7f(rx). We point out that
the operator group €D = {X, : { € II} is isomorphic to the semi-direct product
R x R* of the additive group R and the multiplicative group R*, as shown in
Section 5. On the other hand the Fourier transform of K,,(z, { ) with respect
to ¢ = Re{ was obtained in [4] as a convolution of elements of an orthonormal
basis for L2(R*). From this fact the operator group £D comes out.

Recall that the Bergman space of a domain G C C is defined as the space of
all analytic functions on G belonging to L%(G). The Bergman space is denoted

2000 Mathematics Subject Classification: 31A10, 32A36, 46E22, 47B34.
Keywords and phrases: Bergman projection, kernel operator.
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by A%(G). By definition, the Bergman projection B is the orthogonal projection
from L?(G) onto A%(G). The following integral representation of B is well
known ([1]):

(Bf)(z2) — L K(z OFQdp@),

where K(z, ) is the Bergman kernel of G, and du({) = dtdr is the usual
Lebesgue measure. For instance ([6]), the Bergman kernel for I is given by

1
w(z —0)?
Introducing generalizations, the weighted n-poly-Bergman space A2, (I1) is

the subspace of L2(I1, du,) consisting of all (n-analytic) functions f(z) = f(x, y)
which satisfy the equation
6 n
() r=0

where du,(z) = (A + 1)(2y)*dxdy, and as usual 20/9z = 9/ox + 19/dy ([6]).
Note that A%,(Il) is the Bergman space of II. By the Riesz representation
theorem we have an integral representation for the orthogonal projection B,
from L2(T1, du,) onto A2, (TD):

(Buf)(2) = / £z DRz Odpa(0),
11

K(z () =

where K,,)(z, {) is the so-called weighted n-poly-Bergman kernel of IT ([6]).
The weighted true-n-poly-Bergman space is defined as

AZ D) = A2, (D) & AZ_, (D),

where by convention A2, (IT) = {0}. The weighted true-n-poly-Bergman projec-
tion B, is defined as the orthogonal projection from L2(I1, du,) onto A(Zn) A D).

Obviously
B, =) Buy.
k=1

The n-anti-analytic and true-n-anti-analytic function spaces A%,\(H) and
ft(zn)A(H) are defined along the same lines, with 9/9z changed to d/dz. The

corresponding orthogonal projections are denoted by B, and B(n).

2. Bases and Isomorphisms on L(R)

In this section we will give orthonormal bases for L2(R), as well as the rela-
tionship between them, via unitary operators such as the Fourier transform,
dilation and translation operators. We will express the reproducing kernels
of weighted poly-Bergman spaces in terms of the action of certain operator
groups on the orthonormal bases.

It is well known that the following systems of functions form orthonormal
bases for L2(R):

(E(y) = (—=D)"L,(lyDe 2y .(y), n>0,
(2.1) 1 (@

¢n(y):E1/2+iy, nez,
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where L, (y) is the Laguerre polynomial of degree n

n Y
Ly =Y (’;) S

k=0

and ¢(y) is a Mobius transformation defined by

12—y
As usual, I'(z) denotes the gamma function. Then for each Re{ > 0,
< INk+1)
tl 1k _
(2.3) /0 e "*t'dt = ot
* k! — k,—lyl
(2.4) F (({ T iy)k+1> = V2x|y[*e ™V x, (y),
where F is the Fourier transform defined by
1 .
(Ff)(x) = —— / it £ (f)dt.
e =az et

Formulae (2.3)-(2.4) can be used to prove the following theorem.
THEOREM (2.5). (14]) We have

(F*$u)y) =L, (y), n>0,

Fdn)y) =€, 1), n<O.

At first sight the system of functions (2.1) has nothing special about it other
than its simplicity. Actually we can use, instead of ¢, any Mobius transforma-
tion keeping the reals invariant. The resulting system will be an orthonormal
basis, which can be obtained by means of unitary operators defined in terms of

dilation and translation operators, as we will show. For § > 0, and b any real
number, we will introduce three unitary operators acting on L?(R):

(2.6)  (Dsf)y) = Vof©y), (Epf)y)=e f(y), (Tpf)y)=f(y—Db).

Let ¢ be a complex number such that Im ¢ > 0. Consider the unitary operators
X = ERe D
Y =T Re Damy -

We will use the well-known properties FDs = Dy;sF, FE, = T_,F, FT, =
EyF. These imply, for instance, that FY; = X _;F, F%Y; = Y_ZFQ, F’X; =
X _ZFz, and

FX,=Y,F.
Since X; and Y; are unitary, the following systems of functions form orthonor-
mal bases for L2(R):
CE(y) = (X DatENy) = /2Imze R ¢ 2Imzy), n >0,
2.7 Im{ (b, (y))"

n =D n = - = 5
b (y) = (Y D1/200)(y) T i+
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where ¢,(y) is the Mobius transformation given by
2.8) bely) = -2

THEOREM (2.9). We have
(F*$n)y) = £,y), >0,
Fn)y) = £, _1, ), n<0.
COROLLARY (2.10). If { = it, where t is a real number, then
(F*$ni)y) = V2 £;(2ty), n >0,
(F*$ni)y) = V2t £, ,(2ty), n<0.

3. Related Operator Groups

Let U be the group of unitary operators acting on L2(R). The operators of
type (2.6) generate unitary subgroups of &/, which are related to the reproducing
kernels of poly-Bergman spaces (Section 5). Consider the subgroups

D= {D3 16> O},

&= {Eb :be R},

T={Ty,:becR}.
Let R* stand for the set of positive real numbers. We endow R* with the struc-
ture of a multiplicative group. For the time being, only the additive structure
on R will be taken into account. Of course the following maps are group homo-
morphisms

®:R">386— DseD,
O:Ro>b— Ep €&,
V:Rob—TyeT.
(8.1) The group £D. Let £D be the group of unitary operators generated by
& and D. Since DsE, = Es5; Ds; we have
ED = {EbD5 1 be R, 6 € R+},
and the product on £D is given by
(EbDS)(Ez}DS) = Eb+5I3D58-

On the other hand, the scalar multiplication b is an action of R on R, thus
the binary operation on the semidirect product R x R is given by

(b,8)- (b, 8) = (b + b, 55).

Now E,Ds; = E;Dj implies that b = b and 6 = §, so the following map is a
group isomorphism from R x R* onto £D:

(I)g : (b, 8) —> Eng.

Changing notation, we identify each complex number ¢ = ¢ + i7 with (¢, 7).
Of course the group R x R naturally passes its group structure to II, where
the multiplication is also denoted by -. For {}, = ¢, +ir, € I, with £ = 1, 2, we
have

XXy, = X g,
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(3.2) The group 7D. Similarly we consider the action of R™ on R given by
the product %b. The semidirect product induced by this action is denoted by
R x~1R*. It is readily seen that the multiplication on this group is given by

(b,8) x (5,8) = (b + %13, 53).

Thus R x~! R* is isomorphic to the operator group 7D, and the isomorphism
is defined as follows
CDT : (b, 8) — Tng.

PROPOSITION (3.1). We have the following commutative diagram of group
isomorphisms
[OF]

fell X, €€D,

Rx'R* 2T~Y, e TD
where ® and ®f are defined by
Db, 8) = (—b,871),
dp(A) = FAF~.
Proposition 3.1 implies that

Y§1Y§2 = Y{r{z'
NOTE 1: The group structure on R x R" generates anothgr~one, glefloted by
R x* R*, where the binary operation is defined by (b, 8) * (b, 5) = (b, 5) - (b, ).

Then R x* R" is isomorphic to DT = 7D, and the isomorphism is given by
(b, 5) — DaTb.

4. Poly-Bergman kernels

In this section we will establish explicit representations of the reproducing
kernels of poly-Bergman spaces (A = 0). It was shown in [4] (see also [5]) that
the Fourier transform of the weighted poly-Bergman kernel K, 1))(z, {) with
respect to the real part of { = ¢ + i7 is given by

2¢2,
V2m(A+ 1)

where z = x + iy, L} is the Laguerre polynomial of order A and degree n, and

Cax = (=1)"/n!/T(n + A+ 1).
We emphasize that all Fourier transforms applied herein are taken with re-
spect to the real variable ¢ = Re{. Thus, the operator (F ® I); acts on L2(R?)
with respect to the variable { = ¢ + it € C = R2.
The Fourier transform of K, 1)\(z, {) can be rewritten as

§ 7NN _ t A A
@D IF @ DRl d) = o s 000

[(F @ DKpnlz ) = LAty ) LA2tr)e TRy (1)

where N
() = e (2Im )M V22 LA (2Im 2t)e =y, (2).
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Let 9; stand for the partial derivation with respect to £. As usual g and
£ denote the Fourier and inverse Fourier transform of g, respectively. We
will be using the well-known properties F*(g x h) = v2wgh and (F*9,;2)¢) =
—it(F*g)(t).

THEOREM (4.2). (A = 0) The reproducing kernel of A2, ;1) has the form
1 4 9 9 Z+s)" ({+s\"
K A © s§*°
wte 0= o (2 2 ) { S (52) ]

& +sn 1t <n§§ B {Jrs)]
C+stL\ [+s (+s

s=—z

_ 14 [(24—3)”

7 n! ds?

s=—z

Proof. For the time being, z € Il and 7 = Im{ > 0 are fixed. We define
the function f as f(¢) = K, 1)(2, {), where ¢t = Re{. Since /A, = ¢, for A = 0,
equality (4.1) takes the form

F) = — ot ot @)
T

\/2777\/37 nir
= Ty e i
N zwi/ﬁ[F “(bnz * brie)1(®)

- zwiw?[F "0z * b)),

Therefore .
)

2.\ /yT

By definition of ¢,;, we have
_ Jy_ 1 (zae),
Pnslt) = m‘(z+t)< z—l—t) ’
T 1 r—it\"”
T (Tﬂ.t) .

Thus, the convolution is given by
1 1 />~ 1 z+s\" 1 T—it—s)\"
oz P * Bnin)8) = E/,oo iZ+9) (_z+s> T+t —s) (T—i—i(t—s)) ds
1/°° 1 ( z—i—s)" 1 (—i{—i—is)n
== — —= — = ds
T)_iZ+s)\ Z+s) i((—s) \ il —is
1 [ 1 n . n
)
T) w2+8\Z2+s) (—s\{—s
By considering s as a complex variable, the holomorphic function

@(s):,l <z+s> 71 ({—s)
zZ+s\z+s) (—s\{—s

?(t) = [F2at(d’nz * ¢n,ir)](t)-




KERNELS OF WEIGHTED POLY-BERGMAN SPACES 123

has the complex number s = —Z as unique pole in the upper half-plane. Of
course s = —z is a pole of order n + 1, thus
1 2i d* [(z+s) (¢—s\"
(¢nz *¢n,ir)(t) - —*‘7 |:( ) (§> :|
NAG nlds" | [—s \{—s s——3

Since (F2g)(t) = g(—t), we have F29; = —d,F2. Therefore

o= a2 [l (6=

Ldsn {—s \l—s =3
1 dr (et <§s)"
mn! ds —{—s \—={-s s

_1oar |Gty <§+s>"
Twnldst | ') (+s \(+s

The ﬁrst equality to be proven follows by conjugating f(¢). On the other hand,

s=—2z

9 = 2 + 8‘2, thus
1 dn . C + 90 &+t
f(t)fﬁ@ |:(2+5) < (n+1)(§—|—8)n+2 n(§+5)n+1>:| s
L a [ @t (=T T+s
= malds {(”3) Tt <”§+s S/l
We complete the proof by performing complex conjugation. O

Let us compute now the reproducing kernel of .42 % 11(ID. First of all, by the
Christoffel-Darboux identity ([2, 4, 5]) we have

2
> e = - "

k=0

Ly (0L (y) = L)Ly 1 ()

Thus

Vin+ 1A +n+1)

2t(y _ T) (E;\L+l,z(t)£2 w(t) - g)\ (t)€n+l n'(t)) :

4.3) > 600, =

THEOREM (4.4). (A = 0) The reproducing kernel of A%, ,(I1) admits the rep-
resentation

_ -1 dt [E+s) T (¢ +s\"
Kund = s e (SR (5]
(n+1) d"

mnl(z —zZ— ¢+ ) ds”

Z+ sy (§+s)"”
l+s \l+s "

—z
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Proof. Consider A = 0. Let g(¢) stand for [(F®I);K,,+11(z, {), where { = t+ir.

n+l
Recall that K,, ;1 = > K. By the Christoffel-Darboux identity we have
k=1
8@ = Cre (@)l i (2)
T Z
n + 1
= AR AN (AN ()
ZW(y_T)(nJrlz n,ir n+1,ir )
n+1
:—F*n zF*niT_F* nzF*n ir
2W(y—T)( ¢+1, d), d) ¢+1,)
n+1
= ——[F" n+l,z nir — Pnz nt1,ir ) J(E).
477\/3’7(3’—7)[ (Snirz % dni = nz * Sninin) KO
Thus
A n+1
K.1(z,0) = - \/yTr(y (¢n+1 2% Gnir — Pz * ¢n+1,if) (—2).
But
#(qb >x<qb~)(t)—i/oo 1 (z+s\""" 1 [¢-s "ds
2./y1 nile ® PR o —w 2+8\Z+s [—s\(—s ’

1 [ 1 (z+s\" 1 [{-s\""
2r(¢nz*¢n+117)(t) o / z+s<z+s> g—s(g—s> ds.

Therefore

1
2\/‘)’7 * d)n,iT - qbnz * ¢n+l,i7)(t)
equals
i dn+1 (Z+ S)nJFl g — 8 n i dn (Z + S)n g —S i
(n+Dlds"t| 7—s \l-s) ||, nlds" | T—s \Z—s s

By evaluating at —¢ and then performing complex conjugation, the preceding
expression takes the form
Z+5)" (z + s)”“
{+s \{+s "

i 4t [(z 4 syrtt ({ + s)"}
(n 4+ D! dsn+1 l+s l+s

Finally, this expression multiplied by (n+1)/[27(y —7)] equals the reproducing
poly-Bergman kernel, where 2i(y —7) =z—2 — { + ¢. O

i dr
nldst

s=—2z 2

THEOREM (4.5). (A = 0) The reproducing poly-Bergman kernel of fl(zn LD
has the form

1 d" [(o o\ [G+sr (T+5\"
Kz, = 7l dsn (ag+ag>{ {+s <§+s> }Hs——z

1 d* [ (§+s)”1< (- §+s)]

= nids T et "rrs o

s=—2z
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THEOREM (4.6). (A = 0) The reproducing poly-Bergman kernel of ,21,21 L1(ID
admits the representation

1 dn+1

KnJrl(Z: g) = 7Tn‘(2 s g T Z) d8n+1

(z 4 s)nt1 (§+ s>n
{+s {+s

(z+8) (g+s>”“
{+s \(+s
We conclude this section mentioning some general properties of poly-Berg-

man kernels. Let A be any of the poly-Bergman spaces A2(IT), AZ (1), A2(IT)
or fl(z ,(ID. Let K(z, {) denote the reproducing poly-Bergman kernel of A. Then,

n
for any n-analytic (anti-analytic) function f € A,

(n+1) d"
mnl(z -z — ¢+ ) ds"

sS=—z

£(z) = / FOK(z DAV Q).
11

Furthermore
o K(z,0) =K((2),
o [fRI<[fIIIK( | Vzell, VfeA,

e sup [|f(2)] = [|K(z, ),
IFlI=1

o |[K(z )| = VK(z 2).

COROLLARY (4.7). The norms of the reproducing kernels are given by
1 K(n)(z: 2) = i{(n)(z, 2) = 2n—1 __ 2n—1

T wzZ—2)? 1my?
. ( ;
2) Kn(z,2) = Ko(z,2) = — -2 = 2.

Proof. We will compute K, ,1)(z, 2). By Theorem 4.2 and the Leibnitz for-
mula for derivation, we have

n n—1
jsn [(z(:j)s)g (nlz — 2] — [z + s])}

mnlK ;. 1)(2,2) =

d cpeptd 1 -
dsn—1 ds (Z+ s)?

=n%Gz-2)

1
(Z + s)2
n!(2n + 1)
C E-2?

dr .
— @(Z +8)

§=—2z

This proves statement 1). Statement 2) follows from K, (z,2) = > Ky (2, 2).
k=1
O

5. Weighted Poly-Bergman kernels

In this section we will see that the weighted poly-Bergman kernels are given
by the action of the unitary groups £D and 7D on the orthonormal systems of
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functions
CAE) = cat LA 2y, (1),
&y, = F,.

For eachIm{ > 0, the unitary operator X, and the Fourier transform give rise
to new systems of orthonormal functions in L?(R):

0y = XDl
ne =Fe),.
In order to simplify our notation we define
ky, = Dsly,
U = Fhy,.
THEOREM (5.1). The reproducing kernel of A(Zn +oaID is given by
Kz O = any, 7) 9(Xk), Xck))

= aw(, ) (Y24, Yei),
where z=x+ yi, { =t + 71, and
l
A1 (\ + 1)(y7-)()\+1)/2 :

an(y, ) =

Proof. We define f(¢) = Ky, 1.(2, {). Repeating some arguments given in
the proof of Theorem 4.2 we have

For — 4 A (pyph
f(t) = \/277T2)‘()\ T 1)(y7_)(/\+1)/2 gnz(t)én,if(t)

! *
T 272X (A + 1)(yn)A+D)2 [F*0,(chp, * ¢ i) 1(E).

Since F29; = —9,F2 we have
F@) = —an(y, D0 F> (), = ) ;. )I@D).

The convolution of two functions in L%(R) can be written as (g * h)(t) =
(g F?T_;h). Note now that FT F*X,;, = X_; for t,7 fixed. Therefore the
A . evaluated at ¢ is given by

n,it

convolution of ¢}, and ¢
(Phe * i N8) = (FX.Daly, F*T_ FX ;. Dyl})
= (X.Dgl}, FT_F* X Dyl})
= (X,Dqol2, X_ZD2€2>.
By taking the Fourier transform twice with respect to ¢ we get
(5.2) [F2(p. * b i 10) = (Xokep, X y).

The first part of the theorem follows immediately. The second equality follows
from FX, =Y,F and FX; =Y, F. O
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THEOREM (5.3). The conjugation of the reproducing kernel of A2 1D s
given by

Kn+1,/\(z; (:) = Q) (<sz2+1> Xék::) - <X2k Xlkn+1>)
=ap (<Yzlp2+1: Yzlﬁ2> - <Yzlpn’ Y§¢n+1>)
where z = x + yi, { =t + 71, and

Vin+ DA +n+1)
2m2ML(\ + 1)(y _ 7-)(yﬂr)(/\Jrl)/T

n+1

Proof. Let g(¢) be K, 11,.(2,{). Since K, 1) = > K, by (4.1) and (4.3) we
k=1

ay=a)y,7) =

have

t n
> G00,®
\/277.2)\()\ 4 1)(y7)(A+1)/2 —

- \/7(1)\ (€n+1 Z(t)g;\l LT(t) E’\ (t)€n+1 z'r(t))
:\/70’)\ (F ¢n+lz VLL’T—F* AF* n+1Vr>(t)
= a/\[F ( n+l,z d)n [ ¢n+1 l’r)](t)

) =

or
g(t) = aA[FZ ( ntlz ¥ d)n,rr - z* ¢n+1 Vr)](t)'
The rest of the proof follows from an equality 51m1lar to (5.2). O
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AN OPTIMAL CONTROL PROBLEM ON THE LIE GROUP
SE(2,R) x SO(2)

ANANIA ARON, CAMELIA POP, AND MIRCEA PUTA

ABSTRACT. An optimal control problem on the Lie group SE(2, R) x SO(2) is
discussed and some of its dynamical and geometrical properties are pointed
out.

1. Introduction

In the last time there was a great deal of interest in the study of control
problems on matrix Lie group due to their applications in spacecraft dynamics
and subacvatic dynamics. The goal of our paper is to study an optimal control
problem on the Lie group SE(2, R)x SO(2) and to point out some of its dynamical
and geometrical properties.

2. The geometrical picture of the problem
Let G be the Lie group given by:
G = SE(2,R) x SO(2)

cose —sing x O 0
sing cose y O 0
0 0 0 cosf —sinf @ » 4T
0 0 0 sinf cos6
Then a basis of its Lie algebra se(2, R) x so(2) is given by:
(0 -1 0 0 O 0 0 0 0 O
1 0 0 0O 0 00 0 O
Ai=(0 0 0 O Of, A,=1(0 0 0 0 O |,
0O 0 0 0 O 0 00 0 -1
0 0 0 0 O 0 0 01 0
[0 0 1 0 0 [0 0 0 0 O
0 00 0O 0 01 0O
A3=1(0 0 0 0 O], Asy=1(0 0 0 0 O
0 00 0O 0 0 00O
0 0 0 00 0 0 0 00

The Lie algebra structure of G is given by the following table:

2000 Mathematics Subject Classification: 34HO05.
Keywords and phrases: optimal control, nonlinear stability, Lie-Trotter algorithm, Kahan
algorithm.
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[.,.] Al | Ay Az Ay
Ay 0 0| Ay | -As
Ay 0 0 0 0
A; |-A, | 0] 0] o0
Ay | Az 0 0 0

It is not hard to see now that the minus-Lie-Poisson structure on G* is
generated by the matrix:

0 0 —X4 X3

0 0 0 O
= x4 0 0 0
—x3 0 0 O

An easy computation leads us via Chow’s theorem [6] to:

PROPOSITION (2.1). There exists three left invariant controllable systems on
G, namely:

(2.2) X = X(Ajuy + Asus + Agus),

(2.3) X = X(Aju; + Asus + Aguy),

(2.4) X = X(Aruy + Agus + Asus + Agug),
where X € G.

The goal of our paper is to study some geometrical and dynamical properties
for the system (2.2). Similar results can also be obtained for the systems (2.3)
and (2.4).

3. An optimal control problem for the system (2.2)
Let JJ be the cost function given by:

1 r 2 2 2
T s, s, us) = 5 / [exti3() + caud(®) + e3d(®)] dt
0

c1>0,¢c0>0,¢c3 >0.
Then we have:

PROPOSITION (3.1). The controls that minimize J and steer the system (2.2)
from X = Xpatt=0to X = Xr att =ty are given by:

1 1 1
uy = —xi, Ug = —Xxg, us = —xs3,
C1 C9 C3
where x;’s are solutions of:
) 1
X1 = ——X3X4
C3
X2 =0
(3.2) ) 1
X3 = —X1X4
C1
1
X4 = ——X1X3
C1
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Proof. Let us apply Krishnaprasad’s theorem [10]. It follows that the opti-
mal Hamiltonian is given by:

1/x2 x2 2
H(x1, x2, X3, %4) = 5 <1 + 24 3) .
2 C1 Cy C3

It is in fact the controlled Hamiltonian H given by:
_ 1
H(x1, x5, &3, %4) = %101 + Xptip + x3u3 — S (cruf + couf + cus),

which is reduced to G* via Poisson reduction. Then the optimal controls are
given by:

1 1 1

uy = —Xxi, Ug = —Xo, Uz = —Xxs,

C1 C2 C3
where x/s are solutions of the reduced Hamilton’s equations given by:

(&1, &g, &3, %41 =T1_ - VH
which are nothing else then the required equations (3.2). O

Remark (3.3). It is easy to see from the equations (3.2) that x3=constant and
so the dynamics (3.2) can be put in the equivalent form:

) 1
X1 = ——X3X4
C3
) 1
(34) X3 = —X1X4
C1
) 1
X4 = ——X1X3.
C1

PROPOSITION (3.5). The dynamics (3.4) has the following Hamilton-Poisson
realization:

(R% 11, H),
where
0 —X4 X3
II= X4 0 0
—X3 0 0
and ) )
1
H(xl: x3, x4) -5 (xl + x3> .
2 C1 C3

Proof. Indeed, it is not hard to see that the dynamics (3.4) can be put in the
equivalent form:
[1, &3, 241 =11 VH,
as required. O
Via Bermejo-Feiren’s technique [3] we are lead immediately to:
PROPOSITION (3.6). The Poisson structure 11 has only one functionally inde-
pendent Casimir given by:

1
C(x]., X35 x4) = §(x§ + xi)
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Remark (3.7). The phase curves of the dynamics (3.4) are intersections of

2 2
X X
71+73

C1 C3

= constant

with
x% + x2 = constant,
see the Figure 3.1.

Figure 3.1. The phase curves of the system (3.4)

PROPOSITION (3.8). The dynamics (3.4) has an infinite number of Hamilton-
Poisson realizations.

Proof. An easy computation shows us that the triples:
(Rsx {', '}ab; Hcd):

where
{f, &Y = —VCa - (Vf x Vg), M)f, g € C*(R’ R)
Cy = aC + bH,
Hcd =cC + dH,
2 2
H(x1, x3, x4) = 1 (xl + x3> ,
2 C1 C3
1
C(-xl; X35 x4) = E(x:% + x?i);
a,bcdcR, ad —bc=1,
define Hamilton-Poisson realizations of the dynamics (3.4), as required. O

Remark (3.9). The above proposition tell us in fact that the equation (3.4) is
unchanged, so the trajectories of motion in R? remain the same when H and
C are replaced by SL(2, R) combinations of H and C.

PROPOSITION (3.10). The dynamics (3.4) can be reduced to the pendulum
dynamics.
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Proof. 1t is clear that

2 2

X x
1,7 _ofg
C1 C3

and
X%+ x% = 2C

are constants of motion. If we take now

x3 = V2C cos 0
x4 = vV2Csin 0,

then we have successively:
%3 = —V2Csin6 -0 = —v2C Y

v2C
and so
. X3 1 x1x4 1
0=——=———=——x1.
X4 C1 X4 C1

Differentiating again we obtain:

ho 1 <1> X34
C1 C3

1
= —2Csinfcosf

C1C3
or equivalent:
. C
6 = —sin 20,
C1C3
which is the pendulum dynamics, as required. O

4. Stability
It is not hard to see that the equilibrium states of our dynamics (3.4) are:
e = (M, 0,0, McR
e =(0,M,0), McR
eM =(0,0,M), M eR.
Let A be the matrix of the linear part of our system (3.4), i.e.,

0 ——X4 ——X3
C3 C3
1 1
A= —X4 0 —X1
C1 C1
1 1
——X3 —X1 0
C1 C1

Then the characteristic roots of A(e}) [resp. A(el!), resp. A(el!)] are re-
spectively given by:
M0, Agy— 2l
C1
[resp]

M
AM =0, Ag3==%
1 2,3 Jeies



134 ANANIA ARON, CAMELIA POP, AND MIRCEA PUTA

[resp]

A1 =0, \g3 = +i
=0, Ag3 =1
\/C1C3

and so we can conclude that:

PROPOSITION (4.1). The equilibrium states e{” R eé” s eg/l, M € R, have the fol-

lowing behavior:
@) e{”, M € R is spectrally stable.
(ii) e}, M € R is unstable.

(iii) e¥, M € R is spectrally stable.

We can now pass to discuss the nonlinear stability of the equilibrium states
eM and e}, M € R.

PROPOSITION (4.2). Theequilibrium states ezlw , M € R*, are nonlinear stable.

Proof. We shall make the proof using Arnold’s technique [2] see also [4]. Let
F) € C>=(R3, R) be the smooth function given by:
defl o o A[x? &%
F == Z( 8,
\(x1, X3, X4) 2(x3 +x3) + 2 <c1 + o
Then we have successively:

(i) VF\(el)=0,iff A = 0.

0 0
(ii) W = ker dH(e}) = span ( {1] , {0] ) .
0 1

(iii) (Vv e W, i.e,v =[0, a, BT, &, B € R we have:
V'V2Fy(eMw = o? + B2

and so
VZF()(e%/I)
WxW

is positive definite.
Therefore, via Arnold’s technique, the equilibrium states e, M € R* are
nonlinear stable as required. O

PROPOSITION (4.3). The equilibrium states eé"’ , M c R*, are nonlinear stable.

Proof. We shall make the proof using Arnold’s method [2] see also [4]. Let
G) € C>*(R?,R) be the smooth function given by:
2 2
%) A2, e
o + 03> + 2(x3+x4).

1
G\(x1, x3, x4) = 5 <

Then we have successively:
(i) VG =0iff x = 0.

1 0
(ii) W = ker dC(e}) = span ( [O] , [1] ) :
0 0
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(i) (Vv e W, i.e,v =[a, B, 0T, o, B € R we have:
lBZ

1
VV2Go(edw = —a® +
C1 C3

and so
V2Go(e)
w

xW
is positive definite.

Therefore, via Arnold’s method, the equilibrium states e}, M € R* are
nonlinear stable as required. O

Remark (4.4). It is not hard to see that the equilibrium state (0, 0, 0) is non-
linear stable. Indeed, this is a consequence of Lyapunov direct method [7] via
the Liyapunov function H + C.

5. The existence of periodic solutions

For begining, let us observe that the Lie algebra (R?, [, -]) is isomorphic
to the Lie algebra (se(2, R), [, -]1) and so the Poisson structure II is in fact a
minus-Lie-Poisson structure on (R3)* ~ (se(2, R))* ~ RR3.

Itis clear that the restiction of our system (3.4) to the generic coadjoint orbit:

x5 + x% = M?
gives rise to a classical Hamiltonian system. Then we have:

ProOPOSITION (5.1). Near to eé” = (0,0, M), M € R*, the reduced dynamics
has, for each sufficiently small value of the reduced energy, at least 1-periodic
solution whose period is close to 2m/cic3/|M|.

Proof. Indeed, we have successively:

(1) The matrix of the linear part of the reduced dynamics has purely imagi-
nary roots. More exactly:

)\2’3 = iMi/w/Clc3 .
(i) span(VC(ed)) = Vy, where
Vo = ker(A(eéW ).

(i11) The reduced Hamiltonian has a local minimum at the equilibrium state
e (see the proof of Proposition 4.3).

Then our assertion follows via the Moser-Weinstein theorem with zero eigen-
value, see for details [5]. O
6. Lax formulation and numerical integration of the dynamics (3.4)

A long but straightforward computation or using eventually MATHEMAT-
ICA leads us to:

PROPOSITION (6.1). The dynamics (3.4) has the following formulation:
L =I[L,B],



136 ANANIA ARON, CAMELIA POP, AND MIRCEA PUTA

where
x c3(x3 — x1)
. 38 — A/
L= c1+c3
X1+ X3 —X4
and
X4 X3
c 2c
B= 1 1
c1+c3 X
3
2016‘3

Let us pass now to the numerical integration of the dynamics (3.4).
It is easy to see that for the equations (3.4), Kahan’s integrator [9] ca be
written in the following form:

h
n+1 n _ n+1,.n n+1,.n
Xy = = —2—(:3(963 Xy + %) xg)
(6.2) antl — a2 = h (T lah — xHgn
: 3 837 95,1 FaT X X
1
h
n+1 n _ n+1,.n n+1,.n
Xy —xf = —z—q(xl x5 — x5 xf)

A long but straightforward computation or using eventually MATHEMATICA
lead us to:

PROPOSITION (6.3). Kahan’s integrator (6.2) has the following properties:

(2) It is not Poisson preserving.
(i1) It does not preserve the Casimir C of our Poisson configuration (R3, II).
(ii1) It does not preserve the Hamiltonian H of our system (3.4).

We shall discuss now the numerical integration of the dynamics (3.4) via
the Lie-Trotter integrator [11], [12], [13].
For beginning, let us observe that the Hamiltonian vector field Xz splits as
follows:
Xy =Xpy, +Xu,,

where
Hi(x1, x3, x4) = qu%
and
1
Hj3(xq, x3, x4) = 2703365 .
Their corresponding integral curves are respectively given by:
x1(2) x1(0)
x3(t)| = A; [x3(0)],i=1,3,
x4(2) x4(0)
where
1 0 0
A;= |0 cosat sinat|,
0 —sinat cosat
1

a = —x1(0)
c1
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and
1 0 bt
As=10 1 0 |,
0 0 1
b= L0
C3
Then the Lie-Trotter integrator is given by:
=
(6.4) x| = AjAg | xR |
x2+1 xZ

Now, a direct computation or using eventually MATHEMATICA leads us to:

PROPOSITION (6.5). The Lie-Trotter integrator (6.4) has the following prop-
erties:

(2) It preserves the Poisson structure I1.

(i) It preserves the Casimir C of our Poisson configuration (R3, II).
(iti) It doesn’t preserve the Hamiltonian H of our system (3.4).
(iv) Its restriction to the coadjoint orbit (O, wp), where

Op = {(x1, 13, x4) € R?|a3 + xf = 2k%}

and wy, is the Kirilov-Kostant-Souriau symplectic structure on O, gives
rise to a symplectic integrator.

Remark (6.6). If we make a comparison with the 4th-step Runge-Kutta method
we obtain almost the same results. However, Kahan’s integrator and the Lie-
Trotter integrator have the advantage to be easier implemented, see Figures
6.1, 6.2 and 6.3.

0.6

S

Figure 6.1. The 4th-step Runge-Kutta
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Figure 6.2. The Kahan integrator

Figure 6.3. The Lie-Trotter integrator

7. Heteroclinic orbits for the dynamics (3.4)

For beginning, let us observe that our dynamics (3.4) can be put in the
equivalent form:

X1 = A1X3X4
(7.1) X3 = A2X1%4
X4 = Q3X1X3

where
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Let us take now:
(7.2) x3 = dotgh kt keR,

x1 = dysech kt
x4 = dssech kt

If we plug (7.2) in (7.1) we have:
—dlk = a1d2d3
dgk = a2d1d3
—dgk = a3d1d2
So,
d1d2d3k3 = a1a2a3d%d§d§
and then we are lead immediately to:
2 2
di =— LA S S

asas’ 2 aiay’ 0 aiam

Hence we have:

x1(8) = \/%Zaa sech kt

(7.3) x3(t) = \/f%gtgh kt
x4 (8) = \/%Zal sech kt
On the other hand we have:
k k
li tgh kt =
tiglo Vv aias 8 \/a1as
and if we impose the condition:
4 li =M
(7.4) Jim mtgh kt
we can conclude that:
k= M\ /a1as

Therefore we have proved:

PROPOSITION (7.5). There exists four heteroclinic orbits between the equilib-
rium states (0, M, 0) and (0, —M, 0), M € R, M +# 0 given by (7.3) and (7.4)

Remark (7.6). The heteroclinic orbits (7.3), (7.4) belong to the planes:

as
x4::I: — X1.
ai
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A TRIGONOMETRIC-HYPERBOLIC FUNCTIONAL EQUATION
AND ITS APPLICATION

JAE-YOUNG CHUNG

ABSTRACT. We consider the Hyers-Ulam stability of the trigonometric-hyper-
bolic type functional equation

fx =y s+ =flxs)f () +gx 9)gt), xyecR" st>0.
As an application we prove a distributional analogue of the Hyers-Ulam
stability problem of the trigonometric functional equation

hx — y) = h@h(y) + k(@0k(y), xyecR"

1. Introduction

Considering a certain class of functional equations and their Hyers-Ulam
stability problems in some spaces of generalized functions such as the Schwartz
tempered distributions, Fourier hyperfunctions, and so on, we need to control
some modified functional equations which appear while converting given dis-
tributional version of the stability problems to classical ones. For example, sta-
bility problems of the quadratic functional equation and d’Alembert equation
in the generalized functions yield the quadratic-additive type and d’Alembert-
exponential type functional equations, respectively (see [5]). Likewise, if we
consider a distributional version of the well known trigonometric functional
equation

(1.1) h(x — y) — h(0)h(y) — k(x)k(y) =0, x,ycR",
the following trigonometric-hyperbolic type functional equation appears:
(1.2) flx—y,s+8)=f(x,9)f(y,t)+glx,8)gly,t), xycR" st>0.

In this article, we first consider the equation (1.2) involving functions f, g
in a more general domain and secondly we prove the Hyers-Ulam stability of
the equation (1.2). As an application we prove the distributional version of
Hyers-Ulam stability of the equation (1.1).

The classical stability problems of functional equations go back to 1940 when
S. M. Ulam proposed the following problem [23]:

Let f be a mapping from a group G1 to a metric group Go with metric d(., -)
such that

d(f(xy), f(X)f(y) < e.

2000 Mathematics Subject Classification: 39B82, 46F12.

Keywords and phrases: trigonometric functional equation, d’Alembert equation, tempered
distribution, Fourier hyperfunction, Gelfand-Shilov generalized function, heat kernel, Hyers-
Ulam stability problem.

141



142 JAE-YOUNG CHUNG

Then does there exist a group homomorphism L and 6. > 0 such that
d(f(x), L(x)) < 6.

forall x € G1?

This problem was solved affirmatively by D.H. Hyers [12] under the assump-
tion that G is a Banach space. In 1978, Th.M. Rassias [18] first generalized
the above result and since then, stability problems of many other functional
equations have been investigated by the authors such as J. A. Baker [2], [3],
[4], S. Czerwik [6], G. Isac [11], S.M. Jung [13], KW. Jun [13], H.M. Kim [13],
C.G. Park [16], L. Székelyhidi [20], [21], I. Tyrala [22]. Among the results, L.
Székelyhidi [20] proved the Hyers-Ulam stability of trigonometric functional
equations which is very similar to the equation (1.1).

2. The general solution of equation (1.2) and its Hyers-Ulam stability

In this section generalizing the equation (1.2) we consider the equation: Let
f,g:G xS — C satisfy

(2.1) fx—y,s+t)=f(x,s)f(y,t)+ glx,s)gly,t), x,yeqG, s tel.

where G is an abelian group and S is a semigroup which is commutative, both
of which are divisible by 2, and C is the field of complex numbers.

Note that a function m from a (semi)group to a field is called exponential
provided that m(s + ¢) = m(s)m(%).

THEOREM (2.2). The general solutions f, g : G xS — C of the trigonometric—
hyperbolic type functional equation (2.1) are either

(2.3) flx,8) = %m(S)(h(x) + h(—x), glx,s)= %m(S)(h(x) — h(—x)),

where m and h are exponentials on S and G, respectively, or else

(2.4) fx,s) = fols), glx,s) = gols),
where (fy, go) is a solution of the hyperbolic functional equation
(2.5) fo(s +1) = fo(s)fo(?) + go(s)go(t), s, te€S.

Proof. Replace x by y, y by x and put ¢ = s in (2.1), and compare with (2.1)
to get

f(fy) 23) = f(y) 28))
which implies
(2.6) f(.% S) = f(_y: S)

for all (y, s) € G x S, since S is divisible by 2. Replacing x, y by —x, —y in (2.1),
respectively, and using (2.6) we have

2.7 flx—y,s+8) = f(x,9)f(y,t) + g(—x, s)g(—y, t).
It follows from (2.1) and (2.7) that
(2.8) g(x, 8)g(y, t) = g(—x, 9)g(—y, t).

One can see that from (2.8) we obtain

2.9 g(x,s) = g(—x, s)
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for all (x,s) € G x S, or else

(2.10) glx,s) = —g(—x,s)
for all (x, s) € G x S. If (2.9) holds, replace y by —y in (2.1) to get
(2.11) fx+y,s+t)=fx—ys+1),

which implies f(x,¢t) = f(0,¢) for all (x,£) € G x S, since both G and S are
divisible by 2. Thus, in view of (2.1), g(x, t) also does not depend on x € G,
which gives (2.4) and (2.5).

If the equality (2.10) holds, replace y by —y in (2.1) to get
(2.12) fx+y,s+t)=f(x, s)f(yt)— glx, s)gly, t).

From (2.1) and (2.12) we have the d’Alembert-exponential type functional
equation

(2.13) flx+y,s+8)+flx—y,s+1)=2f(x 8)f(y,0).

Replacing x by v, and y by x and using (2.6) and (2.13) we have
flx, $)f () = fy, $)f (x,2),

which implies

(2.14) (0,7 f(x, 8) = £(0,8) f(x, ),

forallx € G and s,¢ € Sy := {s € S|f(0,s) # 0}. If Sy = 0, it follows from
(2.13) that f(x,s) = 0 for all (x,s) € G x S, which implies the trivial case
f=g=0.1IfS; # 0, we may write

(2.15) F(x) := f(0,5) ' f(x,5),
forallx € G, s €Sy. Put x =y = 01in (2.13) to get
(2.16) f(0,s +¢t) = f(0, s)f (0, ¢)

for all s, € S. Now, for any s ¢ Sy, let s = 2u. Then it follows from (2.16) that
uégSy. Puty=0,s=1t=uin (2.13) to get

(2.17) f(x,s) = f(x,2u) = f(x, u)f(0,u) =0,
for all x € G, s € Sy. Thus it follows from (2.15) and (2.17) that
(2.18) f(x, 8) = f(0, s)F(x),

for all (x, s) € G xS. Now choose sy € Sy, and divide (2.13) by £(0, s¢)? = (0, 2s)
and put s = ¢ = s to get

(2.19) Fx+y)+ Flx—y)=2Fx)F(y), =xyeaq.

Therefore, we have proved that F' satisfies the classical d’Alembert functional
equation and due to J. A. Baker [1] p. 222 the general solution of the equation
(2.19) is given by

(2.20) F@) = S(hx) + ()
where h(x + y) = h(x)h(y) for all x, y € G. Thus we have

2.21) fx,s) = %m(s)(h(x) + (=),
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with m(s) = f(0, s). Finally, putting (2.21) in (2.1) we have

8(x, s)g(y, t) = —%m(s)m(t)(h(x) — h(=x))(h(y) — h(=y)).

Consequently we obtain
1
(2.22) glx,s) = i%m(s)(h(x) — h(—x)).

The minus sign in (2.22) disappears by substitution of A(x) by h(—x). By a
straightforward calculation one may check that f and g given by (2.2) satisfy
(2.1). This completes the proof. O

Remark. The author would like to know if the above result holds true without
the assumptions that G and S are divisible by 2.

As a consequence of the above result we have the following.

COROLLARY (2.23). Let f, g: R" x (0,00) — C be continuous functions
satisfying the equation

(2.24) flx—y,s+1t)=f(x,s)f(y,t)+ glx,s)gly,t), x, yeR" s t>0.

Then the solutions (f, g) are given by the following :
) f=g=0,
i) fx,8) = 155, 8%, 8) = 245, A2 # -1,
1) f(x,s) = (gs + DeP, g(x, s) = +igsePs,
i) f(x,s) = eP(cosgs + Asings), g(x, s) = £iv 1+ A2ePs sin gs,
v) f(x,s) = e cosh(a - x), g(x,s)=e"sinh(a - x),
where p,q, A € C, a € C".

Proof. 1t is well known in [1] that the continuous solutions of the equation
(2.5) are given by 1), i1), iii) and iv). In view of (2.2), if f(x, s) and g(x, s) are
continuous and are of the form (2.2) then m(s) and h(x) are continuous and
hence m(s) = eP®, h(x) = e** for some p € C, a € C"*, which gives v). This
completes the proof. O

Now we consider the stability of the following trigonometric-hyperbolic
functional equation.

THEOREM (2.25). Let M > 0 and let f, g: R" x (0, c0) — C be continuous
functions satisfying the inequality

Then (f, g) satisfies one of the following:

1) f(x,s)and g(x, s) are bounded on the strip R™ x (0, 1),
it) f(x,s)= e cosh(a - x), g(x,s)=ePsinh(a - x),

where p € C, a € C™.

Proof. Following the same approach as in [20] we can verify that either
there exist u, v € C, not both zero, and L > 0 such that

(2.27) |uf(x,s) —vglx,s)| <L, x€R*s>0
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or else
(2.28) flx—y,s+t)=1f(x,9)f(y,t)+g(x g1, x yecR" st>0.

Ifthe equation (2.28) holds, then by Corollary (2.23) the solutions (f, g) satisfies
(1) or (i1). Now we consider the case where (2.27) holds. If g is bounded, then
flx —y,s+t)— f(x,8)f(y,t) is bounded, which implies f(x, s) is bounded in
R™ x (0,1). If g is unbounded, then f is also unbounded, hence u # 0 and
v # 0. Thus we can write

(2.29) f=1g+B

for some A # 0 and a bounded function B. Putting (2.29) in (2.26) it is easy to
see that

(6,8) = gx+y,5+8) — A~} ((A2 + Dg(—y, )+ AB(—y, t))g(x, s)

is a bounded function for each y € R", # > 0. Using Theorem 5.2 of [12] we
have

(2.30) A2 + gy, ) + AB(y, ) = miy, 1
for an exponential m. Thus if A2 # —1 we have
__ Aim - B) f_/\2m+B
oA+l A2yl

From (2.29) and the continuity of f and g we have m(y,¢) = e*Y*%. Now it
follows from (2.26) that |f(x, s) — f(—x, s)] < 2M and hence we obtain a = 0.
Thus the case (i) follows. If A2 = —1 it follows from (2.29) and (2.30)

(2.31) g==zi(f —m)
for some bounded exponential function m. Put (2.31) in (2.26) to get
(2.32) lfx —y,s+1t)— flx, s)m(y, t) — f(y, hm(x, s)| < M

for all x, y € R", ¢, s > 0. Since m is a bounded exponential we obtain
m(x,s) = e* b for some a € iR*, b € C with Rb < 0. Puty = x, ¢t = s
in (2.32) and use the triangle inequality to get

(2.33) If(x,8)| < %e’(m)s(M + | (0, 2s))).

It follows from the inequality (2.32) together with the continuity of f/ that £(0, s)
is bounded in (0, 1). Thus f(x, s) is bounded in R” x (0, 1) and so is g. Thus the
case (i) follows. This completes the proof. O

3. Application to Hyers-Ulam stability problem of (1.1) in Schwartz
distributions

As an application we consider a distributional version of the following Hyers-
Ulam stability problem of the trigonometric functional equation

(3.1 |h(x — y) — h(x)h(y) — k(x)k(y)| < M

in the space S'(R") of Schwartz tempered distributions, the space F'(R")
of Fourier hyperfunctions and the space S’}?;(R”) of Gelfand generalized

functions. For a theory of Schwartz tempered distributions we refer the reader
to [8, 9, 19]. Here we briefly introduce the spaces of Gelfand generalized
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functions and Fourier hyperfunctions. Here we use the following notation:

_ [.2
x| = /7

9% =97 --- 00, forx = (x1,...,%,) € R*, @ = (ay, ..., @) € Nj, where Ny is the

3 3 L — 9
set of non-negative integers and 9; = i

+ootaxZ ol =ar+ - F oy, al =arlay! 2 = %718 and

Definition (3.2). [8]For givenr, s > 0 we denote by S or S$(R") the space of
all infinitely differentiable functions ¢(x) on R” such that there exist positive
constants k& and k satisfying

|x®9P p(x)]|
3.3 = sup ot <00,
(3.3) s,k e a,%eNg Rlal IRl g5 o0

The topology on the space S} is defined by the seminorms || - |5 given by
(3.3) and the elements of the dual space S'; of S¢ are called Gelfand-Shilov

generalized functions. In particular, we denote S ’i by F' and call its elements
Fourier hyperfunctions.

It is known that if » > 0 and 0 < s < 1, the space S (R") consists of all
infinitely differentiable functions ¢(x) on R” that can be extended to an entire
function on C" satisfying

(3.4) lo(x + iy)| < Cexp(—alx|Y" + bly|Y1=9)

for some a, b > 0. It is well known that the following topological inclusions

hold:
1/2

811//5%]-"%5, S = Fl =8

As in [5] we generalized the inequality (3.1) involving generalized functions
u, v as

(3.5 uoB—u®u—v®ve L¥[R™M)

where B(x, y) = x—y, x, y € R” and ® denotes the tensor product of generalized
functions.
We denote by E;(x) the n-dimensional heat kernel

(3.6) E(x) = (4mt) "% exp(—|x|?/4t), t> 0.

Letu € S’ig. Then its Gauss transform f(x, t) := (ux E)(x) = (uy, E(x—y))
is a C*°-solution of the heat equation

(A — a/ét)f(x, t) =0

in {(x,¢) : x € R", ¢t > 0}. Also (u * E;)(x) = w as ¢t — 0" in the sense of
generalized functions.

LEMMA (3.7). [24] Let f(x, t) be a solution of the heat equation satisfying
lfx, )] <M, xeR" te(01).

Then f can be written as
£ £) = (fo + Eo)x) = / FoExx — y)dy

for some bounded measurable function fy defined in R".
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THEOREM (3.8). Let u, v € S’ig satisfy (3.5). Then u and v satisfy one of the
followings:

1) uand v are bounded measurable functions,
1) u = cosh(a - x), v = sinh(a - x),

where a € C".

Proof. Convolving with E,(x)E;(y)in (3.4), in view of the semigroup property
(Es x E;)(x) = Es(x) of the heat kernel, we have for some M > 0,

(3.9) If(x —y,s+t)— flx, 9)f (y, ) — glx, )8y, )| < M

for all x,y € R", s,t > 0, where f(x, 1), g(x, t) are the Gauss transforms of
u and v. Now we apply Theorem 2.3. If f(x,¢) and g(x, ¢) are bounded in
the strip R™ x (0, 1), letting ¢ — 0" we have the case (i) by Lemma 3.2. If
f(x,t) = e cosh(a - x), g(x,t) = e sinh(a - x), letting ¢ — 0% we get the case
(i1). This completes the proof. O

Taking the growth of u = cosh(a - x), v = sinh(a - x) as |x| — oo into account
we obtain a = ia’ for some a’ € R” provided that u, v € F'. Thus we have the
following.

COROLLARY (3.10). Let u,v € 8’ or u,v € F satisfy (3.4). Then u and v are
bounded measurable functions.
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ORTHOGONAL POLYNOMIALS ON RAYS: CHRISTOFFEL’S
FORMULA

ABDON E. CHOQUE RIVERO AND SERGEY M. ZAGORODNYUK

ABSTRACT. Christoffel’s formula is an important property of orthogonal poly-
nomials on the real line. In this paper we obtain a generalization of this
formula in the case of orthogonal polynomials on rays with a non-negative
matrix measure. Using this generalization we get explicit formulas for a
new system of orthogonal polynomials. Some properties of the corresponding
kernel polynomials are obtained. Relations between the recursion coefficients
of the original polynomials and the recursion coefficients of the polynomials
corresponding to the perturbed measure are derived.

1. Introduction

Let a(x) be a non-decreasing function on [a, b], —c0 < a < b < +oo, with
finite power moments:

b
(1.1) / x"da(x) < oo, forall neZ,.

Suppose that a(x) has an infinite number of points of increase. Applying
the Gram-Schmidt orthogonalization to the monomial basis 1, A, A2, ..., one
obtains the well-known real orthogonal polynomials [13]. These polynomials
{Pn(M)}nez, satisfy the orthonormality relations

b
(12) / PaOpn@da(®) = umy  mom € L.

Among their numerous properties there is the following important fact, known
as Christoffel’s formula [3],[13], which is a representation of polynomials that
are orthogonal with respect to a polynomial perturbation of a positive Borel
measure.

THEOREM (1.3). Let {p,(M)}nez, be an orthonormal system of polynomials
on [a, b] with respect to da(x). Let

(1.4) p(x) = clx — x1)(x — x2)...(x — x7), c#0,

be a non-negative polynomial of degree l on [a, bl.

2000 Mathematics Subject Classification: 42C05, 33C45.
Keywords and phrases: Orthogonal polynomials; Christoffel’s formula.
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Let polynomials {qn(M)}nez. be defined by the following determinant

Dn(x)  paii(®) ... pua(x)
(1.5) p(x)qn(x) _ pn(xl) pn+1(x1) cee Pn+1(x1) )
Pu(x)  papi(x) .. pagi(x)

Then the polynomials {q,(M)}nez, are orthogonal with respect to p(x)da(x).

If the zero x;, has multiplicity m > 1, then the corresponding rows in the
determinant (1.5) should be replaced by the derivatives of degree0, 1,2, ..., m—1
of polynomials p,(x), pn+1(%), ..., puii(x) at the point x = xy,.

In particular, from Christoffel’s formula one can get explicit formulas for
new orthogonal systems of polynomials using already known systems. For
further details on determinants of orthogonal polynomials, we refer to Karlin
and McGregor [9].

The Christoffel formula (1.5) when p(x) is a linear polynomial is equivalent
to the three term recurrence relation satisfied by standard orthogonal poly-
nomials, see [2]. On the other hand, some numerical implementation of the
Christoffel formula has been analyzed in [8].

Define the following polynomials (kernel polynomials [3]):

(1.6) K, (x0,x) =Y pjxo)pjx),  x%,x0€C, n€Z,.
j=0
These polynomials have the following reproducing property (which follows

directly from orthonormality relations (1.2)):

b
(1.7 / K, (t, x)o@)dat) = o(x),

for any polynomial w(x), degw < n. The following two results are proven
in [13]:

THEOREM (1.8). Let xo be an arbitrary complex number and ¢(x) be an

arbitrary complex polynomial, deg ¢ < n, normalized in the following way:

b
(1.9) / |b(x)|2dax) = 1.

The maximum of |¢(x0)|? is given by the polynomials
(1.10) d(x) = & {Kn(xo, %)} Koxo, %),  |e|=1 neZ..
The maximum itself is K, (xq, xo).

THEOREM (1.11). Let a and xq be finite and xo < a. Then the polynomials
{K(x0, X) }nez, are orthogonal with respect to (x — xo)de.

For n € N, we denote by C, ., the set of all n x n matrices with complex
coefficients and by C, , the set of all positive semi—definite Hermitian matrices
from C, . The letter P stands for the set of all complex polynomials. Let

Ly={aeC:AVN -2V =0} ={aeC:A¥cR}, NeN.
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It can easily be seen that Ly is a set of 2N radial rays or a pencil of N lines
and

2N-1 N-1
(1.12) Ly = U {x8*, x>0} = U {xe", x € R},

=0 k=0

where & = cos §; + isin § is a primitive root of unity of order 2N. Set
(1.13) Lyp:={xe", x>0}, k=0,1,...,2N —1.

Let M(A) be a Cyxn-valued function on Ly\{0} which is non-decreasing
on each ray Ly;\{0}, 2 = 0,1,...,2N — 1, in the direction from 0 to oco.
This means that M(A2) — M(A1) > 0, if A1, A2 € Ly \{0} and |Ag| > |Aq]
(k=0,1,...,2N —1).
Suppose that the function M(A) satisfies
An
2 N-1 (Ae)"

(1.14) (A", (Ae)", (Ae?), ..., (e~ )")dM(A) ) < oo, n€EZLy,

Ly :
(/\SNfl)n

where & = cos QW” +isin %’T is a primitive root of unity of order N. Here and in
the sequel the integral over Ly will be understood as a sum of integrals over
eachray Ly, £ =0,1,...,2N—1. Theintegralover Ly, (k=0,1,...,2N—-1)
is understood as improper at zero, i.e.

/ ...= lim e,
Ly, 8=+0J Ly s \Us(0)

where Us(0) = {A € C: |A| < 6}.
Let A € C%X y- Define the following functional:

v(A)
Ae)
o, v) = [ @), uhe), ure?), ..., ureN"1)dM\)
LN .
A N-1
(1.15) e
v(0)
v'(0)
+ (w(0), '(0), «”(0), ..., UM ~P(0)A : ., wveP.
U(N—.l)(o)

It follows from (1.14) that it is well defined. The functional ¢ is bilinear and it
is not hard to see that

(1.16) aANu(r), v(A) = o), ANo(V),  w,v e P
(1.17) o(u,v) =o(,u), uveclh
(1.18) olu,u)>0, uel.

We assume that the functional o is positive definite in the usual sense:
(1.19) o(u,u) >0,
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for all non-zero u € P.

Applying the Gram-Schmidt orthogonalization with respect to the func-
tional o for the sequence 1, A, A2, ..., \", ..., we obtain a sequence of orthonor-
mal polynomials {p,(A)}°, (p, has degree n and a positive leading coefficient),
that is,

Pm(N)
2 N-1 pm(/\s)
Ly :
» A N-1
(1.20) _ \eleT)
Pm(0)
/ " (N-1) p;n(O)
+(pr(0), p(0), p,(0), ..., p;" ~(0)A : =8um NMEL,.
p-(0)

These polynomials satisfy the following recurrence relation:

N

(1.21) Z(mpkfj()\) + ay, jPr+ (M) + apopr(A) = WpN), kez,,
=1

where a,,, € C, m,n € Z, such that a,, y > 0, a0 € R, and those e, pr
which appear here with negative indices are equal to zero.

Systems of polynomials {p,(A)}7°, which satisfy the recurrence relation
(1.21) with real coefficients «,,, were first studied by Duran [4] in 1993,
following a suggestion of Marcellan. Duran showed that the polynomials
are orthogonal with respect to a bilinear functional B(., ). He obtained an
integral representation for the functional with some measure. In 1995, he
showed in [5] that the measure can be chosen to be positive. In the same
year, Duran and Van Assche studied the case of the complex coefficients in
the relation (1.21), see [7]. From their results (see [7, Theorem]) it is easy to
derive an integral representation of B in the general case. In 2003, the second
author obtained another integral representation for the functional B, see [15].
This representation is exactly (1.15). Thus, we can say that orthonormality
relations (1.20) and difference relation (1.21) are equivalent.

Other properties of polynomials satisfying high—order recurrence relation
(1.21) can be found in [6],[14],[10],[16]. For some properties of the correspond-
ing kernel polynomials, see [5].

The aim of our present investigation is to extend the above mentioned results
for the orthogonal polynomials on [a, b] to the case of orthogonal polynomials
on radial rays. As an application, we obtain explicit formulas for a new system
of orthogonal polynomials.

Notations. Besides the definitions given above, we denote as usual the sets of
real numbers, complex numbers, positive integers, integers and non—-negative
integers by R, C, N, Z, Z ., respectively.
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2. A generalization of Christoffel’s formula and auxiliary results

Let M(A) and A be defined as in the introduction with the properties stated
there. Let {p,(M)}3°, (p, has degree n and a positive leading coefficient) be
a sequence of orthonormal polynomials which satisfies (1.20). Consider an
interval [a, b], —c0c < a < b < +00, such that

q(A)
q(Ae)
(p(A), p(re), p(AeP), ..., p(AeN~1)dM(1)
Ly .
2.1) ge"" )
' qn)
(\e)
— / (p(A), p(re), p(AeP), ..., p(AeN~1)dM (1) 1 ,8 ,
{z2€C: zN€la,b]} :
q()\SN_l)

for all polynomials p, g € P. In other words, we exclude, if possible, a part of
the integral over Ly which has no influence on the functional o(u, v).

Let p(x) € P be positive on [a, b], where deg p = [, I € N. Suppose that it can
be written in the form (1.4) with ¢, x; € R, ¢ # 0 and that its zeros are simple.

(2.2) p(0) > 0.

Then we have

I N
(2.3) pON) = AN — 2N —x9) ... AN —xp) = [T [ — x5,
J=1h=1
where
(2.4) Xj = {xjrta
is a set of all N-th roots ¥/xj;,j=1,2,...,1.
Set
Pr(}) Dnr1iN) oo PN
Pu(x11)  Pryilxi) oo Pagni(xr1)
Pn(x12)  pnii(xre) ... puani(x12)
Pn(x1N) Prii(xin) ... Dneni(xin)
(2~5) Dn()\) = . . . . > nec Z—O—) A€ C)
Pr(x11)  ppyi(xr) ... Ppini(xr1)
Pu(x12)  Ppy1(xg2) .. pagni(xg2)
Py N)  Priin) ... Dpeni(xpn)
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Pn(x1,1)  pnrilxy) ... Parni—1(x1,1)
Pr(x12)  pny1(x12) ... Ppini—1(x12)
PrX N) Prnyi(xn) oo Dagrni—1(xin)
(2.6) d,:= : : : , neZ,, AeC.
Pu(x1)  prri(x1) oo Preni—1(x71)
Pu(x12)  Ppr1(xr2) ... Pppni—1(x2)
PuxynN)  Prrin) oo Darni—1(xpn)

LEMMA (2.7). Let d,, be defined as in (2.6). Then d, # 0 foralln € Z,.

Proof. We proceed as in the classical case [13, Chapter 2.5]. Suppose that
dp = 0for k € Z,. Then there exist complex numbers ¢, k=n,n+1,...,n+
NI — 1, not all zero, such that

n+NIl—-1
2.8) QU= Y &pN=0, Aed;, j=12...,1L
k=n
This yields @A) = p(AN)G()\), where G(A) € P, degG < n — 1. Using the
orthonormality of polynomials p; and relation (2.8) we get

(@), pn(V) = 0, m=0,1,...,n—1,

where o(u, v) is the functional from Equation (1.15). Therefore o(Q(A), g(A)) =
0, for an arbitrary ¢ € P with degg < n — 1. In particular, we obtain
a(@), GV)) = o(p(AN)G(N), G(A)) = 0. This means that

G(\)
G(Ae)
/ p(AN NG, G(re), GAAeD), ..., GAeN"1)dM () .
L

G()\s‘N -1
G\
G'(\)

(2.9

+(p(AMGW), (AMNGW)Y, . .., (pANGO))N A =0.

G(N—' 1)()\)
A=0

Let A denote the second term on the left hand side of (2.9). Suppose first that
A is not the zero matrix. Then we can write

(2.10) p(AN) = ¢ + ANr(A), reP.
Therefore
G(A)

A G'()
A = (coG), (oG, ..., (coGON-A _

G(N—' 1)()\)
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(2.11)
G\
G\
+ AN rOGW), AN FOGW)Y, ..., AN rW)HGA) N ) A :
G(Nf‘l)()\)
G(A)
=co(G), G’ ...,GNVa)A _
G(N—'l)(/\)

Note that ¢y = p(0) > 0, see (2.2). Since A is a positive semi-definite Hermitian
matrix, we obtain

(2.12) A>0.

The first term on the left hand side of (2.9) is also non-negative. Consequently,
both terms on the left hand side of (2.9) are equal to zero. By virtue of (2.11)
we get

G\
G'(\)
(2.13) (G, G, ...,GYN=D)A )

G . 1)( A)
A=0
In the case A = 0, Equation (2.13) is trivial.
If the interval [a, 6] is finite, then, since p(x) is continuous on [a, 6], there
exists a point x,, € [a, b] such that

(2.14) p(x) > plxy) > 0, x € [a, b].

If a = —oo and/or b = oo, we observe that |p(x)|] — +o0, as x — co. So we can
say that in any case

(2.15) p(x) > mg > 0, x € [a, b,
holds. Consequently, we can write

G

G(Ae)
0= [ pAM)GW), G(re), GO, ..., GAeN"1)dM(A)

Ly :
GaeN 1)

G

G(\e)
> my (G(V), G(Ae), GIAED), ..., GAeN~1)dM(\) .

Ly .
G(AeN-1)
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Therefore

GA)

G(re)
(2.16) (GV), Ge), GAD), ..., GAeN~1)dM()) ) =0.

LN .
GeN-1)

From relations (2.13),(2.16) it follows that o(G(A), G(A)) = 0. Since G # 0, we
obtain a contradiction with relation (1.19). This completes the proof. O

As a corollary of Lemma 2.7 we get that the polynomial D,, n € Z,, has
degree n 4 NI. Moreover, the numbers x;;, j=1,2,...,/; k=1,2,..., N, are
zeros of this polynomial. Hence, we have

(2.17) D, = p(AM)r, (),

where r,(\) € P with deg r, = n. Using the definition of D,, we can write

n+NI

(2.18) Dn=> &pih),  &€C &m#0.
Jj=n

Using relations (2.18),(1.20) we write

(2.19)

J=n

n+NI
0=0 (Z £p,00), tw) — 0(Dy, 1) = o(pAMIra(N), 6A) = 0, (ra(X), HA)),

for an arbitrary #(A) € P: deg¢ < n — 1. Here we set

a,(u,v) := a(p(AV)u, v)

v(A)
v(Ae)
= [ @), u(re), ure?), ..., eV "H))pAN)dM(\) .
{z€C: 2N €[a,b]} :
(2.20) v(AeN-1)
v(0)
'(0)
+pO)w(0), 2/(0),u"(0), ..., u™ " VODA| . |, wveP
U(N—.l)(o)

The functional o, is bilinear. It satisfies relations (1.16), (1.17) and (1.18).
It is straightforward to see that (1.19) holds for the functional o,. From
relations (2.19) and (1.17) (for o,,) we obtain

(2.21) 0p(rp(A), (X)) = 0, nme”Z,, n#m.

Polynomials {r, },cz., degr, = n, which satisfy the relation (2.21), are said to
be orthogonal with respect to .

Let {t,(M)};2, (¢, has degree n and a positive leading coefficient) be or-
thonormal polynomials corresponding to the positive measure p(A)dM(A) and
the matrix p(0)A, which are constructed as in the introduction. We have

(222) Up(tn()\): tm(A)) = Sn,m; n,me Z+'
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We will call such polynomials {¢,(A)}5°, orthonormal with respect to o,. If
th(A) = ppA™ + . (M) = UaA" + .., then g, (rn - %tn, rn — %tn) = 0.
By (1.19) we get r, = %tn, n € Z,. Thus, as in the case of orthogonal
polynomials on R, the orthogonal polynomials {r,},cz, differ by a constant
factor from the orthonormal polynomials {¢,},cz. .

In the case when p(x) has multiple zeros, one should replace the correspond-
ing rows in the determinants (2.5) and (2.6) by rows with derivatives of order
0,1,..., m—1atsuch points, where m is the corresponding multiplicity. In this
case our last considerations can be applied to obtain orthogonal polynomials
{rn}nez., degr, =n.

We summarize our results in the following theorem.

THEOREM (2.23). Let A ¢ (Cf,xN and M()) be a Cyyn-valued function on
Ln\{0} which is non-decreasing on each ray Ly;\{0}, k =0,1,...,2N — 1,
in the direction from 0 to oo. Suppose that the function M(A) has all finite
moments (1.14). Define the functional o(u,v), u,v € P, as in (1.15) and
suppose that it satisfies relation (1.19). Let {p,(M)};°, (pn has degree n and
a positive leading coefficient) be the corresponding sequence of orthonormal
polynomials (1.20).

Choose an interval [a, b], —co < a < b < +o0, such that relation (2.1) holds.
Let p(x) € P, degp =1, [ € N, be positive on [a, b] and let it be given as in (1.4)
with ¢, x; € R, ¢ # 0. If A is not the zero matrix, we assume that p(0) > 0.

Define polynomials D,, n € Z,, according to (2.5). For a multiple zero of
p(AN) of order m we replace the corresponding row in the determinant (2.5) by

rows with the derivatives of order 0,1, ..., m — 1 at this point.
Set r,(A) ;= %ﬂé‘;, n € Z,. Define a functional o,(u,v), u,v € P, as in (2.20).

Then the polynomials {r,}ncz. are orthogonal with respect to o,,.

Example. Let N = 2 and M(A) be a matrix function on (R U iR)\{0}:

m(A) 0
M) = ( 0 0) s

where

A A €(0,1]

-\, A €e(0,-1]

mA) = ¢ —iA, A e (0,1]

A, A€(0,—1]

0, elsewhere,
and A = 0. The function M()) is non-decreasing on each radial ray of

(RUIR)\ {0} (see the paragraph after (1.13)).

Let {pn(M)},cz, be the corresponding orthonormal polynomials (1.20) and
o(u,v), u,v € P, be the corresponding bilinear functional (1.15).

Let {pn(M}nez, , deg p, = n, be monic polynomials (p,(A) = A" 4 ...) such
that

1 - i -
(2.24)  o(pa(N), p(N) = / Pn(A)Pm(D)dA + / ﬁn(/\)ﬁm(/\)# = Andu,m,
1 .

1
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where A, > 0, n,m € Z,. Such polynomials were studied by Milovanovié
in [11]. If we apply Lemma 6.2 and Theorem 6.5 in [11], we obtain

(2.25) P2 =2"¢V(EH, v=0,1,23 kecZ,

and the polynomials q(”) (x) are monic orthogonal polynomials on [0, 1] with

respect to the weight x*7".

Let {13,2“”3 )(x)}ne z, be the monic Jacobi polynomials. The Jacobi polynomials
are orthogonal in the interval [—1, 1] with respect to the weight function
(1 — x)*(1 + x)® for @, B > —1. The standard Rodrigues formula for Jacobi
monic polynomials has the following form ([12, p. 271]):

(2.26)

PP (x) = (-D)'I(e+B+n+1)

INa+ B+2n+ 1A —x)*(1 + x)B
Here I'(a) = [~ t*"'e~'dt, a > 0, is the Euler’s gamma function.
Using a change of variable, we see that the polynomials { 2%P,(L“’B '(2x— D}nez,

are monic orthogonal polynomials on [0, 1] with respect to (1 — x)*x#. Hence,
we get

(1 — )1 + x)P "] ™ e Zy.

(2.27) g (x) = “Tox—1, »=0123 ncZ,.
Thus we obtain

- 1  ~2=3
(2.28) Pund) = ;2P T (24— 1), v=0123 keZ.

2
Denote
Ipll:==+olp,p), pEeP.
Note that

Bl n”

In fact, orthonormal polynomials with positive leading coefficients are unique
(see the reasoning about polynomials r,, and ¢,, above).
In [11, p. 132] it was shown that
4
I” =

(2.30) | B CTRT

n=0,12,3;

2n—1 2
) I 4k—n+1)
\ >
(2.31) ||an ||p4k+”” 8n + 21/ +1 ( 4k + 2v + 1) ’ et

So, we have explicit formulas for the polynomials p,(A).

Now we shall derive explicit formulas for a new system of orthogonal
polynomials. In order to use Theorem 2.23 we take [a, 6] = [—1, 1]. Choose
p(x) = x + ¢, ¢ > 1. The polynomial p(x) is positive on [—1, 1] and p(A%) =
A+ ¢ = (A +iye)A — iy/ec). Hence, the determinants D, in (2.5) will take the
following form:

pn(A) er-l()\) pn+2(/\)
(2.32) Dn = pn(l\/E) pn+1(l\/6) pn+2(1\ﬁ) 5 nec Z+.
Pn(—1y/c) pn+1(_i\/E) pn+2(_i\/a
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Consequently, the orthogonal polynomials {r,(A)},cz. corresponding to M;(A)
such that dM;(\) = (A? 4+ ¢)dM()) have the following form

1 pn()‘) pn+1(/\) pn+2(/\)
(2.33) rn(/\)ZW pPr(ive)  ppiie)  paae(ive) |, nez,.
€| Pa(—ivO)  Drs1(=iVE)  Drya(—iy/0)

3. Some generalizations of kernel polynomials

In this section we generalize the results on kernel polynomials mentioned
in the introduction. Let M(A) and A be as explained in the introduction
and let {p,(M)}2, (p, has degree n and a positive leading coefficient) be a
sequence of orthonormal polynomials which satisfies (1.20). Let o be the
bilinear functional (1.15). Set

(3.1) Kixy) =) pi®pjy), nelZ,.
j=0

These polynomials were studied in [5] where in particular, some asymptotic
formulas were obtained.

The orthogonality relations imply immediately the following reproducing
property:

(3.2) oi(P(8), Ku(t, N) = P()), PcP: degP <n.
Here 0; means that o acts on polynomials in the variable ¢.

THEOREM (3.3). Let Ay be an arbitrary complex value and let P(A) € P be
such that

(3.4) o(P,P)=1.

The maximum value of || P(\o)||? is attained for polynomials
(3.5) POV = 8{K,(Ao, )} K, (A, Xo), e = 1.
The maximum value is Iz’n()\o, o).

To prove the theorem one needs only to repeat the arguments from the
classical proof.

Polynomials {g,(A\)};2,, deg g, = n, are said to be N-orthogonal with respect
to the functional o if

(3.6) o(qn, gm) = 0, nmeZ,: |n—m|>N.

Note that in the case N = 2, we obtain the quasi-orthogonal polynomials (g,
is a quasi-orthogonal polynomial of order n, see [3, Chapter I1.5]).

THEOREM (3.7). Suppose that relation (2.1) is true for a finite [a, b] C R. Let
xo > max(|al, |b]). Then the polynomials {I~{n()\, V/x0)}nez. are N-orthogonal
with respect to the functional & defined by (xg — AN)dM(A) instead of dM()),
and the matrix A.
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Proof. By inserting P(¢) = (xg — tY)P,_n(¢), deg P,_ny < n — N, and
A = Yxo > 0in (3.2), we obtain

3.8) 0= 0:(xg— tN)P_n), Ku(t, ¥/%0)) = 6:(P,_n (), Ko(t, ¥/x0)),

where & corresponds to the matrix function (xo — AN)M(A). From the latter
relation it follows that polynomials K, (¢, {/xo) are N-orthogonal. O

The following proposition also shows that N-orthogonal polynomials are
some generalizations of quasi-orthogonal polynomials (see [1]).

PROPOSITION (3.9). Let polynomials {q,(A\)}2,, degq, = n, be given. They
are N-orthogonal with respect to the functional o if and only if they have the
following form
(3.10) &N = > an;piN), @ €C apn#0, neZy.

j=n—N-+1

By convention, polynomials with negative indices will be zero.

The proof is straightforward using the orthogonality of {p,(x)}>°.

4. Relations between the recursion coefficients

We shall establish some relations between the recursion coefficients of
the original polynomials {p,(A)}3°, in Theorem 2.23 and the the recursion
coefficients of the polynomials {r,(A)}:°, corresponding to the perturbed
measure.

First we obtain relations between the coefficients of the polynomials
{Pn(V)}32, satisfying (1.21) and their recursion coefficients. Assume that the
polynomial p;()A) has the following form:

k
(4.1) pr(A) = Zﬂk,]‘/\j, Mrj € C, ppr >0, keZ,.
j=0
Comparing the coefficients of the term A**N—% 0 < b < N, on the both sides
of the recurrence relation (1.21) gives
N
(4.2) D @Rk RN b = kb
j=N-b

where, by convention, u;; with negative indices are zero. From the latter
relation we get

Y
apN = ———,
ME+N,k+N
(4.3)
1 N
apN—p = ———— | Bhkh—b — Z pjMrsjbeN—b |» 0=12,.., N.
ME+N—b,k+N—b J=N—b+1

On the other hand, from relation (4.2) it follows that

1
(4.4) MEANE+N = —— Mk ks
apN
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N-1
1

(4.5) Prt NN b = 0 | Mhkb — Z apjrrjeeN—b | > b=12,..N.
> J=N—b

We set
cji=M, 1=0.,N-10<;<1i
From (4.4),(4.5) one can define coefficients u; ;, k, j € Z, with k — N < j <&,
depending only on the coefficients «},; and the constants ¢;j, 7 = 0,..., N —
1; 0 < j < i. These are not all coefficients u; ;, but that is enough for our
further purposes.
We introduce some additional notation. Set

Aj = (pj(x11), pjx1,2), - DjELN, - - -, (X1, P12, - - o, DN, J € 2o,
where the superscript 7' means the transpose of a matrix. We also set
dn,j:detDnyj, neZ,, 0<j<Ni,
where D, ; is obtained from the rectangular matrix
(An; AI’H—l: ceey An+Nl)
by removing the column A, ;. Note that
(46) dn,Nl = dn: dn,O = dn+1;
where d, are given in (2.6).
For the polynomials {r,(A)}52,, relation (1.21) reads
N [
(4.7) Z(akfj,jrkfj()\) +ayjrpj(A) + apore(A) = MWr ), ke Ly,
j=1
where ap,,, € C, m,n € Z, with ap, v > 0, a0 € R, and all a,,, r;, with
negative indices are equal to zero. Using the definition of the polynomials
r.(A) we get
N J—

> (@p—jjDr—jN) + @ j Dy (V) + @0 DN = AND(V), k€ Z,.

j=1
From the definition of the polynomials D, ()) it follows that

Pr—jA) pr—jr 1) oo pr—jin(A)
Ay Apji1 ... A

N
48 > @,
Jj=1

N
~ |Peri N Preje1V) oo prpjin(A)
+ ayp ;i
jz_% R Agy Apir o Apan
N e preni (D)
)\ D + + . keEZ..
Ay A .. Apw -

We shall compare the coefficients of the \**N+N—s (0 < s < N, on both
sides of the relation (4.8). Note that the first sum on the left hand side
of (4.8) has no such terms. In the second sum, summands with j such that
k+j+ Nl < k+ NI+ N — s, have also no such terms. So, it is sufficient to
consider summands with j such that N —s < j < N.
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Consider the summand with the index j = N —s+v,0 <v < s:

Gnn PiiN-svA)  PriN—sivr1(A) oo PryN—sror (D) _
AT ApiNCste ApiN—sivil oo ApiN—sioeN
NI
(4.9) = ak,Nferv Z(_ 1)cpk+Nfs+v+c()\)dk+Nfs+v,c-
c=0

Note thatif k+ N —s+v+c < k+ NI+ N — s, then the summand of the last
sum with the index ¢ has no required terms. Therefore it is enough to consider
summands with ¢ > NI — v:
NI
(4. 10) ak,N,SH) Z (_ 1)cpk+Nfs+v+c()\)dk+Nfs+v,c-
c¢=Nl—v
Thus, the coefficient by A**N+N=s in the summand with the index j = N —s+v
is
NI

(4.1D) Ap N—s+v Z (=D Mry N—stvte ks Nt N—s@hiN—stv,c-

c=Nl—v
Consequently, the coefficient by A**V+N=5s on the left hand side of the rela-
tion (4.8) is

s NI
(4.12) L:= Z aIe,N—s4—11 Z (- 1)Cl-Lk+N—s+v+c,k+Nl+N—sdk+N—s+v,c-
v=0 c=Nl—v
The right-hand side of the (4.8) is equal to
NI
(4.13) A (D Dy e
c=0

For indices ¢ such that N + 2+ ¢ < k+ NIl + N — s, the summands of the last
sum have no terms with A**N+N=s_ Qo it is sufficient to consider the sum

NI
(4.14) AN (D Pry Ve
c¢=Nl—s

Thus, the coefficient by A**¥+N=s on the right-hand side of the relation (4.8)
is
N

(4.15) R:= Z (=D ppse bt Ni—sOpcs
c=NIl—s

where all u;; with negative indices are equal to zero. Comparing rela-
tions (4.12) and (4.15) we obtain

s NI
(4.16) Z&k,N—erv Z (=D RriN—stvieht Nt N—s@riN—stve
v=0 ¢=Nl—v

NI

= Z (=D s ks Ni—s@pre, 0 < 8 < N.
¢=Nl—s
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From this equality, we get the following theorem.

THEOREM (4.17). Let {p,(M)}:°,and {r,(A)}>°, be the sequences of orthonor-
mal polynomials defined as in Theorem 2.23. The coefficients of the recurrence
relation (4.7) for the polynomials r,(A) can be deduced from the following rela-
tions:

. Ko Nk NIDR dy,
(4.18) apN = dr v = kNN g
MEk+NI+N,k+NI+NCOE+N k+N
(4.19)
NI
. (-
apN-s = g > D hpe ki Ni—s@re
MN(I+1)+k—s,NU+1)+k—sAk+N—s c=Nl—s
s NI
_Z&k,NfervZ(_l)ch+Nfs+U+c,k+Nl+Nfsdk+Nfs+v,c s 1 <s< N.
v=1 c¢=Nl—v

The coefficients w; j in relation (4.19) can be obtained from (4.4) and (4.5).
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ROTUNDITY AND CONNECTEDNESS IN TWO DIMENSIONS

FRANCISCO JAVIER GARCIA-PACHECO

ABSTRACT. The main result in this paper assures that if X is a 2-dimensional
real Banach space then X is rotund if and only if every closed, connected
subset of Sy is of the form By (x, 7) N Sx.

1. Introduction

Rotund spaces are exactly those Banach spaces whose unit sphere does not
contain non-trivial segments. It is well known and actually easy to check
that rotundity is a 2-dimensional property, that is, a Banach space is rotund
if and only if all of its 2-dimensional subspaces are rotund. Therefore, in
order to characterize this property, it is sufficient to look at the 2-dimensional
subspaces. In this paper, we present a topological characterization of rotundity
in terms of connectedness in 2-dimensional real Banach spaces. Almost
any book on geometry of Banach spaces is an appropriate reference for this
property. In particular, we refer the reader to [JD] for a wide perspective on
this topic.

It is convenient to explain the notation used in this paper even though it
is rather usual. Let X denote a Banach space. We have that Bx, Ux, and
Sx denote, respectively, the closed unit ball of X, the open unit ball of X,
and the unit sphere of X. In the same manner, if x is a vector of X and r is
a non-negative real number, then By (x, r), Ux (x, r), and Sx (x, ) denote the
closed unit ball of center x and radius r, the open unit ball of center x and
radius r, and the unit sphere of center x and radius r, respectively. Also, if X
denotes a topological space and A is a subset of X, then int (A), bd (A), and
cl (A) will denote, respectively, the interior of A, the boundary of A, and the
closure of A. In the same way, if B is a subset of A, then int4 (B), bd4 (B),
and cl4 (B) will denote (respectively) the interior of B with respect to A, the
boundary of B with respect to A, and the closure of B with respect to A.

2. Background

Along this manuscript we will rely upon some well known facts and theorems
that we will state without proofs in this section.

Fact (2.1). Let X be a 2-dimensional real Banach space. Then, the mapping

Sx — S(/g
x o x/ |l

is a homeomorphism.

2000 Mathematics Subject Classification: Primary 46B04, 46B20.
Keywords and phrases: 2-dimensional real Banach space, rotundity, connectedness.
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Fact (2.2). Let X be a real Banach space. Then for every x € Sy we have
that Sx \ {x} is homeomorphic to a hyperplane of X.

THEOREM (2.3). Let X be a 2-dimensional real Banach space. Then:

1. For any a # b € Sk, the set Sx \ {a, b} has exactly two connected
components.

2. For every closed, connected subset C of Sx such that diam (C) > Oand C #
Sx, there exist two different points a, b € Sx satisfying bds, (C) = {a, b}.
Furthermore, C \ {a, b} and Sx \ C are the two connected components of
Sx \ {a, b}.

3. If C and D are two closed, connected subsets of Sx such that bds, (C) =
bds, (D) and ints, (C) Nints, (D) # &, then C = D.

4. If U and V are two open, connected subsets of Sx such that bds, (U) =
bds, V)and UNV # &, then U = V.

THEOREM (2.4). Let X be a 2-dimensional real Banach space. Let a # b €
Sx. Then:

1. If a = —b, then f~1((0, +00)) N Sx and f~! ((—oc, 0)) N Sx are the two

connected components of Sx \ {a, b}, where f € X* is such that f(a) = 0.

Note that each of these components is the opposite of the other.
2. If a # —b, then f~! ((—0, 1)) N Sx and

ta+(1—-8)b
a1 oey <O

are the two connected components of Sx \ {a, b}, where f € X* is the only
functional such that f(a) = f(b) = 1. Note that the opposite of the second
component is contained in the first one.

fH((1, +00) NSx = {

3. Connectedness in the unit sphere

Our first aim is to study the connectedness of the sets By (x,r) N Sy,
Ux (x,r) N Sx, and Sx (x,r) N Sx, where X is a 2-dimensional real Banach
space, x € Sx, and » > 0. In order to do that, we will need the following key
lemma.

LEMMA (3.1). Let X be a real Banach space. Let x, y € Sx such that x # —y.
Then

tx+ 11—ty H
— x| <|ly-x
lex+a—py =P
for every t € [0, 1]. Moreover, if there exists t € (0, 1) such that
tx+(1—1t)y H
— = x| =y — x|,
ltx+1—0)y] Iy ==
then the segment { , M} lies on the unit sphere.

Proof. First, fix t € [0, 1] and note that
1—ftx+ @ =)yl = llyll = ltx + 1 =) y||
<y —@x+ 1=ty
=tlly—=x|.
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Let us denote ¢x + (1 — ) y by z;. We have that

IIZtH Hztll
2l @ =@ =0+ (1 flzll) 2]
- 2]
SA=0)y -2/ +1— [z
<A =8|y —x[ +t]y—
= |y — x|l

Secondly, assume that ¢ € (0, 1) is such that
tx+(1—1t)y
H ex+@—py] =

Then, t |y — x|| =1 — |[tx + (1 — ¢)y||. Let us see that
1 1 ax+A-ty ’_

2 tx+ 1A -0y
Observe that it suffices to show that
[(L=tlly—=xl)y+Ex+Q-t)y)| >2(1L—¢|y—x[),
which is clearly true, since
[(L—tly —=)y+Cx+A -ty = [t -y + (2 —¢t]y ) ]

>2—tlly—x|) —tly— =
=2(1—t¢lly—x).

O

With the help of the previous lemma we will prove the following two
propositions.

PROPOSITION (3.2). Let X be a real Banach space. Let x € Sy and r > 0.
Then

1. If r =0, then Bx (x,r)NSx = {x}.

2. If 0 < r < 2, then Bx (x, r) N Sx is path-connected.

3. If r > 2, then Bx (x,r)NSx = Sx.

Proof. We spare the details of the proof of (1) and (3) to the reader. With
respect to (2), bearing Lemma 3.1 in mind, the only aspect we have to take into
account is that if y € Bx (x, ) N Sx, then y # —x. O

PROPOSITION (3.3). Let X be a real Banach space. Let x € Sy and r > 0.
Then:

1. If r =0, then Ux (x,r) NSy = &

2. If 0 < r <2, then Ux (x,r) N Sx is path-connected.

3. If r > 2, then Ux (x,r) N Sx = Sx.

Proof. Again, note that (1) and (3) do not require any proof. Asto(2), we can
make use of the same idea as in the proof of the previous proposition, that is,
we keep in mind Lemma 3.1 and note thatify € Ux (x, 7)NSx, theny # —x. O



168 FRANCISCO JAVIER GARCIA-PACHECO

The previous two propositions motivate the following questions.

Question (3.4). Let X be a 2-dimensional real Banach space. Then:

1. If C is a closed, connected subset of Sx, then do there exist x € Sy and
r > 0 such that C = Bx (x,7) N Sx?

2. If U is an open, connected subset of Sx, then do there exist x € Sy and
r > 0suchthat U = Ux (x,r) N Sx?

The next example reveals that the answer to the previous questions is
negative.

Example (3.5).

1. The closed, connected subset
C={xDeR*:0<x<1}U{,yeR*:-1<y<1}

of Spz_ is not of the form Byz_(x,7) N Sx for any x € Sz and r > 0.
2. The open, connected subset

U={xDeR*:0<x<1}Uu{lLyeR:-1<y<1}
of Siz_ is not of the form Uy (x,7) N Sx for any x € Sz and r > 0.

Notice that /2, is not rotund. Later on, we will see that in rotund 2-
dimensional real Banach spaces, the connected subsets of the unit sphere are
always given by intersection of balls with the unit sphere.

PROPOSITION (3.6). Let X be a real Banach space. Let x € Sx and r > 0.
Then:
1. If r =0, then Sx (x,r)NSx = {x}.
2. If 0 <r <2, then
(a) if X has dimension 1, then Sx (x,r)NSx = &;
(b) if X has dimension 2, then Sx (x, r)NSx has exactly two path-connected
components which are segments;

(¢) if X has dimension > 3, then Sx (x,r) N Sx is path-connected.
3. If r =2, then

Sx(x,r)NSx = J{f ' ({1}) NBx : f € Sx+, f(—x) =1} .

In case Sx (x,r) N Sx is convex, there exists f € Sx~ such that Sx (x,2) N
Sx = f_l ({1}) N Bx.
4. If r > 2, then Sx (x,r)NSx = @.

Proof. Note once again that (1) and (4) do not require any proof. Let us
prove (3). Take any y € Sx(x, r) N Sx. Then

y+(=x)
2

By the Hahn-Banach Theorem, there exists f € Sx« such that

P (y +;—x)> _1

=1
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It is clear that f (y) = f (—x) = 1. Now, take any y € f~* ({1}) N Bx for some
f € Sx- with f(—x) = 1. Then

2=fy-0<|y—=xl<2

Suppose now that Sx (x, r)NSx is convex. By applying again the Hahn-Banach
Theorem, we can find /' € Sx- such that Sx (x,2) N Sx C f~! ({1}) N By, and
it is clear that f (—x) = 1. Finally, let us see (2). We spare the details of the
proof of (a) to the reader.

(b)

()

First, to show that Sx (x, r) N Sx has exactly two path-connected compo-
nents, it is enough to recall that Bx (x, r)NSx as well as Ux (x, r)NSx are
path-connected (Proposition 3.2 and Proposition 3.3) and that Sx \ {—x}
is homeomorphic to R (Fact 2.2). Let us prove then that these two path-
connected components are actually segments. Set C := Bx (x,7) N Sx.
Since 0 < r < 2, we have that diam (C) > 0 and C # Sx. Then, there are
a # b € Sx such that {a, b} = bds, (C). Now, consider the continuous
mapping ¢ : [0, 1] — Sx defined for ¢ € [0, 1/2] as

@2Hx+(1-2t)a
ICOx+(1—2)a]

@) =

and for ¢ € [1/2,1] as

2t -1Db+2-2t)x
12t —1)b+ (2 —2t) x|’

Then, D = ¢([0,1]) is a closed, connected subset of Sx satisfying
bds, (D) = bds, (C) and ints, (D) Nints, (C) 2 {x} # @. Thus, D = C
in virtue of Theorem 2.3. Since Uy (x,7) N Sx C ints, (C), we have
that bds, (C) C Sx (x,7) N Sx. Let us denote by A the path-connected
component of a in Sx (x,r) N Sx. We have that A is a closed, connected
subset of Sy with A # Sx. If diam (A) = 0, then we are done. Assume
that A has diameter strictly greater than 0. Let ¢’ # a such that
bds, (A) = {a, a’}. Clearly, the two connected components of C'\ {x} are
$([0,1/2)) and ¢ ((1/2,1]), thus A must be contained in ¢ ([0, 1/2)).
Now, by applying Lemma 3.1, the segment [a/, a] lies on the unit sphere
and so A = [d/,a]. Similarly, the other path-connected component of
Sx (x, r) is also a segment.

Similarly to the previous reasoning, to show that Sx (x, r) N Sy is path-
connected, we only need to take into consideration that Bx (x,r) N Sx
as well as Ux(x,r) N Sx are path-connected and that Sx \ {—x} is
homeomorphic to a real Banach space of dimension > 2.

@) =

O

4. A characterization of rotundity for radii equal to 2

In the last two sections we will provide characterizations of rotundity
involving connectedness in two real dimensions. The main idea is to make
use of balls and spheres with radii strictly greater than 0 and less than or
equal to 2. We will begin with the case of radii equal to 2.
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PROPOSITION (4.1). Let X be a real Banach space. Let x € Sx. The following
are equivalent:

1. ClsX (Ux (x,2)NSx) = Sx.

2. bdsX (Ux(x,2)NSx) =Sx (x,2) N Sk.

3. intSX (Sx (x,2)NSx) = @.

Proof. The proof is based upon the fact that Sx (x, 2) N Sx is closed in Sy,
Ux (x,2) N Sx is open in Sy, and

Sx = (Ux (x,2)NSx)U(Sx (x,2) N Sx).
O

THEOREM (4.2). Let X be a real Banach space. Then:

1. XisrotundifandonlyifSx (x,2)NSx = {—x} forall x € Sx. In particular,
X satisfies all the equivalent conditions in the previous proposition for any
X € Sx.

2. If X is 2-dimensional, then X is rotund if and only if X satisfies all the
equivalent conditions in the previous proposition for any x € Sx.

Proof.

1. By applying Proposition 3.6, we observe that if X is rotund, then Sx(x, 2)N
Sx = {—x}. Ontheother hand, if [a, b] is a non-trivial segment contained
in Sy, by Proposition 3.6 again, we have that Sx (—"T”’, 2)NSx 2 [a, b].

2. Now, assume that X is 2-dimensional and satisfies all the equivalent
conditions in the previous proposition. By hypothesis, we have that
Sx (x,2) N Sx has empty interior relative to Sy for every x € Sx, which
necessarily means that Sx (x, 2) N Sx = {—x} for every x € Sk.

O

By taking into consideration Theorem 4.2, we can enunciate the following
question.

Question (4.3). Let X be a 2-dimensional real Banach space such that
Sx (x, 2) N Sx is convex for every x € Sx. Is then X rotund?

The next example reveals a negative answer to the previous question.

Example (4.4). The 2-dimensional real Banach space X such that

2

verifies that Sx (x, 2) N Sx is convex for every x € Sx but it is not rotund. Even
more, the two path-connected components of Sy ((— 1, 0), 1) NSx are non-trivial
segments, so X will not satisfy the equivalent conditions of the Proposition 5.1
and hence it will not be rotund in virtue of Theorem 5.2.

1 1
Bx := Begﬂ{(x,y)eR21—2 <y< }

To finish this section, we present another characterization of rotundity.

THEOREM (4.5). Let X be a real Banach space. The following conditions are
equivalent:

1. X is rotund.
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2. If U is an open, connected subset of Sx with cls, (U) = Sx, then there
exists x € Sx such that U = Uy (x, 2) N Sk.

Proof. Assume first that X is rotund. Let U be an open, connected subset of
Sx withcls, (U) = Sx. Then, Sx\ U = {y} for some y € Sx. Now, Ux (x, 2)NSx
and U are open, connected subsets of Sy whose interiors relative to Sy are
non-empty. In accordance to Theorem 2.3, they must equal. Assume that (2)
holds. Suppose on the contrary that X is not rotund. Let [a, b] be a non-trivial
segment contained in Sx. Set U := Sx \ {%b} By hypothesis, there exists
x € Sx such that Ux (x,2) N Sx = U. Then,

4=2x— (a+b)[ < lx—af +[lx— bl <4

This necessarily means that ||x — a|| = 2 = ||x — b||. However, this contradicts
the fact that a, b € Ux (x, 2) N Skx. O

5. A characterization of rotundity for radii strictly between 0 and 2

The version of Proposition 4.1 for radii strictly between 0 and 2 is expressed
in the next proposition. This time, we will not have equivalent conditions to
rotundity.

PROPOSITION (5.1). Let X be a real Banach space. Let x € Sy and 0 < r < 2.
The following are equivalent:

1. ClsX (Ux(x,7r)NSx) = Bx (x,7) N Sx.

2. intsX (Bx (x,r)NSx) = Ux (x,r) N Sx.

3. bdsX (Bx (x,r)NSx) =Sx (x,r) N Sx.

4. bdsX (Ux (x,r)NSx) = Sx (x,r) N Sx.

5. ints, (Sx (x,r)NSx) = @.

Proof. The proofis based upon the fact that Bx (x, r)NSx and Sx (x, )N Sx
are closed in Sy, Uy (x, r) N Sx is open in Sx, and

Bx (x,7)NSx = (Ux (x,7)NSx)U(Sx (x,7) N Sx).
O

The next theorem is the version of Theorem 4.2 for radii strictly between 0
and 2.

THEOREM (5.2). Let X be a real Banach space. If X is rotund, then X satisfies
all the equivalent conditions in the previous proposition for any x € Sx and any
O<r<2

Proof. Assume that X does not satisfy those conditions for some x € Sy
and 0 < r < 2. Then, Sx(x,r) N Sx has non-empty interior relative to
Sx. Thus, let b € ints, (Sx(x,7)NSx). Set Y = span{x, b}. Obviously,
b € ints, (Sy (x, 7) N Sy). Therefore, by applying Proposition 3.6, we know that
Sy (x, r)NSy has two path-connected components that are non-trivial segments.
This contradicts the fact that X is rotund. O

The previous theorem motivates the following question.

Question (5.3). Let X be a 2-dimensional real Banach space. Assume that
X verifies all the equivalent conditions in Proposition 5.1. Is then X rotund?
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By means of the next example we will show that the previous question has
a negative answer.

Example (5.4). The 2-dimensional real Banach space X whose unit ball is given
by

BX = c¢o {(_1, 1): (11 1)’ (2, 0)1 (11 _1), (_1: _1): (_2; 0)}
satisfies all the equivalent conditions in Proposition 5.1 but does not satisfy
the fact that the set Sx (x, 2) N Sx is convex for every x € Sx, and hence it is
not rotund.

Now, the previous example motivates the following question.

Question (5.5). Let X be a 2-dimensional real Banach space. Assume that
X satisfies all the equivalent conditions in Proposition 5.1 along with the fact
that Sx (x, 2) N Sx is convex for every x € Sx. Is then X rotund?

Unfortunately, the answer is again negative.

Example (5.6). The 2-dimensional real Banach space X whose unit ball is given
by

Bx =Bz ((—1,0),1)UB;z_ UB;((1,0),1)
verifies all the equivalent conditions in Proposition 5.1 along with the fact that
Sx (x,2) N Sx is convex for every x € Sx.

Finally, since Proposition 5.1 does not provide us with an equivalent formu-
lation of rotundity, we present the final (and main) theorem of this manuscript,
which is the version of Theorem 4.5 for radii strictly between 0 and 2 and
characterizes rotundity in 2-dimensional real Banach spaces.

THEOREM (5.7). Let X be a 2-dimensional real Banach space. The following
are equivalent:

1. X is rotund.

2. If C is a closed, connected subset of Sx such that diam (C) > 0 and
C +# Sk, then there exist x € Sx and r € (0, 2) satisfying C = Bx (x, r)NSk.

3. If U is an open, connected subset of Sx such that cl(U) # Sx, then there
exist x € Sx and r € (0, 2) satisfying U = Ux (x,r) N Sk.

Proof. We will see that (1) and (2) are equivalent. The equivalence of (1)
and (3) is similar. Assume that X is rotund. Let C be a closed, connected
subset of Sy such that diam (C) > 0 and C # Sx. Let a # b € Sx such that
bds, (C) = {a, b}. By the connectedness of C, there must be a point x € C
such that ||x — a|| = ||x — b||. Taker = ||x — a|| = ||x — b||. Itisclear thatr > 0
because a # b. Furthermore, since X is rotund, if r = 2, thena = b = —x,
which is impossible. By Proposition 3.6, Sx (x,7) N Sx is composed exactly
by two path-connected components which are segments. Since X is rotund,
Sx (x,r) N Sx = {a, b}, so, again by Proposition 3.6, bds, (Bx (x,7)NSx) =
bds, (C). Furthermore, ints, (Bx (x, 7) N Sx) Nints, (C) 2 {x} # @, therefore
C = Bx (x,r)NSx. Assume that condition (2) holds. If X is not rotund, then we
can consider a non-trivial segment [, b] lying on the unit sphere of X. Now,
set C := Sx \ (a, b). We have that C is a closed, connected subset of Sx such
that diam (C) > 0 and C # Sx. Therefore, there exist x € Sx and r € (0, 2)
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satisfying C = Bx (x, r) N Sx. Since r < 2, we have that —x ¢ Bx (x, r) N Sx, so
—x € (a,b), but then r = ||x — a|| = 2 in virtue of Proposition 3.6. O
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THE SPECTRAL MAPPING FORMULA IN
ARENS-MICHAEL-FRECHET ALGEBRAS

ARMANDO VELAZQUEZ GONZALEZ

ABSTRACT. We consider the left joint spectrum on a unital Arens-Michael-
Frechet algebra B and we prove the spectral mapping formula.

Introduction

The algebras we deal with are complex algebras with unit e and the topo-
logical spaces involved are Hausdorff spaces.

Let B be a locally multiplicatively convex algebra (abbreviated lem algebra)
with unit e, and X = {U,} with a« € A a local basis of B consisting of closed
balanced convex absorbing and multiplicative subsets. Consider the respective
Minkowski functionalsI' = {P,}, « € A, which are continuous seminorms that
satisfy

Pa(xy) g Pa(x)Pa(y) and Pa(e) = 1:

for all x, y € B and for every index o € A.

Let B, = B/ker P, (resp., B,), « € A, be the normed (resp., Banach)
algebras corresponding to the given local basis N, where E; is the comple-
tion of the normed algebra B,. Then B is isomorphic to a subalgebra of the
cartesian product of normed algebras Ba/EArens—Michael decomposition, see
[Ma]). Moreover 7,(B) = B, is dense in B,, for all « € A, where 7,: B — B,,
x — [x]lo = x + ker P,, is the natural homomorphism of B onto B, which is
open and continuous. A complete Imc algebra is called Arens-Michael algebra
(see[He]).

A Imc algebra whose underlying topological vector space is a metrizable
and complete space is called a Arens-Michael-Frechet algebra or Frechet lem
algebra.

The left joint spectrum of a k-tuple of mutually commuting elements a4, .. .,
a), € B is defined as the set of those A = (A1, ..., ;) € C* for which the left

ideal generated in B by the elements a1 — Aie, ..., a; — Aze is proper. The left
joint spectrum is denoted by a'é(al, co,ap).
Similarly op(ay, ..., a;) is defined. The set
oglay,...,ap) = U]l_;(al, e ap)U 0';3((11, Lo, ap)

is called the Harte spectrum of ay, ..., a in B.

2000 Mathematics Subject Classification: 46H20.
Keywords and phrases: Arens-Michael-Frechet algebras, ideal, joint spectrum, spectral map-
ping formula.
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The spectral mapping formula of Harte states that for an arbitrary polyno-
mial mapping P: C* — C*,
P(oplay, ...,a;) = op(Play, ..., az))
and this formula holds for the left and the right spectra separately.
We know that every element of a unital Arens-Michael-Frechet algebra over

C has a nontrivial spectrum. Section 1 studies the projection property of the
family of ideals which in the case of left ideals says that:

if the mutually commuting elements a;, . . ., aj generate a proper left ideal in
B and if ¢ € B commutes with all a;,1 < i < k, then there exists A € C such
that the left ideal generated by the elements ay, ..., ap, ¢ — Ae is also proper.

In section 2 we prove that the left joint spectrum of a k-tuple of mutually
commuting elements ay, ..., a; € B is nonempty and it satisfies the spectral
mapping formula.

Since the case of left and right ideals can be treated similarly, in what follows
we consider the left ideals and the left joint spectrum.

1. The projection property

LEMMA (1.1). Let B be a complex Arens-Michael-Fréchet algebra with unit
e and Ié(al, ..., ap) a proper left ideal in B generated by aq,...,a,. Then the
closure of Ié(al, ...,ap) is also proper in B.

Proof. We consider I ]la(al, ..., ap). We claim that there exists @ € A such that
I]g:(ﬂ-a(al), ..., m(az)) is the proper left ideal in E; generated by 7,(ay),...,
4(ay), where 7, is the open and continuous natural homomorphism from B to
B, . Assume the opposite: foralla € A Ié;(wa(al), o melag) = é; Therefore

there exist Ei € B\a, 1 < i <k, such that
k ~
> bimala) = eq
i=1

for all o € A, where e, is the unit of B,. Then by Theorem 4.2 (see [A]), there
exist b; € B such that
k
Z b,-a,- =e,
i=1

and we would have thate € I ]l_[,(al, ...,ap), which is a contradiction.

Since B, is a unital complex Banach algebra, the closure of I}%\(wa(al), .
w.(ay)) is also proper in B:, Thus 7! (I;?(ﬂ-a(al), s, wa(ak))) is a closed
proper left ideal in B. Therefore the closure of I5(ay, ..., a;) is proper in B. [

THEOREM (1.2). Let B be a complex Arens-Michael-Fréchet algebra with
unit e. Suppose that for every (k + n)-tuple of mutually commuting elements
ay,...,ap by, ...,b, € B the left ideal in B generated by aq,...,a; is proper
in B. Then there exists A € C" such that the left ideal in B generated by
ai,...,ap by — A\e, ..., b, — e is properin B.
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Proof. Let us consider the case n = 1. We denote by M the closure of the
left ideal in B generated by ay, ..., a;. The ideal M is proper in B thanks to
Lemma 1.1.

Let b = b; commuting with a4,...,a; and b ¢ M. Then there exists a
submultiplicative seminorm P, such that

{xeB:P(x—b)<e}nNM =1,

for some ¢ > 0. Hence [b], is not element of the closure of left ideal M +ker P, =
mo(M).

Since a1, s Qs b € B are mutually commuting elements [a1],, ..., [azls,
[6], € BE\C B, are also mutually commuting glements. We consider the left
ideal in B, generated by [a1]a, - . ., [az].. Since B, is a complex Banach algebra
with unit [e],, by Harte’s Theorem for complex Banach algebras with unit (see
[H1]), there exists A € C such that

©,...,0,1) € U%;([al]a; oo [arla, [0]0).

This implies that the left ideal </ in 1/9; generated I/)X [a1]a, ..., [ag]a, [B]a —
[Ael, is proper, whence the closure of ¢/ is proper in B,. The closure of J is a
proper ideal in B,. So 7, 1(J) is a closed proper left ideal in B. Therefore the
left ideal in B generated by a4, ..., a;, b — Ae is proper in B.

The theorem is proved in the case n = 1. One obtains the complete result
doing induction over 7. O

The right hand side version of this theorem holds also.

2. The spectrum ¢} and the spectral mapping formula

THEOREM (2.1). Let B be a unital Arens-Michael-Frechet algebra over C.
For an arbitrary (k + n)-tuple of mutually commuting elements ay, ..., a,
bi,...,b, € Band for every (A1,..., ;) € afg(al, ..., ayp) there exists (uy, ...,
Hn) € C" such that

()\1’”")\]@: /-'Llw-"Mn) S o-lB(al)'--) ap, bl: cees bn)~

Proof. This follows from Theorem 1.2 and by definition of left joint spectrum.

O

COROLLARY (2.2). Let B be a unital Arens-Michael-Frechet algebra over C.

For an arbitrary k-tuple of mutually commuting elements a,...,a; € B the
left joint spectrum cré(al, ..., Qp) IS nonempty.

In section 1 of [VW], we proved a purely algebraic fact about the left joint
spectrum defined by a family of proper left ideals of a unital algebra (see The-
orem 1.1). By that result and Theorem 1.2 we have the spectral mapping
formula for a’é (at,...,ap).

THEOREM (2.3). Let B be a unital Arens-Michael-Frechet algebra over C.
Then the family of all finitely generated left ideals in B has the projection prop-
erty and for all k-tuple of mutually commuting elements a4, ..., a; € B and for
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every polynomial mapping P: C* — C" the spectral mapping formula
P(oh(ay, ..., a) = oh(Play, ..., ap))
holds.
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RANDOM SOLUTION OF NONLINEAR RANDOM MULTIVALUED
OPERATOR INCLUSION

ISMAT BEG AND MUJAHID ABBAS

ABSTRACT. The existence of random fixed points of random multivalued op-
erators satisfying certain contractive conditions is established. The results
regarding common random fixed point of a pair of random R-multivalued op-
erators are also obtained. Our work generalizes, refines and improves several
earlier known results.

1. Introduction

Random nonlinear analysis has grown into an active research area and is
highly associated with the study of random nonlinear operators and their prop-
erties which are needed in solving nonlinear random operator equations (see
[6]). The study of random fixed point theory was initiated by the Prague school
of probabilists in the 1950s ([11], [20]). The survey article by Bharucha-Reid
[7]in 1976 attracted the attention of several mathematicians and gave wings
to this theory. Itoh [14] extended Spacek’s and Hans’s theorems to multival-
ued contraction mappings. At present, the study of the fixed points of random
operators of various types is a fascinating discipline for research lying at the
intersection of nonlinear analysis and probability theory. In recent year a vast
amount of mathematical activities have led to many remarkable new results
which establish the existence of random fixed points of certain single valued
and multivalued random operators. Various applications of this theory in di-
verse areas from pure mathematics to applied sciences have also been explored
([2], [3], [4], [5], [17], [21] and references therein). The aim of this paper is to
establish the existence of random fixed points of random multivalued opera-
tors. This paper contains the results concerning common random fixed points
of a pair of random R-multivalued operators. The results proved in this paper
improve and generalize the several well known results in existing literature
[16], [18] and [21].

2. Preliminaries

We first review some concepts for the convenience of the reader and state
the notations used throughout this paper. Let (X, d) be a metric space and let
F denote a nonempty subset of (X, d). Let (£}, X) be a measurable space (X is a
sigma algebra of subsets of 2). Let 2% be the family of all subsets of X, CB(X)
all nonempty closed bounded subsets of X and C(X) all nonempty compact

2000 Mathematics Subject Classification: 47H09, 47H10, 47H40, 54H25, 60H25.
Keywords and phrases: random fixed point, random R-multivalued operator, measurable se-
lector, metric space, Banach space.
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subsets of X respectively. For A, B € CB(X), H(A, B) denotes the Hausdorff
distance between A and B induced by the metric d is given by,

H(A, B) = max{supd(a, B),supd(b, A) : A, B € CB(X)},
acA beB

where for x € X and C C X, d(x, C) = inf{d(x, y) : y € C} is the distance from
the point x to the subset C. A multivalued mapping T': Q0 — 2% (or single valued
mapping T: Q — X) is measurable if T~Y(U) € 3 (or T"Y(U) € ) for each
open subset U of X, where T-X(U) = {w € Q : T(w) N U # ¢}. A multivalued
mapping T: O x F — 2% (or single valued mapping T': QO x F — X)is arandom
operator if and only if for each fixed x € F, the mapping T(., x): Q — 2% (or
T(,x): Q& — X) is measurable and it is continuous if for each w € (), the
mapping T(w,.): F — 2% (or T(w,.): F — X) is continuous. A measurable
mapping ¢: QO — Fisarandom fixed point of arandom operator T: Qx F — 2%
(orT: OxF — X)ifand only ifit is the random solution of the random operator
inclusion y(w) € T(w, y(w)) (or it is the random solution of the random operator
equation y(w) = T(w, y(w))) for each w € ). We denote the set of random fixed
points of a random operator T' by RF(T') and the set of all measurable mappings
from (Q into X by M(Q, X).

Let B(xo, r) denotes the spherical ball centered at x, with radius r, defined
as the set {x € X : d(x, x9) < r}. We denote the n-th iterate T(w, T(w, T(w, . . .,
T(w, x)---))) of the random operator T: ) x F — F by T"(w, x). The letter I
denotes the random operator I: () x F — F defined by I(w, x) = x and T° = I.

Definition (2.1). Let F be a nonempty subset of a separable metric space X.
The random operator T': ) x F' — F is said to be a random k(w)-contraction
operator if for any x, y € F and w € (), we have

d(T(w, x), T(w, y)) < k(w)d(x, y),

where % is a mapping from () into [0, 1). If k(w) = 1 for any w € (), then T is
called a random nonexpansive operator.

Definition (2.2) ([18]). Let F be a nonempty subset of X. Amap T: F — 2%
is said to be R-multivalued map if there exists positive real numbers «, 83, vy
with a + 8 + v < 1 such that for each x € X, any u, € T'(x) and for all y € X,
there is u, € T(y) so that we have

d(uy, uy) < ad(x, y) + Bd(x, uy) + yd(y, uy).

Takinga=0andB=y=h,(0<h < %), we obtain a K-multivalued operator,
which was introduced by Latif and Beg [16]. A random operator T: ) x F' —
2% is said to be a random R-multivalued operator (random K-multivalued
operator)if T'(w, .) is a R-multivalued map (K -multivalued map) for each w € Q).

Definition (2.3). Let F be a nonempty subset of X. A pair of mapsT,S: F —
2% is said to be an R-multivalued pair if there exists positive real numbers «,
B, v with @ + B + y < 1 such that for each x € X, any u, € T'(x) and for all
y € X, there is u, € S(y) so that we have

d(uy, uy) < ad(x, y) + Bd(x, uy) + yd(y, uy).
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A pair of random operators T, S: O x F — 2% is said to be a random R-
multivalued pair of operators if T'(w, .) and S(w, .) form an R-multivalued pair
of maps for each w € Q.

Definition (2.4). Let F be a nonempty subset of X. A pairof mapsT,S: F —
2% is said to be a K-multivalued pair if there exists a positive real number A
with0 < h < % such that for each x € X, any u, € T(x) and for all y € X, there
is uy € S(y) so that we have

d(uy, uy) < hld(x, uy) + d(y, uy)l.

A pair of random operators T, S: Q x F — 2% is said to be a random K-
multivalued pair of operators if T(w, .) and S(w, .) form a K-multivalued pair
of maps for each w € Q.

Remark (2.5). Let F be a closed subset of a separable complete metric space X
and let the sequence of measurable mappings {£,, } from Q) into F be pointwise
convergent, that is, £,(w) — q := &(w) for each w € ). Then ¢ being the limit
of the sequence of measurable mappings is measurable, and closedness of F
implies ¢ is a mapping from () into F. Since F is a subset of a complete separable
metric space X, also if T is a continuous random operator from () x F into F
then by the lemma 8.2.3 of [1], the map w — T™(w, f(w)) is measurable for any
measurable mapping f from () into F. For further details see [12].

Definition (2.6). A random operator T: Q x X — 2% is called a random
multivalued weakly dissipative operator if there exists a random map ¢: ) x
X — R such that for all x € X, there is y € T(w, x) for each w € () satisfying
the inequality

d(x,y) < ¢lw, x) — ¢(w, y), for every w € (.

In the next definition, X denotes a gauge space endowed with a complete
gauge structure induced by a family {d,, : @ € A} of pseudometrics, where A is
a directed set. Basic definitions and properties of gauge space may be found in
[8]. We denote by H, the generalized Hausdorff pseudometric induced by d,,.

Definition (2.7). A multivalued map T: X — 2% is called an admissible
contractive map with {k,} C [0, 1) if

(1) forevery a € A, H,(T'(x), T(y)) < kod.(x,y) for every x,y € X

(i1) for every x € X and every {e,} C (0, o), there is y € T(x) such that

do(x, y) < do(x, T(x)) + &, for every a € A

A random operator T': Q x X — 2% is called a random multivalued admis-
sible contractive operator if T'(w, .) is an admissible contractive map for each
w € Q.

3. Random fixed points of random multivalued operators

In this section, we obtain the random fixed point theorems for random mul-
tivalued operators satisfying certain contractive conditions.

THEOREM (3.1). Let X be a separable complete gauge spaceand T: O x X —
CB(X) be an admissible contractive random operator. If &y: Q — X is any fixed
measurable mapping such that d,(ép(w), T(w, £o(w))) < (1—ky(w))rq(w) for each
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a € Aand w € Q, where {r,(w)} C (0, 00) for each w € Q, then T has a random
fixed point.

Proof. Choose &1 € M(€, X) such that &(w) € T(w, é(w)) for each o € Q.
Consider the measurable mapping o — T(w, &(w)) from Q to CB(X). The
existence of a measurable mapping &;: () — X is due to Kuratowski and Ryll-
Nardzewski [15]. By the definition,

do(éo(w), E1(w) < (1 — koy(w)re(w), foreach a € Aandw € Q.
Similarly choose &5 € M(Q, F') such that és(w) € T(w, £é1(w)), for each w € Q,

do(é1(w), £2(w)) < do(é1(w), T(w, {1(0) + ko(0)[(1 — ky(w))ro(w)
— dy(éo(w), &1(w)]
< Ho(T(w, éo(w)), T(w, £1(w)) + ko(@)[(1 — ky(w))ro(w)
— dy(éo(w), &1(w)]
< koy(@)do(éo(w), £1(w)) + ko(@)(1 — ko(w))ro(w)
— do(éo(w), é1(w))]
= ky(w)(1 — ky(w))ry(w), for each o € A and w € Q.

Continuing this process we obtain a sequence of measurable maps {£,} such
that for every w € () we have

do(én(w), £ni1()) < (Ro(0)(1 — ky(w))ro(w), foreach «a € A.

Now {£¢,(w)} is a Cauchy sequence in X for every w in (). Since X is complete,
therefore &,(w) — p(w) for every w € ), p: ) — X being a limit of sequence
of measurable functions is also measurable. The continuity of T implies p is a
solution of random operator inclusion x(w) € T'(w, x(w)) for each w in (). O

THEOREM (3.2). Let X be a separable complete metric space and let T': ) x
X — 2% be a random weakly dissipative demiclosed multivalued operator as-
suming closed values. Then T has a random fixed point.

Proof. Let &: Q0 — X be any fixed measurable mapping and &;: O — X
be a measurable mapping such that ¢1(w) € T(w, £y(w)) for each w € Q. The
measurable mapping &1: 0 — X can be obtained by applying the selection
theorem due to Kuratowski and Ryll-Nardzewski [15]. Now

d(éo(w), £1(w)) < @lw, Eo(w)) — elw, E1(w)),

for every w in (). Continuing in this way we obtain a sequence of measurable
mappings &, : 0 — X such that &,(w) € T(w, &,_1(w)) for every w in Q). Now for
g > p, we have

qg—1

d(ép(), £g(@)) <Y d(En(®), én1(@)) < @, £5(@) — 9w, ég(@)),

n=p
for every w € Q since, {¢(w, £,(w))} is a non increasing and bounded below
sequence of real numbers for each w in Q. Now {£,(w)} is a Cauchy sequence
for every w € (). By completeness of the space X, there exists £&(w) € X for each
w in  such that d(¢,(w), é(w)) —> 0 as n — oo (The mapping ¢ : O — X
is a pointwise limit of a sequence of measurable mappings {¢,}, therefore it is
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measurable). Now construction of the sequence of measurable mappings and
demiclosedness of T implies the existence of stochastic solution to the random
operator inclusion x(w) € T(w, x(w)) for every w € Q. O

Latif and Beg [16] coined the notion of K-multivalued maps and proved
some fixed points theorems for such maps. Recently, Rus et al. [18] defined a
new class of R-multivalued maps which contains K-multivalued maps. Now,
we prove the set of random fixed points of K-multivalued random operator is
nonempty.

THEOREM (3.3). Let X be a separable complete metric space and let T': () x
X — 2% be a random K-multivalued operator assuming closed values. Then
T has a random fixed point.

Proof. Let &y: Q — X be any fixed measurable mapping and &;: ) — X
be a measurable mapping such that & (w) € T(w, éo(w)), for each w € ). The
existence of a measurable mapping &1: () — X is due to Kuratowski and Ryll-
Nardzewski [15]. Choose a measurable mapping &;: () — X such that &(w) €
T(w, £1(w)), for each w € (). Since T'(w, .) is random K-multivalued operator for
each w € (), therefore

d(é1(), §2(w)) < Mw)ld(Eo(w), §1(w)) + d(§1(w), E2(w)],

which gives
h(w)
d(§1(w), &(w) < ————d(éo(w), £1(w)),
1— hlw)
for each w € Q and h: Q — [0, %). Continuing in this way we form a sequence
of measurable mappings &,: 3 — X such that ¢,,1(w) € T(w, £,(w)) for every

win ) and

(@), Enir(@)) < [%] d(Eo(w), E1(0),
for every w € Q. Put Mw) = M, then 0 < A(w) < 1. Therefore
1 - hlw)

d(én(w), én1(w)) < [M)]" d(éo(w), §1(w)),

for every w in Q. Now {£,(w)} is a Cauchy sequence in X for every w € Q.
Indeed, let w be an arbitrary fixed point, let m < n, we have
n—1
dEn(®), E(@) <> (Mw) d(E1(w), &),

Thus {£,(w)} is a Cauchy sequence in X for each w € Q. By completeness of the
space X, there exists &(w) € X for each w in ) such that d(¢,(w), é&(w)) — 0 as
n —» oo (The mapping ¢£: () — X is a pointwise limit of measurable mappings
{&n}, therefore it is measurable). Choosing {{,(w)} C T(w, £(w)) and employing
the fact that T'(w, .) is random K-multivalued operator for each w € () we have
d((,(w), &(w)) — 0, as n — oo since T'(w, é(w)) is closed subset of X for each
 in (). So the result follows. O

THEOREM (3.4). Let X be a complete separable metric space and let T': () x
X — 2% be a R-multivalued random operator assuming closed values. Then T
has a random fixed point.
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Proof. Let &y: 0 — X be any fixed measurable mapping and &;: O — X
be a measurable mapping such that ¢1(w) € T(w, éy(w)), for each w € . The
existence of a measurable mapping &1 : () — X is due to the selection theorem of
Kuratowski and Ryll-Nardzewski [15]. Choose a measurable mappingés: () —
X such that &(w) € T (w, é1(w)), for each w € . Since T(w, .) is a random R-
multivalued operator for each w € (), therefore

d(¢1(w), () < alw)d(Ep(w), 1(w)) + Blw)d(Ep(w), 1(w)) + y(w)d(é1(w), Ea(w)),

for each w € Q. Thus for every w in (), we have

d(é1(w), () < Mw)d(€y(w), 1(w)),
a(w) + Blw)

1— y(w)
form a sequence of measurable mappings &,: 0 — X such that

d(én(w), €ni1(w) < (M) d(Eo(w), £1(w),

for every w € Q. Thus {£,(w)} is a Cauchy sequence in X for every w € Q.
Indeed, let w be an arbitrary fixed point, let m < n,

A 1(@), £0(0)) < dEni1(0), Em2(@) + Al i2(), En ()
+ o+ dEp1(w), E(w))

where, Mw) = < 1, for each w € . Continuing in this way we

n—1
<) M@)dE(w), fo(o)).
Thus, {¢,(w)} is a Cauchy sequence in X for each w € (). By completeness of the
space X, there exists £(w) € X for each w in  such that d(¢,(w), £&(w)) — 0, as
n — oo (The mapping ¢£: () — X is a pointwise limit of measurable mappings
{&.}, therefore it is measurable ). Choosing {{,(w)} C T(w, ¢{(w)) and employing
the fact that T'(w, .) is a random R-multivalued operator for each w € ), we
have d({,(w), &(w)) — 0, as n — oo since T(w, £(w)) is closed subset of X for
each w in (). So ¢ is a random fixed point of 7. O

4. Common random fixed point of random R-multivalued pair of
operators

In this section the existence of common random fixed point of random K-
multivalued pair of operators is also established. Finally, we gave the stochas-
tic version of a result of Rus et al. [18].

THEOREM (4.1). Let X be a separable complete metric space and Ty, Ty : Q) x
X — 2% form a random K-multivalued pair of operators assuming closed
values. Then Ty and Ty have a common random fixed point.

Proof. Let &y: O — X be any fixed measurable mapping and &é1: O — X
be a measurable mapping such that & (w) € Ti(w, £o(w)), for each w € Q. The
existence of a measurable mapping &1: @ — X follows by Kuratowski and
Ryll-Nardzewski [15]. Choose a measurable mapping &;: @ — X such that
&9(w) € Tow, &1(w)), for each w € Q since Ti(w,.) and Ty(w, .) form a random
K-multivalued pair of operators for each w € (), therefore

d(é1(), §2(w) < Mw)d(Eo(w), &1(w)),
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for each w € ) where, 0 < Mw) = ILZ)()) < 1, for every w € ). Continuing
— w

in this way we form a sequence of measurable mappings &, : () — X such that
éon_1(w) € Ti(w, é2n—2(w)) and &, (w) € Tolw, £2,—1(w)) for every w in ) and

d(én(@), &n1(w)) < [M@)]" d(éo(w), £1(w),

for every w € ). Now {£,(w)} is a Cauchy sequence for every w € (), as shown in
the previous theorem. By completeness of the space X, there exists é&(w) € X for
each w in Q) such that d(¢,(w), é(w)) — 0, as n — oo (The mapping é: Q — X
is a pointwise limit of measurable mappings {¢,}, therefore it is measurable)
since &on(w) € To(w, &on—1(w)) for every w € . Choosing {{,(w)} C Ti(w, &(w))
and employing the fact that Ti(w,.) and Ty(w,.) form a pair of random K-
multivalued operators for each w € (), we have d({,(w), é(w)) — 0,asn — o
since T (w, é(w)) is closed subset of X for each w in Q. So ¢ is the random fixed
point of T}. Now we show that RF(T}) = RF(T5). Let &1: Q) — X be the random
fixed point of Ty, that is £1(w) € T(w, £é1(w)), for each w € Q. Let &: QO — X be
the measurable selection of Ty (w, £1(w)), exploiting the fact that T} and T form
a random K-multivalued pair of operators, we have &1(w) = &3(w), for every w
in (). Hence the result follows. O

THEOREM (4.2). Let X be a separable complete metric space and let Ty,
Ty: O x X — 2% form a random R-multivalued pair of operators assuming
closed values. Then Ty and Ty have a common random fixed point.

Proof. Let &y: Q@ — X be any fixed measurable mapping and &;: Q@ — X
be a measurable mapping such that &(w) € Ti(w, éy(w)), for each w € ). The
existence of a measurable mapping ¢ : () — X is due to the selection theorem of
Kuratowski and Ryll-Nardzewski [15]. Choose a measurable mapping &;: () —
X such that &(w) € Th(w, &1(w)), for each o € Q since T (w, .) and Ty(w, .) form
a random R-multivalued pair of operators for each w € (), therefore

d(§1(w), f2(w) < Mw)d(€o(w), €1(w)),

o) + flw)
1—y(w)
in this manner we obtain a sequence of measurable mappings &, : ! — X such

that &2,_1(w) € Ti(w, {2,—2(w)) and &g, (w) € To(w, £2,—1(w)) and

d(én(w), En1(@) < [M@)]" d(éo(w), §1(w)),

for every w € Q. Now {¢,(w)} is a Cauchy sequence for every w € (). By
completeness of the space X, there exists é(w) € X for each w in ) such
that d(¢,(w), é(w)) — 0 as n — oo (The mapping ¢: ) — X being a point-
wise limit of a sequence of measurable mappings {£,} is measurable). Since
éon(w) € Tow, €9n—1(w)) for every w € Q. Choosing {{,(w)} C Ti(w, é(w)) and
employing the fact that T1(w, .) and Ts(w, .) form a random R-multivalued pair
of operators for each w € (), we have d({,(w), é{(w)) — 0 as n — oo since
T (w, é(w)) is closed subset of X for each w in ). So ¢ is a random fixed point
of Ty. Now we show that RF(T}) = RF(Ty). Let &: Q& — X be the random
fixed point of T4, that is &1(w) € T(w, £1(w)), for each w € Q. Let &5: QO — X
be the measurable selection of Ty (w, £1(w)), exploiting the fact that T} (w, .) and

for each w € () where 0 < Mw) = < 1 for every w € (). Continuing
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Ty(w, .) form a random K-multivalued pair of operators, we have &;1(w) = &(w)
for every w in (). Hence the result follows. O
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INEQUALITIES FOR A GENERALIZATION OF INTERSECTION
BODIES

ZHAO LINGZHI AND SHEN YAJUN

ABSTRACT. In this paper, we establish the monotonicity for a generalized class
of intersection bodies and give a generalization of the Funk section theorem.

1. Introduction

Let L C R” be a star body, that is, a compact set which is star-shaped with
respect to the origin and has a continuous radial function, p(L, u) = pr(u) =
max{\A > 0 : Au € L}, u € 8"~ 1. The intersection body, IL, of L is the star
body whose radial function in the direction u € S"! is equal to the (n — 1)-
dimensional volume of the section of L by u*, the hyperplane orthogonal to u.
So, for u € S*1,

(1.1 p(IL, u) = vol(L Nu™b),

where vol denotes (n — 1)-dimensional volume.

The notion of intersection body has shown to be fundamentally connected
to the Busemann-Petty problem (first posed in [2]): Given two centrally-sym-
metric star bodies K and L in R” satisfying:

(1.2) vol(K Nut) < vol(L Nu™b)

for all u € S™ 1, Does it follow that V(K) < V(L)?

The answer is affirmative if n < 4 and negative if n > 5. The solution
appeared as the result of a sequence of papers [1], [2], [3], [5], [6], [7], [9],
[10], [13], [16] (see [16] for historical details). In [11], Lutwak proved that the
Busemann-Petty problem has a positive answer if K is an intersection body in
R™:

THEOREM (A). Let K be an intersection body and L be a star body in R". If
vol(K Nut) < vol(L Nubt)

forall u € S*~1, then
V(K) < V(L),
with equality if and only if K = L.
2000 Mathematics Subject Classification: 52A20, 52A40.
Keywords and phrases: star body, generalized intersection body, Radon transform.
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The Funk section theorem [4], [8] shows that the operator I is injective when
restricted to centered star bodies. that is, if K and L are centered star bodies,
then

IK=IL=K=1L.

In [12], Lv and Leng established an extension of the Funk section theorem
as follows:

THEOREM (B). Let K be centered star body and L be star body in R". If
IK =1L,
then
V(K) < V(L),
with equality if and only if K = L.
In [15], Zhang introduced a generalized class of intersection bodies: If L be

is a star body in R® and 1 < i < n — 1, the generalized class of intersection
bodies of L are the centered star body I; L such that

(1.3) prL(w) = pL)'dv

n—1 Sn—1nyL

for all # € S*~!. By (1.1), (1.3) and the polar coordinate formula for volume,
we have I,,_1L = IL.

In this paper, we extend above two theorems to the generalized class of

intersection bodies. Let Wi(K ) denote the dual quermassintegral of K (please
see next section for definition). Our main results can be stated as follows:

THEOREM (1.4). Let K be an intersection body and L be a star body in R".
If
LK C L,

then
Woo1 oK) < W,y L), for 1<i<n-1,
with equality if and only if K = L.
THEOREM (1.5). Let K be centered star body and L be star body in R™. If
LK = L,L,
then
W1l K) < Wuo1 L) for 1<i<n-—1,
with equality if and only if K = L.

Remark (1.6). Leti = n — 1in theorem (1.4) and theorem (1.5), then we get
theorem (A) and theorem (B) immediately.
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2. Notation and preliminary works

As usual, S"! denotes the unit sphere, B, the unit ball in Euclidean n-
space R". The set of real-valued, continuous functions on S”~! will be denoted
by C(S™~1). The subset of C(S”~1) that contains the even functions will be
denoted by C,(S*1). The subset of C.(S"~!) that contains the nonnegative
functions shall be denoted by C(S"~1). The subset of C,(S"~!) that contains
the infinitely differentiable functions will be denoted by Cg° (871,

If f, g € C(S"~1), then we define (f, g) by

2.1) (f. &) fwgu)du.

n Jgn-1

We shall use | - |5 to denote the norm on C(S”~!) induced by this inner product;

ie., for f € C(S™ V), |fla = V(. f)-
For a given function f € C.(S"1), the Radon transform [11] of f on "1,
Rf, defined by

(2.2) (Rf)u) = . f)dv

n—1 Sn—1nyL

foru € S*—1.
It is well known that the linear transformation

R: C(S" 1) — C(S" D),
is self-adjoint, i.e., if f, g € C.(S*~1), then
(2.3) (Rf, g) = (f, Rg).

From the definition of the generalized class of intersection bodies (1.3) and
Radon transform we have p;x equals the Radon transform of pj, that is,

(2.4) prx = Rp .

Let 8™ denote the set of star bodies in R”. The subset of S” that contains
the centered star bodies shall be denoted by S/*. Two star bodies K, L € S" are
said to be dilatate (of each other) if p(K, u)/p(L, u) is independent of u € S*~1.

Let L; € S*(1 <i < n). The dual mixed volume 17(L1, ..., Ly) is defined by

(2.5) V(Ly,...,L,) = % / pL,@)...pr, (wdu.
Sn—l

We use the notation V(Ll, i15. .. ; L, im) for the dual mixed volume in which L;
appears i; times. The dual quermassintegral Wi(L) of L is given by
V(L, n — i; By, i). Specially, Wo(L) = V(L).

Let K, L € 8" and 0 < i < n — 1. The dual Aleksandrov-Fenchel inequality
[8], p.421; in the form most suitable for our purposes, states that

(2.6) V(K,n—i—1;By, i; Ly < Wi(K)"""'Wi(L),

with equality if and only if K is a dilatate of L.
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Let K € 8" and i > 0. The i-chordal symmetral V.K of K is the centered
star body defined by [8], p.235
. o1
i Y\ i
(2.7) po () = <PK(u) sz( ) > .

Applying Minkowski integral inequality, it follows immediately that for
KeS*and1<i<n-1
(2.8) W1 i(ViK) < W1 i(K).

with equality if and only if K is centered.
From (2.5) and (2.7), it follows that for K € S" and M € S7

(2.9) V(ViK,i;By,n—1—i;M)=V(K,i;By,n—1—i;M).

3. A generalization of the Busemann-Petty problem

We consider the following generalization of the Busemann-Petty problem:
Consider two origin symmetric star bodies K and Lin R". Fix1<i<n-1
and suppose that

3.1 LK C I,L,

Does it follow that W,_1_;(K) < W,_1_;(L)?

When i = n — 1, condition (3.1) is equivalent to (1.2), so the answer is
affirmative if n < 4 and negative if n > 5. In this section, we prove that
the generalized Busemann-Petty problem has an affirmative answer if K is an
intersection body, and that the existence of the body which is not an intersection

body leads to a counterexample. We shall use Z to denote the set of intersection
bodies.

THEOREM (38.2). Let K€ Z, Lec S"and 1<i<n -1 If

(3.3) LK C ILL,
then
(3.4) W1 i(K) < Wy_1_i(L),

with equality if and only if K = L.
Proof. Since K € Z, there exists a star body M, such that K = IM, that is
(3.5) px = Roj .
By (1.3), (2.3) and (3.5), we get
(o1 Py ) = (Rl pl ") = (ol RO ) = (ol pr) = W1 (K.
and _
(prL Py ") = V(L,i;Bp,n — 1 —i; K).
By condition (3.3), we have
W1 i(K) < V(L,i;Bp,n— 1 -5 K).

Therefore, by the dual Aleksandrov-Fenchel inequality (2.6) we get (3.4). By
the equality condition of (2.6) and I;K = I; L, we know equality in (3.4) hold if
and only if K = L. O
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A nature question to ask bout theorem (3.2) is whether the class Z can be
replaced by a larger subset of S™. The following result shows that any such
large subset would have to be a subset of S7, even if in theorem (3.2) the class
S™ were replaced by S?.

THEOREM (3.6). If K € S" is a star body which is not centered and
1 <i < n—1, then there exists a centered star body L, such that

LK C I,L,
but . .
anlfi(K) > anlfi(L) .
Proof. From (1.3) and (2.7), we know ﬁiK is the unique centered star body
such that
(3.7) I(V,K) =LK .
Since K is not centered and 1 < i < n — 1, we know from (2.8) that
Wo1-i(ViK) < W, 1 (K).
Now put
L= SViK,
where 2™ =1 + Wn,l,i(K)/Wn,l,i(§iK). Since £ > 1, we have
LL = ¢I,(V,K) = ¢ I,K > LK,
and s o N .
W, 1 (L) = "W, (V,K) < W,_1_«(K).
this complete the proof. O
THEOREM (3.8). Let L € SI be a star body whose radial function is in

C>(S"~1) and positive. If L is not the intersection body of a star body, then
there is a centered star body K such that

(3.9) LK C I,L,

but . .
Wn—l—i(K) > Wn—l—i(L) .

Proof. Since p;, € C°(S"1), there exists (see [14]) an f € C,(S"~1), such
that
pL = Rf .
Note that f must assume negative values, otherwise L would be the intersec-
tion body of star body whose radial function is f1/"~1.
We choose a nonconstant function F € C2°(S"~1), such that

(3.10) F(u) >0, when fu) <0,
and
(3.11) F(u)=0, when fw)>0.

Since F € C2°(S"1), there exists a function g € C,(S"~1), such that
F =Rg.
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Define a centered star body K by

Pk =Pl — A8
where A > 0 is chosen so that the right-hand side is always positive. Then
(3.12) pr.x = Rpi = Rlpj, — A8) = pr.. — AF .
Note that from (3.10), (3.11) and (3.12) we see that I K # I;L and
(3.13) prx@) <prrw),, textwhen () <0,
and
(3.14) pre) = prr(w), when f(u) > 0.

Now using the self-adjointness of R, we obtain
Wo1-idL) — VK, i;Ba,n — 1~ i5L) = (p} — ple, pr) = (b}, — pi, Rf)
= (R(p, — p¥) ) = (p1,L — p1&, f)
From (3.13) and (3.14), we have
Wy1 L) = V(K,i;By,n — 1 - ;L) <0
A simple application of dual Aleksandrov-Fenchel inequality (2.6) gives us
W1 -i(K) > Wy (L.

This establishes the statement of the theorem. O
The following theorem give another extension of the Funk section theorem.
THEOREM (3.15). Let K € S}, Le S"and1<i<n-—1If

LK = L;L,
then - .
W, 1 (K) < W,_14(L),
with equality if and only if K = L.

To prove the theorem (3.15), we first introduce the following lemma which
characterizes the equality of the generalized class of intersection bodies in
terms of dual mixed volumes.

LEMMA (38.16). If K, L€ S"and 1 <i<n—1, then

(3.17) LK = IL,
if and only if
(3.18) V(K,i;By,n—1—i:M)=V(L,i;By,n—1—i;M)

forall M € S

Proof. From (2.9) and (3.7), we see that we may assume that K, L € S].
Suppose that for all M € S?, (3.18) holds. Let f € C/(S"!), and define
M € S by
pm = Rf .
From (2.1) and (2.5), we have

V(K,i; By, n—1—i;M) = (pl, pur) = (pk, Rf),
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and B ' '
Hence, from (2.3), (2.4) and (3.18), we have

<pIiK: f> = <PI,~L: f>
Thus, for all f € C;(S*1)

<P1iK — PLL; f> =0.

But this must hold for all f € C.(S" 1), since we can write an arbitrary function
in C,(S"~!) as the difference of two functions in C; (S"~1). If we take p;,x —p1.1.
for f, we get |pr.x — pr.]2 = 0, and hence K = I;L.

Now suppose (3.17) holds and M € S?. Suppose M is such that
pu € R(C.(S™ 1)) and hence there exists an f € C,(S* 1), such that

pm = Rf .
From (2.5), we have
V(K, i; By, n — 1 — i M) = (pig, pm) = (pk, RS ),
and
V(L,i; By, n — 1— ;M) = (pl, pu) = (pi, RS),
If we use (2.3) and (2.4), we see that I; K = I;L implies that (3.18) must hold
for all M € S? such that py € R(C,(S™1)). Since R(C,(S" 1)) is dense in

C,(S* 1), and dual mixed volumes are continuous, it follows that (3.18) must
hold for all M € S”. 0

The proof of Theorem 3.5. Since K € S?, let M = K in lemma (3.16), we
have N _
W, 1-i(K)=V(L,i;By,n —1-1K)
By the dual Aleksandrov-Fenchel inequalitie (2.6), we have
Wo_1-i(K) < W1 i(L),

The equality condition of (2.6) and I, K = I;L yeild the equality in theorem
(3.15) if and only if K = L. O
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A NOTE ON NEARNESS SPREADS IN FRAMES

HLENGANTI J. SIWEYA AND MARUTHANYANE J. MAKGERU

ABSTRACT. Mathematical structures called spreads are extended to nearness
frames and a nearness spread completion associated with these structures is
constructed. There is a relative notion of uniform local connectedness which
enjoys notable properties many of which play an important part in this con-
struction. In fact, it is also shown that if A: (M, M) — (L, ML) is a dense
surjection between nearness frames, then L is uniformly locally connected iff
L is uniformly locally connected relative to h.

1. Introduction

In an effort to keep this note short as far as is possible, we assume familiarity
with nearness and uniform frames. However, those that are uncomfortable are
referred to [1], [3], [6]. A standard reference for general knowledge of frames
is [7].

A frame is a complete lattice L in which the following generalized distribu-
tive law holds:

x/\(\/M):\/{x/\y|yeM},

for each x € L and M C L; and a frame homomorphism isamap h: M — L
which preserves finitary meets (including the top element e and arbitrary joins
(including the bottom element 0). A frame homomorphism is dense if whenever
h(x) = 0.

With reference to connectedness, we say: 0 # x in a frame L connected if
whenever x = a V b with a A b = 0 then either a = 0 or &6 = 0. The frame
L is connected whenever its top e is connected, and L is locally connected if
each x € L is a join of connected y € L with y < x. A component of x € L is
a maximally connected y < x in L. See Baboolal and Banaschewski [2] and
Chen [5].

A cover of a frame L is a subset A of L for which \/ A = e. The collection
of all covers of L is denoted cov(L). Given U,V € cov(L) the cover U refines
the cover V (written U < V) if for each u € U there exists v € V with u < v.
For a U € cov(L), the x-star of an element x € L relative to U is the set
Ux=\{yeU]|xAy#0}. Acover U star refines another cover V € cov(L)
(written Ux < V)if UU <V where UU = {Ux | x € U}.

If x,y € L and 91 C cov(L), we say that x is M-uniformly below y (written
x<Any)if Ux < y for some U € M. A filter on cov(L) is called a nearness on L if

2000 Mathematics Subject Classification: 54D15, 54D20, 54E15.
Keywords and phrases: nearness frame spread, uniformly locally connected (relative to), locally
connected frame.
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it is an admissible system of covers in the sense that each x € L is expressible
in the form

x:\/{yeL|y<1mx}

Together with a nearness 9t on the frame L the pair (L, ) is a nearness frame.
If in addition the nearness 91 satisfies the condition that: for each U € 9 there
is a V € 91 satisfying Ux < V then the pair (L, N) is a uniform frame.

For an element x € L we define its pseudo-complement x* by
=\/{yreL|lxrny=0}

x is said to be rather below y (and we write x < y) if there exists a z € L
such that x Az = 0 and y V z = e or, equivalently, if x* V y = e. The frame
L is regular if each x € L can be written as x = \/{y € L | y < x}. In
connection with nearness, it is known that a frame has a nearness iff it is
regular (Banaschweski and Pultr [3]).

A nearness frame (L, ML) is uniformly locally connected if for each A € NL
there exists a B € ML such that B < A with each b € B connected (Ba-
boolal and Banaschewski [4]). For a surjective homomorphism A : (L, L) —
(M, M) between nearness frames, we say M is uniformly locally connected
relative to h if there exists a nearness basis B for 91L for which A[B] is con-
nected for each B € 5.

PROPOSITION (1.1). Forany dense surjection h: (M, M) — (L, L) between
nearness frames, the nearness frame L is uniformly locally connected iff L is
uniformly locally connected relative to h.

Proof. See [4], Proposition 2.6. O

2. Nearness Spreads on frames

Recall [8] that a spread is a frame homomorphism h: M — L between
locally connected frames for which x € L is a component of h(u) for some
u € M. (In the rest of the article we will write x <. A(x) to mean “x is a
component of A(x)”. In this article, we propose to work with a spread (M, h, L)
between locally connected regular frames; M carries the fine nearness Cov(M)
consisting of all covers of M. For each A € Cov(M), set

Cp={xeL|x<.ha), for somea € A}.

Nearness spreads themselves were introduced into nearness spaces by Si-
weya [9]. We now generalize such spreads into the setting of nearness frames
as follows. In fact, a nearness spread completion is constructed—and it comes
with the uniform spread completion of Baboolal and Siweya [4] as a special
case.

PROPOSITION (2.1). The set {Cx | A € Cov(M)} =: B"L form a basis for a
nearness "L on L relative to which L is uniformly locally connected, i.e. we
have the following:

D AeCovM)=\Cxs=e;

(ii) CAp CA2 e B"L = JA3 € Couv(M), CA3 < CA1 N CAz'
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Proof. Each C4 € Cou(L) since
e = \/hlA]

= \/ h(a)
acA
Vw < k)

acA

SAVEN

Given C4, Cp of the above form, we set G = A A B. We will show that
Cqg <Cpand Cq < Cg: If x € Cg then x <, h(u) for some u = a A b € G.
Therefore x <, h(u) < h(a) and x <. h(u) < h(b). Thus for some s, € L we
have x < s <, h(a) and x < ¢ < h(b). In addition, for any A[A]x < y in L
we find that C x < y: For, if z € C4 with z A x # 0 then z <, h(u,) for some
u, € A. Also, h(u,) N x # 0 implies that h(u,) < h[Alx < y sothat z < y and
Cax <y.Thusy=\{x € L|Cusx <y, for some A € Cov(M)}. O

We will denote the nearness structure so formed (called a spread nearness)
by 9" L, and h will be called a nearness spread (morphism,) on M.

Our definition of completeness of a nearness spread is inspired by that of a
complete nearness frame [3]. In order to construct a nearness spread comple-
tion, we need

Definition (2.2). A nearness spread f: (M, M) — (L, ML) is said to be
complete if, whenever g: (M, M) — (N,?MEN) is a nearness spread and
h: N — L is a dense surjection with L uniformly locally connected relative
to h such that f = h o g, then & is an isomorphism. A nearness spread comple-
tion of a nearness spread f: M — L is a complete nearness spread g: M — N
with a dense surjection 2: N — L for which L is uniformly locally connected
relative to & such that f = h o g holds.

The nearness spread completion discussed herein assumes familiarity with
Banaschewski-Pultr nearness frame completion as well as the associated no-
tation used in [3]. Some of these details are as follows: DL denotes the
frame of all non-empty downsets of L, that is, consisting of all U C L such
that 0 € U, x <y, y € U = U, partially ordered by inclusion, so that
meet is intersection and join union. Then, let RL denote the closure sys-
tem in ©®L such that U € RL holds iff [j: DL — DL defined by setting
U)={acL|{xeLlL|x<a}CcUlU...U{aeLl|{anX|XecC}CU
for some C € ML}. (Here “<” denotes the “strong” inclusion relative to 91L.)
Then [y satisfies:

@D U c )

(1) Uy C Uy = 1p(Uy) C 1p(U2);

(i) Uy, Uy € DL = lo(U1) N Uy C 1g(U1 N Us).

It follows then that the closure operator / on © L determined by R L preserves
binary intersections, so that AL is a frame.

Furthermore, the frame homomorphism \/: ©L — L given by taking join
factors through the map Iy, : ©L — RL. The map RL — L determined by the
factorization of \/: ©L — L through /: ©L — fRL is the join map &, restricted
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to RL. Thus, 61,: RL — L is a frame homomorphism. Since I(| a);, := (| @)L,
for all @ € L, where ({ a)r, := {x € L | x < a}, it is obvious that the right
adjoint r;,: L — RL to the join map RL — L is given by rz(a) := (] a). We
shall use subscripts L to emphasize the closure operator [y, : DL — RL, the join
homomorphism &7,: RL — L and its right adjoint r7,: L — RL corresponding
to the nearness frame L. In what follows then, unless specified otherwise,
h: (M) — (L, M"L) is a nearness spread.
Now consider, for each A € 91M, the collection (in RL)

CLAl = {( Dr(x) € RL | (I Di(x) < RA Dula), where x <. h(a)},
for some a € A.
PROPOSITION (2.3). The collection
{CLIA]| A € Cov(M)}

is a basis for a nearness structure relative to which RL is uniformly locally
connected.

Proof. (1) Since A € Cov(M) we have | JCL[A] = e.

(2) Given CL[A], CL[B], consider CL[D] where D = A A B. We claim that
CL[D] < CL[A] and CE[D] < CE[B]. For, if (I |)1(x) € CL[D], it holds that
x <. h(a) for some A € Cov(M) and a = m A n with m € A, n € B from which
it is not hard to prove that (I )z(x) < RA( })u(a) so that (I [)z(x) € CL[A]
and (I })r.(x) € CE[B], which takes care of our claim.

(3) Given y € L, we have

y = \/{x € L| h[Alx <y, for some A € Cov(M)}.

We claim that CL[Alx < y: For, if (I |)1(2) € CE[A]with (I D)) A |)r(x) # 0
we can show that z <, h(a,) < y because h[A]lx < y for some a, € A and so
CLAlx < y. O

COROLLARY (2.4). The nearness map Rh: RM — RL making the following
rectangle commutative is a nearness spread:

RM Rh RL

O

Remark (2.5). We note that a nearness frame L is complete iff whenever
e € U, U € RL then \V U = e holds. Moreover, any fine nearness frame is
complete, hence the nearness frame (L, Cou(L)) is complete.

Returning to a nearness spread completion, recall that a fine nearness frame
is complete [3], so the fine nearness frame (L, Cov(L)) is complete. Accordingly,
the dense surjection 87, : RL — L is an isomorphism. Here is our main result.
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THEOREM (2.6). The triple (M, Rhod7;}, L) together with the dense surjection
81: RL — L is a nearness spread completion of the nearness spread h: M — L
(with g = Rho 8;,[1 in the commutative triangle):

M h L
\ TSL
RL

Proof. Also, the uniqueness of /RL implies that of R o 8;,11.

Now, we have:

1) Since L is uniformly locally connected (because £ is a nearness spread) and
since 8z, : RL — L is a dense surjection, it follows that L is locally connected
relative to 67, (Proposition (1.1).

2) For commutativity, we find that

8, 0 (Rho 8, (81, 0 RR) 0 8y

= (hody) o8y
ho(dy o 5;,11)
h.

3) We now show that 93h o 8;,11 is a complete nearness spread: let (M, k, N)
be a nearness spread and let f: N — 9RL be a dense surjection where RL is
uniformly locally connected relative to f such that g = fok (with g = %hoﬁg/[l):

M ul RL
N

Then the dense surjection f is an isomorphism since RL is completion, hence
Rh o 8;41 is complete.

4) It remains to show that this completion Rh o 821 is unique up to equiv-
alence. To this end, suppose that (r, P, s) were another nearness spread com-
pletion of (M, h, L) where P is a nearness completion of M. By uniqueness of
RL (being the nearness completion of L), there is an isomorphism k: RL — P
such that so k= 6y, (with# = Rh o 6;,[1):

M t RL " L
idy k idy,
M P L
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The following calculations follow:
SO(koSRhOSX,[l) = (sok)o({)%hoﬁi,ll)
= 8poRhodh)
= h
= sor.
Since s is a monomorphism, we have
ko(fﬁhoﬁ&l):r
so that (Rh o 871, RL, vL) is equivalent to (r, P, s). O
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EXPONENT AND CELL STRUCTURE OF THE v;-PERIODIC
SPECTRA ASSOCIATED TO EXCEPTIONAL LIE GROUPS

XTAOXUE LI

ABSTRACT. Let ®X be the v;-periodic spectrum associated to a topological
space X, which satisfies 7.(®X) = vy lro (X, p). Bousfield proved that the
p-exponent of the spectrum ®X is the same as the p-exponent of the group
KY(®X) = PK1(X)/y?. We calculate the summand decomposition of K1(®X)
and get the p-exponent as the largest summand. We accomplish this for all
exceptional Lie groups X and all odd primes p and compare them with the
known p-exponent of the homotopy group 7..(®X). We found that most of the
time they differ by 1 or 2.

Our second result is to interpret the way the spectrum ®X is built. The
spectrum ®X can be built up from various ®S2+1! by fibrations. For all ex-
ceptional Lie groups at all odd primes p, we obtain a nice picture of how the
®S82+ 15 are attached together to build ®X.

1. Introduction

The v;-periodic spectrum ®X, introduced by Bousfield, is a K/p.-local spec-
trum associated to a topological space X, satisfying, for the spaces studied
here, 7.,.(®X) ~ vflw*(X ; p), the vi-periodic homotopy groups ([6]). In this
paper we analyze certain properties of ®X when X is an exceptional Lie group
and p is an odd prime.

The first property that we analyze is the p-exponent of the spectrum ®X. In
[6], 9.5; Bousfield conjectured the value of the p-exponent of ®SU(n), and M.
Fisher proved this conjecture [8]. We use a method, different t from Fisher’s,
involving an algorithm on the Adams operations, which allows us to compute
the p-exponent of ®X for all exceptional Lie groups X at all odd primes p.

The second property we analyze is the cell structure of ®X. We prove that
a spectrum ®X can be built up by fibrations from ®S%*1’s. How these ®S%+1
cells are attached together is quite interesting. We determine the attaching
maps between the ®S%* s for all exceptional Lie groups X at all odd primes
p by studying the Adams operations in the K-theory of ®X and the v;-periodic
homotopy groups in which the attaching maps lie.

This paper is divided into four sections. Our main theorems, (1.1), (1.2),
and (1.3) are contained in the introductory first section. In Section 2 we begin
by reviewing some results from Bousfield’s paper [6]. We then calculate the
p-exponent of ®X for the pairs (X, p) with X an exceptional Lie group and p
an odd prime. In Section 3 we first prove in Theorem 3.4 that the spectrum
®X can be built up from various ®S%*1, In building ®X, the key is to find the

2000 Mathematics Subject Classification: Primary 55P42; secondary 55S25.
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tional Lie groups.
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attaching maps between the cells. These attaching maps are detected by the
Adams operations and vy L. (X). We first obtain the attaching maps for ®X
when X is torsion-free. These are simpler than the torsion cases because the
exceptional Lie groups that are torsion-free decompose as products of spaces of
the form B(2n1+1, ..., 2n,+1) and odd dimensional spheres when localized at
p. The torsion exceptional Lie groups consist of (Fy, 3), (Eg, 3), (E7, 3), (Eg, 5),
and (Eg, 3). The cell structure of the associated spectra are carried out in
Section 4. Each case is different and requires different techniques. Throughout
this paper, p is an odd prime, and g = 2(p — 1).

We state our main results in Theorem (1.1), (1.2), and (1.3).

The p-exponent of a spectrum E is the smallest e such that p® times the
identity map E — E is trivial. We denote it by exp,(E). We calculate the
p-exponents of the v;-periodic spectra ®X of exceptional Lie groups X for each
odd prime p, and compare them with the known p-exponents of the homotopy
groups 7. (®X). We also compute the whole group K'(®X). Throughout this
paper, the K-theory groups always have p-adic coefficients Zp.

In Theorem (1.1), the third column, exp,(®X), is the principal focus of this
part of our work.

X p exp,(PX) | exp,(m«(PX)) KLY(®X)
Gso 3 6 6 6
5 6 6 6
>5 5 5 1,5
F, | 3 12 12 48,12
5 12 11 6,6,12
7 12 1 8,4,12
11 12 12 12,5,7
>11 11 1 1,5,7,11
Eg 3 12 12 3,4,8,9,12
5 12 1 3,9,6,6,12
7 12 11 8,4,12,4,8
11 12 12 12,5,7,4,8
> 11 11 11 1,4,5,7,8,11
Eq 3 22 19 4,9,12,16,22
5 20 18 3,6,8,12,14,20
7 19 17 3,7,9,11,14,19
1 18 17 12,6,18,5,9,13
13 18 17 14,4,18,7,9,11
17 18 18 18,5,7,9,11,13
> 17 17 17 1,5,7,9,11,13,17
Es | 3 39 30 3,11,16,23,28 39
5 31 30 4,10,12,17,20,26,31
7 32 29 6,18,12,24,18,30
11 30 29 12,6,18,12,24,18,30
13 30 29 14,6,20,10,24,16,30
17 30 29 18,6,24,12,30,11,19
19 30 29 20,10,30,7,13,17,23
23 30 29 24,6,30,11,13,17,19
29 30 30 30,7,11,13,17,19,23
> 29 29 29 1,7,11,13,17,19,23,29

Table I. Exponents of ®X
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THEOREM (1.1). For the exceptional Lie groups X and odd primes p, the
exponents of ®X and of its homotopy groups are as listed in Table (1), which
also includes the p-exponents of the summands of KX (®X).

The homotopy p-exponent of ®X, which is the least power of p that annihi-
lates the p-torsion in 77, (®X), is listed in the fourth column in this table. These
homotopy exponents of ®X are read off from Davis’ papers ([71,[2],[3],[4]) and
are included for comparison. The other main result is the cell structure of ®X.
Our results are shown in Theorem (1.2) for torsion free X and in Theorem (1.3)
for torsion X.

THEOREM (1.2). Let X be an exceptional Lie group that is torsion free. The

spectrum ®X can be built by fibrations from ®S%*1 according to the scheme in
Table (2).

X | p Cell Structure of ®X

G| 3 ¥ @
5 B)—aD

Fu)'5 @—06
7 @—a5
1 B—» a @y

Es | 5 B—a
7 B—5 ©® a»
1 @—@ a @G (@ av

Er | 5 @—/@D\
T ® @
11 B—d a @D
13 @—eD 5 @3
17 B—G6» Q) @ @D

B\ TIG—® @—® @B —@—
E—=ed @B—E
Bl@——=~2D @B—103p
71@—6» @B—®D

1 @—9
2| 6@
2|E—G69 1 @3

Table 2. Cell Structure - Torsion free cases
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In the above table and later in this paper, a straight line connecting two
cells denotes an attaching map «;. The circled number notation is explained
in the paragraph surrounding (3.10).

THEOREM (1.3). Let X be a torsion exceptional Lie group. The spectrum ®X
can be built by fibrations from ®S%*1 according to the scheme in Table 3.

X |p Cell Structure of ®X

as

Ak ; ®
o | 8 § @ @G @ @

B3 @ G 1 @6 @
B3 B ® 6 &6 @

5

Table 3. Cell Structure - torsion cases

2. The p-exponent of ®X

In this section we prove Theorem (1.1). That is, we calculate the p-exponent
of the vi-periodic spectrum ®X for all the pairs (X, p) with X an exceptional
Lie group and p an odd prime. We begin with the definition of the functor ®
and some mod p K-theory localization results due to Bousfield.

In [6], Bousfield introduced a functor from the homotopy category of pointed
CW-complexes to the category of K/p.-local spectra.

Definition (2.1) ([6], 7.2). There is a functor ®: Ho, — S, where Ho, is the
homotopy category of pointed CW-complexes and S is the category of K/p.-
local spectra, such that:

1. For a space Y € Ho, and finite p-torsion spectrum W € S, there is a
natural isomorphism v} L (Y, W) = [W, dY];

2. ®Y is K/p,-local for each Y € Ho,;

3. For a spectrum E, there is a natural equivalence ®(Q*E) = Eg/p;

4. ® preserves homotopy fiber sequences.

Definition (2.2) ([6], 2.6). A finite stable p-adic Adams module is a finite
abelian p-group G with endomorphisms y*: G — G for k € Z — pZ such that

1. ¢! = Id and y/y* = y/* for all j, k € Z — pZ,;
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2. there exists an integer n > 1 such that ¢* = ¢**?"J on G for all k € Z — pZ
and j € Z.

Here A denote the abelian category of stable p-adic Adams modules.

For a stable p-adic Adams module M, there exists a homotopically unique
K/p.-local spectrum M(M, 1) with KX(M(M, 1); Z,)=M and K°(M(M, 1); Z,,)
= 0. Bousfield also proved

THEOREM (2.3) ([6], 8.1). If X is a connected K/p.-durable space (e.g. a
connected H-space) with K*(X ;Zp) ~ A(M) for a regular torsion-free p-adic
Adams module M ¢ KYX; Zp), then ®X is the homotopy fiber of the map
M@PP,1): MM, 1) — MM, 1). In particular, if y?: M — M is monic, then
OX = M(M/yP, 1).

If X is a compact Lie group, Hodgkin ([9]) proved that
K*(X) = AlB(p1), ..., B(pp].

This ensures that a compact Lie group X satisfies the hypothesis in Theo-
rem (2.3). Therefore ®X is a K Zp—Moore Spectrum M(M/yP, 1), where M =
PK\(X,Z,) ¢ K\X;Z,). ie, ®X = M(PK'(X)/y?,1). Here P denotes the
primitives. This equivalence suggests an algebraic way to obtain the p-expo-
nent of the spectrum ®X by finding the p-exponent of the stable Adams module
in M(PKY(X)/yP, 1).

THEOREM (2.4) ([fi], 8.2). For a stable p-adic Adams module G and a spec-
trum E with K%E;Z,) = 0, there is a splittable short exact sequence
0 — Ext%(G, K'(3%E; Z,)) — [E, M(G, 1)] - Hom 4(G, K\(E, Z,)) — 0
and an isomorphism
(2.5) [SE, M(G, 1] = Ext}(G, K'(32E; Z,)).
This theorem implies that there is a surjective map:
[PX, PX] — Hom 4 (PKY(X)/y?, PK (X)/yP).

Moreover, Bousfield observes on [6], p.1245; that this is an isomorphism as
long as PK1(X)/y? is torsion-free. If p*(PK(X)/y?) = 0 for some e > 1, then
P°leox = 0. Thisimplies that the p-exponent of the spectrum ® X is the same as
the p-exponent of PK1(X)/y» = K(®X), which is a finite abelian p-group in
our case. So we calculate the summand decomposition of PK(X)/y? = ©Z/p®
and get the p-exponent of ®X as the largest exponent.

We now proceed to calculate exp,(PX) for all X that are exceptional Lie
groups and all odd primes p. We consider first the quasi p-regular cases.

Calculation of exp,(PX) for quasi p-regular cases.

Definition (2.6). Let B(2n+ 1, 2n+ 1+ q) be the S?**1-bundle over S2*+2r—1
such that

H*(B@2n+1,2n+ 14 @); Zp) = Alxn i1, P xons1) .
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The Lie group G is called quasi p-regular iff there exists a map from a product
of sphere-bundles over spheres of type B(2n + 1, 2n + 1 + g) and spheres into
G such that it induces isomorphisms of cohomology with Z/p-coefficients.

Wilkerson [14], Mimura, Nishida, and Toda [11] gave the mod p decompo-
sitions of exceptional Lie groups when they are torsion-free. The result was
stated in the splitting theorem [2], 1.1; upon which we will be relying through
Section 2 and Section 3. By the above definition and [2], 1.1; quasi p-regular
Lie groups, when localized at p, split into a product of B(2n + 1,2n + 1 + q)
and/or spheres. These are Gg, Fy, E¢ when p > 5, and E7, Eg when p > 11.
We find a formula for expp(d)B(2n +1,2n + 1+ q)) for all n and odd p.

PROPOSITION (2.7). Let B=B(2n+ 1,2n+ 1+ q), and ¢ = 2(p — 1). Then
exp,(PB) =n + p.

Proof. In the sphere bundle $?**! — B — S§2"t144  the inclusion map
S2ntlye2ntlte _, Binduces an isomorphism K1(S?*+1 ue?t1+e) — QK1(B),
where @ denotes the indecomposables. So the Adams operations on QK (B)
are the same as the Adams operations on K1(S?*+1 U e27t1+9), Adams [1], 7.5;
tells that ? in K(S?" U e?"*9) is given by

PP (x) = p"x + A(p" P~ — p")y,

PP(y) = p"tP 1y,

Here A and the e-invariant are equal by [1], 7.8; and the e-invariant, in par-
ticular, is ;1) according to [1], 12.4. Hence the Adams operations in B =

B(@2n +1,2n + 1 + q) are as below.
W@ = plx ko p' (PP - Dy

YP(y) = p"tPly.

Here the coefficient u/p, with u a unit, can result from a different choice of
generator. To calculate the p-exponent of ®B(2n + 1, 2n + 1 + q), we consider
QK(B)/y?, which is an abelian group represented by two generators x and y
with relations

plr+uptly =0,

n+p—1

p y=0,

where 1/ = u(p?~! — 1) is a unit.
Subtract from the second equation the first one multiplied by % pP. They
become

n—l(

1
p* (px+y)=0,
u

1
—=p"Px=0.
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This implies that the abelian group M/y? is a direct sum of Z/p" 1 © 7/ p™*P
generated by % px + y and x. Therefore

exp,(PB(2n +1,2n 4+ 1+ q) = n + p. O

The results for exp,($X) in Theorem (1.1) follow from Proposition (2.7) and
[2], 1.1. For example, F; when localized at 5 is split into B(3, 11) x B(15, 23).
By Proposition (2.7), exp5(PB(3, 11)) = 6, and exps(PB(15,23)) = 12. Thus
exps(®Fy) = max{6, 12} = 12.

Calculation of exp,(®X) for non-quasi p-regular cases

The non-quasi p-regular cases consist of (Gs; 3), (Fy; 3), (Eg; 3), (E7; 3), (E7;5),
(E7;7), (Eg; 3),(Es;5), and (Eg; 7). We calculate the p-exponent for (PE7;5) to
illustrate the method.

Since K{(®E7) = PKY(E7)/y°, we need the Adams operation ° in PK'(E;)
localized at 5. First, the matrix whose rows are the eigenvectors of /2 acting
on PK(E;) and written in terms of a standard basis such as that in [7], 2.6;
is given in (2.8), an analogue of the transpose of [7], 3.2. The matrix (2.8) was
calculated using LIE and Maple by Davis during his work on [7] but is not
included in [7].

(2.8)
78784 6480 272 1 56 3101 211904

303293288 11940642 504934 1529 71742 991353 —1658990256

—4734664 273264 8050 35 2088 126843  —7835040

145672 —59052 —514 1 228 52497 —1650624
—154936  —20664 2350 5 192 -7683 184800
16072 —852 —274 1 108  —2463 38016
1672 —252 —-34 1 —12 177 —1344

The eigenvectors which satisfy %v; = 2'v; correspond to the sphere factors
in a rational product decomposition of E7, and hence also satisfy y*v; = k'v;.
See [7], (3.1) and (3.4).

The determinant turns out to be

(2.9) 231316577411213217.

When localized at 5, the eigenvectors in (2.8) do not span PK(E7) since there
is a factor of 57 in the determinant. The following algorithm is to get rid of the
factor 57.

Let v; be the vector formed by the i*” row in (2.8). Since ws := (4vy — v4) /5,
ws = (4vs — v5)/5, wy := (v4 — vg)/5, and wg := (v¢ — v7)/5 are integral,
we replace vy, U3, U4, and vg by we, w3, wy, and wg. Let My denote the matrix
([v1, we, ws, wy, Us, wg, U7]), Where vy, etc., denote rows. Its determinant equals
(2.9) divided by 5*. We then repeat this process twice more to get rid of the
remaining 5° factor of the determinant. Replacing ws and w4 by x3 := (2ws +
3wy—v7)/5 and x4 :=(ws—ws)/5 we get M3 :=([v1, x2, W3, X4, Us, We, U7]). Then re-
place vy by 21 :=(3v1+2x2+x4+2ws—v7)/5 to get My :=([21, x2, w3, X4, U5, We, U7]),
whose determinant is not divisible by 5 and so is a unit over Zs). Therefore
the rows of My span PK(E;):) and form a basis. With this basis, for instance,
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P*(xg) = P*((wy — we)/5)
= P (vs — ZV6 + 55U7)
= 359" W) — FU'we) + g5u'wr)
= %kgv4 — %klgva + %k”lﬁ
= %k9(25x4 + 10wg + v7) — 22—5k13(5w6 +u7) + %k”w
= kx4 + 2R — B )we + 55(B° — 28" + k' oy

So the matrix of * under our new basis {21, X9, W3, x4, U5, W, U7} has
[0,0,0, £%,0, 2(k° — k'3), 5 (k® — 2k™ + k'T)]"

as the fourth column. We wrote a computer program to calculate the rest of
the columns of ¢* by repeatedly replacing vectors to the final set of vectors.
Here is the matrix of /.

(2.10)
[ k 0 0 0 0 0 0
—%(k —kP) kS 0 0 0 0 0
0 0 k7 0 0 0 0
_k+2k;—3k9 By LRy A 0 JAY 0 0 0 )
0 0 AR 0 L0 0
2k(k*—513K5+ k%) k5 +2k° —3k™ 8 20k°—k'3) 0 B3 0
25 5 4 5 8 12 9 54 8 13 17
I m ES(14k E:gk —5k2) 0 k (17% +E) ok gk B |
where m — 25k+141°+3k° 12k —44k'"

125

Note that in proving [7], 3.10; Davis performed a similar algorithm for all
primes to get a basis for integral PK'(E7). Because the formula for * in [7],
3.10; is so complicated, we prefer the basis for just PK1(E7)/y/5.

After obtaining the Adams operations in PK(X), we can determine the
whole group structure of K1(®X). We use £ = p in the matrix. Since K(®X)
is a direct sum of cyclic p-groups, i.e, PKY(X)/y? = Z/p* @ --- & Z/p®, we
want to know what the orders p®, ..., p* of the summands are. The largest
p¢ is the order of the identity map, and gives us the p-exponent of ®X. The
procedure which was used to calculate the p-exponent of B(2n + 1, 2n + 1+ ¢q)
can be expressed in terms of matrices in the following way.

pn upnfl lpn pn—l lpn pn—l
[0 prte-n | T Yy ey | T %pnft(p—lﬂl 0

We pivot on the entry with smallest p-exponent. Eliminating the row and

column where p"~1! stands, it splits off a Z/p"~! summand generated by % px+
y. What is left is a Z/p"(P~U+1 generated by x.

For a larger matrix, it is hard to do these by hand. We wrote a computer
program to do the following algorithm: Go through the matrix and find the
entry with smallest p-exponent. If there are several, choose the first. Pivot on
it, record the exponent. Remove the row and column. Then repeat.
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Applying the algorithm to the above matrix with p = 5, we obtain the
exponents, 3, 6, 8, 12, 14, 20, which indicate that when localized at p = 5,

PKYE)/W =7/5° & 7/5% ¢ 2./5% @ 2./5'? ¢ 7./5'* @ 7./5%° .

Therefore exps(PE7) = 20.

For the spectrum (®PE-, 7), we do the similar algorithm to (2.8) to get rid
of the 7* factor in (2.9) by the following steps. Replace v; and vy by w; :=
(v1+5v3 —vg)/7 and we := (vg +vs —v7)/7, then replace vs by x5 := (3vs —v7)/7,
and finally replace wg by z2 := (wg + 3x5 — v7)/7. Now the matrix My =
(w1, 22, Us, U4, X5, Vs, U7] span PK(E7)) and form a basis. With this basis, we
obtain * and then run the computer program to get the exponents of the
summands to be 3,7, 9, 11, 14, 19.

For (Eg, 3), (Eg, 5), and (Eg, 7), the matrix of eigenvectors is [7], 3.2. We use
Maple to repeatedly replace vectors v by (av;+bv;)/ p, where (av;+bv;) is alinear
combination of vectors of [7], 3.2; and p = 3,5,7 respectively to get rid of the 332,
510, 79 factors in the determinant of [7], 3.2. After we get nice bases to obtain "
in each of these three cases we obtain the exponents of summands. The results
for all cases appear in the table of Theorem (1.1). The procedure and all infor-
mation regarding the Adams operations ¢* for each case can be found in the
Appendix of [10]or at http://science.ehc.edu/~x1i/AdamsOperations.pdf.

3. Cell structure of ®X: torsion-free cases

We begin by proving that ®X, the v;-periodic spectrum of an exceptional
Lie group X, can be built up by fibrations from ®S%+1,

The p-local exceptional Lie groups that are torsion-free, listed in [2], (1.1);
can be built up by fibrations from odd dimensional spheres. Such spaces are
called spherically resolved [5]. For instance, the space (Fy, 5) is built up from
spheres S3, S11, 1%, and S?3 by fibrations. Since ® preserves homotopy fibra-
tions, the v;-periodic spectrum of these exceptional Lie groups can be built up
by fibrations from ®S%+1,

Definition (3.1)([3],11.2). An object of A is algebraically spherically resolved
(ASR) if there exist short exact sequences in A,

(3.2) 0 — QKNS*")y — M, — M, 1 —0
for0<i<k,withM_,=0and M, = M.
The following result of Bendersky and Thompson is very useful.
LEMMA (3.3) ([5], 2.1). Let
0— M — My — M3 —0
be a short exact sequence of stable p-adic Adams modules. Then
M(M3, 1) — M(Mz, 1) — M(M1, 1)
is a fiber sequence of spectra.

Using Lemma (3.3), we prove
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THEOREM (3.4). If X is a compact simple Lie group and p is an odd prime,
then ®X is spherically resolved in the sense that it is built from various ®S?+1
by fibrations.

Proof. For a compact simple Lie group X, the matrix of Adams operations
on QK(X) can be brought to triangular form as in the above example. This
implies that it is ASR; i.e., there are short exact sequences of Adams modules

0—S —M —M_1—0
with S; = QK(S?%*1) and M), = QK'(X). Modding out by /2,
0— Si/(/lp — Mi/l,[/p — Mi_l/l,llp —0

is a short exact sequence of stable Adams module by the Snake Lemma since
P acts injectively on M;. This follows from (3.2) and the injectivity of the
action of » on QK1(S?"*1). Then by Lemma (3.3),

(3.5) MM;—1 /9P, 1) — MDM;/§P, 1) — M(S;/$P, 1)
is a fiber sequence of spectra. Here M(M, 1) refers to the spectrum defined in
(2.3). Since M(S; /¢, 1) = ®S?"+1 we obtain the desired conclusion. O

We illustrate our method of detecting attaching maps for torsion-free cases by
analyzing the cell structure in (®PE7, 7).

The matrix of the Adams operation 7 in K*(®PE7, 7), computed by Davis
during his work on [7], is given by

7 0 o0 0 0 0

0 75 00 0 0 0

—8a=1) 0 70 0 0 0

(3.6) 0 0 o7 0 0 0
0 - -7 o0 o 0 0

e 0 00 o0 73 o0

5 6 12 11 17

0 7 (23+101-Z7733-7 ) 0 0 7 ;7 0 717

This matrix is analogous to (2.10) with 2 = 7, except that some more change
of basis has been performed to obtain a better splitting.

Let M; be the upper i x i submatrix of (3.6). As in the proof of Theorem (3.4),
there are fibrations of spectra

(3.7 MMz /§pP, 1) — M(M3/P, 1) — M(S3/F, 1).

Here M(S;/¢?, 1) = ®S by [6], 3.4 and Theorem (2.3). By Proposition (3.8),
M(My /i, 1) = BS3 v OSIL.

Let X(3, 11, 15) denote the spectrum M(Ms/y”,1). In general, the nota-
tion X(—, ..., —) just refers to a spectrum built from ®S?"*1 of the indicated
dimensions by fibrations. Then (3.7) becomes

®S3 v oSt — X(3,11,15) — S5,

In the category of spectra, fibrations and cofibrations are the same thing.
Therefore we have a cofiber sequence

SIS 5 83 v oSt - X(3,11,15) — S — 3 (0S? v dSM)
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The spectrum X(3, 11, 15) is the cofiber of the map a. By Theorem (2.4), the
map « is classified by

Exty (PK'(S%)/y? & PKY(S™)/y?, PK'(S™))

= Ext};"” (PKX(S%)/y?) @ Ext}™® (PK'(S™)/y?)
= v] 'm14(S?) @ v ' m1a(S™)

= Z/7 generated by a3

Our concern is which element of this group does our attaching map « equal?
Does @ = 0 or @« = a1? We answer this question and generalize the above
analysis in the following proposition.

Here and later, we will denote the linear transformation % by its matrix
with respect to a certain basis.

PROPOSITION (3.8). For a fibration ®S***1 — E — ®S?"2,~1 ejther E =
®S2ntl \ ©S2+2r-1 in which case

k" 0
wk = |: 0 Ertp-1 } s
or E = ®B(2n + 1,2n + 2p — 1) with a; attaching map, in which case

k" 0
B_
(39) l// == |: %kn(kp71 _ 1) kn+p71 :|
where u is a unit in Zp,).

Proof. By an argument similar to that used just above, there is a cofiber
sequence
s -1gpg2nt2r—1 i) OS2 B S22l
So E is the cofiber of a map f. Possible maps f are classified by (2.5) with
3S2E = ©S?+2r—1 Explicitly, they are classified by

Extllq(PKl(SQnJrl)/lm l//p, PKl(sZn+2p71)) _ EthZnJer—I(PKI(S2n+1)/im lﬂp)
— 0171772n+2p72 (82n+1)
= 7Z/p generated by aq

There are two possibilities: either f = Oor f = a;. If f = 0, then E is a
product of ®S?"1 and ®S?**2P~1 and the Adams operations in K*(E) split,

. k" 0

ie Yyt = 0 pntp-1 ] Iff = a;,then E = ®PB2n + 1,2n+ 2p — 1) and
the Adams operations in K*(—) are as in (3.9) by the same argument as in the
proof of Proposition (2.7). O

In the case when & = p with which we deal, (3.9) becomes

dﬂ”z[ P 0

u/pn—l pn+p—1
where 1/ = u(p?~1 — 1).
Whereas in ordinary homotopy theory, a cell complex such as S? U, €7 is

sometimes denoted by @/—\ @ , here we are dealing with spectrum forms
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such as ®S?UC (37'®PS7) and will denote this by (?D/\@) IfCC 18" is
attached trivially, this becomes ®S3 v 33 ~1®S7 which is just ®S3 v ®S7. For

example, the spectrum ®Eg7) decomposes as

DS? Uy, C (37'0S™) v (@SM U, C (3710S%)) v S? v DS

will be denoted as

(3.10) B—® ® @

By the property stated in Proposition (3.8), the number — %(7 —77)in row 3,
column 1 in (3.6) indicates that the cells @ and @ are attached by ;. The

cell @ does not attach to the @ cell because the Adams operation splits. So
the spectrum X(3, 11, 15) is built as

6—w @@

The cell does not attach to any cell since the Adams operation splits on
the top generator in My.
By a similar analysis, the cell @ is attached to the cell @ by a7 because

the number in row 5, column 2 is —%(75 — 711). And because of the zeros in
row 5, column 1 and in row 5, column 3, the cell @ is not attached to either
@ or @ The cell structure for ®E7, we may see so far is as below,

B—1 W—E a9

The attaching map B for the @ cell is an element of
Ext)y (Ms/imy?, K'®(S¥)) ,
where M (M5 /im ¢, 1) = X(3, 15, 11, 23, 19).
Ext} (Ms/im y?, PK'(S*"))
= Ext;”" (PK' (B3, 15)) /yP) @ Ext}* (PK! (B(11, 23)) /y?)
& Exty? (PKY(S™)/y?)
= vy 'mre6 (B(3, 15)) @ vy trag (B(11, 23)) @ vy 'ma6 (S™°)
=7Z/7®0®0, with Z/7 generated by ay

The calculation of these v;-periodic homotopy groups are according to [5], 1.2,
1.3.

Again we are concerned with which element of the group Z/7 does our at-
taching map B equal? It is detected by /* in the following proposition, which
is proved similarly to Proposition (3.8).

PROPOSITION (3.11). For a fibration ®S?"t1 — E — ®S82+1+4p=D ojther
E = ®8?"1 v 0821424 yyhere

k" 0
‘/’k = l: 0 k"2 ]
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or E=®B2n+ 1,2n + 1+ 2q) with asg the attaching map. In this case
k" 0
(3.12) l/fk = [ upn (kZ(pfl) _ 1) krt2q ]
p

where u is a unit in Z).

When % = p, (3.12) becomes
p" 0
‘/’p = [ u/pnfl pn+2q :|

where u' = u(p?? — 1) is a unit.
By this proposition, the number %(7 — 713) in row 6, column 1 tells that the
cell @ is attached to @ by ag. So far, ®E7, has been built up as

(3.13) G @

The attaching map for the @-cell is an element of
Ext) (Ms/y?, K{(®S*))

where M (MG JUP, 1) = X(3, 15,27, 11, 23, 19). We calculate this group in the
following.

Ext} (Ms/y?, K{(®S))

= Ext;* (PKX(B(3, 15,27)/y*) @ Ext}> (PK'(B(11, 23))/y?)
® Ext1,35 (PKl(Slg)/l/Ip)

= vy 'm3q (B(3,15,27)) & vy 'aq (B(11,23)) @ vy tmrgs (S9)
=08Z/p*’®0

=1Z/p?

The calculation of the vi-periodic homotopy groups are according to [5], 1.2,
1.3, and 1.4.

Since the number in the last row and 5th column in (3.6) is (711 — 717), the
attaching map for @-cell is an a3 following Proposition (3.8).

Therefore, the cell structure for the spectrum ®E7  is as below:

G—@® @ W@ @

By similar analysis, we obtain cell structure for all the other (®X, p) when
X is a torsion-free exceptional Lie group. Our result is in Theorem (1.2).

4. Cell Structure of ®(X): torsion cases

In this section, we analyze the attaching maps between cells in ®X for X a
torsion exceptional Lie group using a change-of-basis method. The correspon-
dence between certain coefficients and the attaching map between associated
cells is given in the next two propositions.



214 XTAOXUE LI

PROPOSITION (4.1). Let f: S?**' — 821 pe any map and t # 0 (p). The
matrix of Adams operations in PK' (S?"™1 Uy e2"*1119) js of the form
k" 0 }

(4.2) lpk = a (kn . kn+t(p71)) prttp—1)

for any integer k, where a € Q is
1. either a number in Zy,)
2. or % -u with u € Zp,) a unit.

kn

. 0
In the first case, we can change the basis to get y* = 0 EvHp-D

} and

the attaching map f is then trivial. In the second case, the attaching map is a;
and we cannot get a diagonal matrix.

Proof. Let n and p be fixed. Suppose that y* = [ ]Zk B +t(()p_1> } for any k.
From %' = '4* it follows
(4.3) o (k" = ) = g, (11— 1 ®V) for all & L

Thus the number W is independent of %; we call it a. Then ¢, =
a (k" — k+P~V) = —q . " (k"P~V — 1) for any k. We choose % as a generator
of (Z/p?)”, which is a cyclic group of order p(p — 1). Then k*~! # 1 (p?) and
moreover £XP~D £ 1 (p?) for any ¢ # 0 (p). This says that P~V — 1 is not
a multiple of p?. However, 2P~V — 1 is a multiple of p by Fermat’s Little
Theorem.

Since y* is the Adams operation in K,(-), ¢ = —a - k" (K?~V — 1) is in
Zp). To ensure this, the number a has to be either in Z,, or equal to % - unit,
that is, a has at most one factor of p in its denominator. O

A quick application of this proposition is to see the cell structure for ®Fy,.
Davis [7], 3.8; gives the Adams operations ¢* on PK! (PFy) 3 as

k 0 0 0
1 5 5
—=(k—k°) k 0 0
4.4 10
( ) _% + %50 —t % 11 5T12(k57_ k7)11 7k711 0
B S SRR Y SN N R N Sy St
4620 " 6720 ' 13440 147840 672 960 2240 80
With twice change-of-basis, (4.4) becomes
k 0 0 O
0 k5 0 o0
(4.5) 0 FH g7 o
R—k"
147840 0 0 kU

The zeros tell that the spectrum ® Fyg) splits into a wedge of two parts, which
are built from the cells @ and @ and the cells @ and @, respectively. By
Proposition (4.1), the spectrum ®Fy, is built up as

as

@ @ O ®
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Here we also use the fact that M(M; ® My, 1) =~ M(M1,1) Vv M(Ms, 1).

Proposition (4.1) gives the information of how the coefficient in the Adams
operations relates to the attaching map between cells (2n + 1) and (2n + 1+¢q)
when ¢ is not a multiple of p. In the case when ¢ is a multiple of p, the result
is given by the following proposition, which is proved similarly to Proposition
(4.1). We let ¢ = jp for convenience, where j is not a multiple of p. We use
the standard notation [13], 1.3.11; that «; is the element of order p in the
(tqg — 1)-stem.

PROPOSITION (4.6). Let f: S2"+/P4 — §2"+1 be any map, with j # 0(p).
1. Let n > 1. Then the homotopy group oy jpg (PS?>**1) is Z/p?, and the

matrix of Adams operations in PK* (S?"*1 Uy 2""1/P1) s of the form

k? 0

k
4.7) UAES A (kr — fripp=D) - prtipp=D |

The number X has the form 1%’ where w is a unit in Zpy and e = 0,1, or 2. The
attaching map is of one of the three cases
iLIfA= }%, the attaching map f is a generator of 7./ p? called %at.

u

i. If A = L the attaching map f is p - gen, called a; (since it is the element
of order p).

iii. If A € Zp), the attaching map is trivial.

2. If n = 1, the homotopy group is 7/ p. The coefficient A can only be of type

(ii) or (iii) and so the attaching map is the generator or trivial as in cases (ii) or
(iii) above.

According to [7], 6.1; the matrix of Adams operations in PK! (Eg, Z)) on a
certain basis is given by (4.8) below.

T3 0 0 0 0 0 0 0 7
g -8 37 0 0 0 0 0o 0

m 931 —3") 3 0 0 0 0 0

# n sls® g1 0 0 0 0

4.8) # # g 308l g 0 0 0

3

# # # # 23T gw 0o 0

# # # # # 2(3193—323) 3232?;29 (2)9
| # # # # # # S 3» |

Herem = %%.3-2190-37+ % .3" andn = -3¢ .37+ 3.3 4 T.313 The
#s are numbers given in [7], 6.1; which are not relevant to our discussion.

The attaching map for the @—cell lies in vy 'mi4 (S3) = Z/p, which is
generated by as. The first number in the second row, %(k — k"), has a
coefficient of type (ii) in Proposition (4.6). So a3 is present. The attaching map
for the @-cel] is in vy treg (B(3,15)) = Z/p ([7], 6.4,c). By a change of basis

3 0 0
=303 -37) 37 0
6360.3-2190-3" + 22 .31 —9(37 —31) 3U
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becomes

3 0 0
=203-37) 3" 0 |.
=2(3-31 o0 34

The first number in the third row has a coefficient of type (ii) in Proposition
(4.1) so a5 is the attaching map between the @-cell and the @-cell.
In general, the group g, (P X) is presented by the matrix
WP’
(l,br —-r k)T
where r is a generator of the group of units mod p? ([6]).

The attaching map for the @cell is in 7o (PB(3, 15, 23)). This group is
presented by the matrix

3  —0B-3) %0.3-2190-37+ 1. 3"
0 37 —9(37 — 3M)
(4.9) 0 0 3
' 2218 =102 _27) &%0._2190.27 4+ 2 .2U
0 27 _ 213 79(27 o 211)
0 0 211 _ 213

Computer calculation of an algorithm described in Section 2 shows that the
group is a cyclic group of Z/32. The number in position (4, 3) of matrix (4.8)
tells that @ is attached to @ by a1 by Proposition (4.1). So far, the cell
structure for the first four cells is as below.

as

B ®» @@

a3

The cell @ is not attached to @ because the off-diagonal number below 37
in (4.8) is of type (i) in Lemma (4.1), which can be removed after a change of
basis. Because the @ and @ are not attached to each other, it can happen

that the cell @ is attached to both @ and @ If we do a change of basis,

the submatrix
37 0 0
,9(37 _ 311) 311 0
_%_37_’_3.311_'_%.313 %(311_313) 313
becomes
37 0 0
0 3it 0
_%(37 _ 313) %(311 _ 313) 313

The coefficient —g—;‘ is of type (i) in Proposition (4.6), which indicates that

is attached to @by %6\’.3. Here we apply Proposition (4.6) since the differ-
ence between the exponent 13 and 7 is p(p — 1).
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In the homotopy exact sequence point of view, there is an exact sequence for
the inclusions ®S3 — ®X(3, 15, 23),

o6 (DS3) 5 mag (BX(3,15,23)) 5 mrag (BS) @ a6 (PS)
/3 7,/27 Z/957/3
81 82 83 84

The g;’s below each group denote the generator of that group. We know that
a1 is present between @ and @ by the number (31! — 31%). The attaching
map for the @ cell is a generator of Z/27. The generator of Z/27 must also
map to the generator of Z/9 because 3 - g2 is not in the Im(i) = ker(9). So an
element in mog(PX(3, 15, 23)) which is attached to @ by a1 is also attached
to @by %6\43.

The cell structure for the first four cells is therefore

as

as %013

For the remaining attaching maps, we do the same algorithm as we did
for mog(®X(3,15,23)). It turns out all the groups, 734 (®X(3, 15,23, 27))),
m38((PX(8, 15, 23, 27, 35))), m46((PX (3, 15,23, 27, 35,49))), and m53(PX(3, 15,
23, 27, 35, 39, 47)) are cyclic. By Proposition 4.1, there is an ag attaching @

to @, an «a; attaching and @, and another ay attaching to . By

Proposition (4.6), the cell is attached to by %ag.
Therefore the spectrum (®Eg, 3) can be built by fibrations from ®S™ accord-
ing to the scheme in diagram (4.10)

(4.10)

In [7], Davis speculated about a cell structure for this case. The reader may
notice that there is some difference between [7], Diagram 6.2; and Diagram
(4.10). A slight difference, explicitly, is that the attaching map between @

and @ is called 3a3 and the attaching map between and is a3 in [7],
Diagram 6.2. This is because Davis used a different notation at the time. He
interpreted «j to mean the generator of the homotopy group, while we denote
it as the element of order p. Another difference is that in Diagram (4.10) the
@ cell is also attached to @ by %0[3, which was apparently overlooked in
[7].

The other cases of Theorem (1.3) are proved similarly.
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de las dlgebras de Cayley-Dickson y sus aplicaciones en topologia

JULIUS KORBAS AND PETER ZVENGROWSKI

ABSTRACT. Results for the vector field problem on projective Stiefel manifolds
Xnr = 0(n)/(O(n —r) x Zg), 2 < r < n, are derived here; X,, 1 is (n — 1)-
dimensional real projective space, for which these results are classical. In
particular, span(X,, ;) for r = 2, 3, 4, for suitable (infinitely many) values of
n is calculated. If r = 2 and n is odd, then additional difficulties present
themselves, and one approach to dealing with this case using the Browder-
Dupont invariant is discussed. Furthermore, when n = 8m — 1, by using an
explicit version of the Hurwitz-Radon multiplications, we improve the lower
bound for span(X,, ) to span(S™). Two general results and some conjectures
on the span of X, » are also presented.

1. Introduction

The span of a finite dimensional real vector bundle « over a space X, denoted
span(a), is k£ if @ admits &, but no more than %, everywhere linearly independent
cross-sections. If X is paracompact, then span(a) > % means that a ~ 7 ® ke
for some vector bundle 5; here and in the sequel ¢ is the trivial line bundle and
ke denotes the k-fold Whitney sum of & with itself.

For a g-dimensional smooth connected manifold MY, one defines its span
to be span(M?) := span(TM?), where TM is the tangent bundle of M. The
manifold M? is parallelizable if its span is g. The problem of determining
the number span(M) is referred to as the vector field problem on M (further
information can be found in [16], [18], [19], [20], [34]).

Besides the span of a manifold one can consider its stable span ([16], [18],
[19], [20]):

(1.1) spano(M) :=span(TM ® &) — 1.

We remark that the stable span of a given smooth closed manifold M is in-
teresting even if one is not able to find its span, in the context of fold maps
(a smooth map f: M? — NP with ¢ > p is a fold map if all of its sin-
gular points are of fold type; a singular point x € M is of fold type if for
some local coordinates around x and f(x) one can write f as the assignment
(X1, .05 Xg) = (X1, -, Xpo1, 22 ixiH +---£x2); in particular if N = R, then
a fold map is a Morse function on M). By Y. Ando (cf. [30]), if dim(M) = g and
span®(M) > p — 1 for some p such that ¢ > p > 2, then there exists a fold map

2000 Mathematics Subject Classification: Primary 57R25; Secondary 55540; 57R19; 57R20.
Keywords and phrases: vector field problem; projective Stiefel manifold; span; characteristic
class; cohomology operation.
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M — RP. In addition to this, as proved by O. Saeki ([29]), if ¢ — p is even and
there exists a fold map M — R?, then span®(M) > p — 1.

Stably parallelizable manifolds (known also as 7-manifolds) are those for
which the stable span is the same as the dimension; the Bredon-Kosinski the-
orem ([10]) effectively determines the span of such manifolds. The projective
Stiefel manifolds X, ., 1 < r < n, obtained from the ordinary Stiefel mani-
folds V,,, of orthonormal r-frames in R” by identifying (vy, ...,v,) € V,,, with
(—vy, ..., —vp), form a family of closed, connected, smooth manifolds, among
which relatively few are stably parallelizable (see [5]). Note that X, ; = P" 1,
(n — 1)-dimensional real projective space, for which the span question was
solved by Adams [1]. The study of X,,, for r > 1 was inaugurated by P. Baum
and W. Browder [8] and S. Gitler and D. Handel [11] in the 1960’s, and has
been a subject of ongoing interest since then ([4], [5], [6], [7], [31], [32], [35],
[36] etc.).

This paper (mentioned as a “later paper” in [31]), in combination with
[31], is an attempt to present the current state of knowledge concerning the
span question for the projective Stiefel manifolds X, ., r > 2. This ques-
tion is related to the same problem for other important spaces. For instance,
for the flag manifold O(n)/((O(1))" x O(n — r)) we have that span(X,,) >
span(O(n)/((0O(1))" x O(n — r)). We note that the information available on
the span of the above mentioned flag manifold is in general quite weak (see
[18]; an exception: for r = 2, quite a bit is known; see [3], [12], [15]).

In the sequel, the number dim(X,, ) = nr — (r;1) will be denoted by d,, ; we
shall write just d instead of d,,, when (n, r) is clear from the context. For the
tangent bundle we have ([22], [38])

(1.2) Tnr = TXn,r ~ rgn,r 0 Bn,r S2) (;) &,
and stably
(1.3) Tor @ (r i 1)8 ~ Ny,

where &, (sometimes denoted just by ¢) is the line bundle associated to the
obvious double covering V,,, — X, ,, and 3, , is the “orthogonal complement”
bundle characterized by ré,  © B, ~ ne. Note that &,1 = &,-1, the familiar
Hopf line bundle over X,,; = P 1.

Of course, (stable)span(X,, ;) can be at least i only if the Stiefel-Whitney
classes wq_; j(tp,) = wq_i1j(Xy,), j > 1, vanish. The isomorphism (1.3)
implies that

(1.4) w(Xy,r) = (1 + w1, )™

For deciding whether or not w;(X, ) vanishes, it is also necessary to know
the Zg-cohomology ring of X, .. By [11], 1.6;

(1.5) H* (X3 Za) = Zolyl /™) @ V(3ners o s IN-1 -+ o Yn1)s
where y = w1(&,,), N=min{j;j >n—r+1, (’;) =1 (mod 2)}, and

V(yn—r; .. -)&Nfl’ .. ~’yn—1)
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is the Zs-vector space having the monomials H;‘:_nir yfi with i 2 N — 1 and
ti € {0,1} as Zy-basis. For later use, we note that (1.5) immediately implies

the formula for the mod 2 Poincaré polynomial:

A4+t 4- o+t DA+ (L))

14N )
Additionally, (1.5) determines all cup products in H*(X,,,;Zs) except for y?,
which can be found using [4] since yi2 = sq’(y;). Correcting misprints of [4], we
reproduce the formulae for Steenrod squares here (these formulae were also
published in [39]). Let ¢ := vo(IN) denote the exponent of the largest power of
2 dividing N. Then one has

Pt(Xn,r; ZZ) =

13
sqWg-1) =Y A Vgricie+ Y Beyt T N yng i + eyt
5=0 0<kej<i

€ = { (q+2z?1,N) (q+2;:11—N) if t > 3,
0

where

if ¢ < 3,

_ o (a—1-Fk\(n
wsain- (14,

_ .o (P (N-1-Fk\(q—N\/(n
na-masns- (V) ))

Apart from X193, the parallelizability question for X,, ., r > 2, is settled in
[6] and in [6]. In addition to this, a complete solution to the vector field problem
on X, , is known for some families of (n, ). More precisely, for X,, 1 = P11 one
has, as a consequence of the solution of the vector field problem for spheres [1],
that span(X,, 1) = span(S"~!) = p(n) — 1, where p(n) = 2¢ + 8d for n expressed
as (2a + 1)2°t% q,d > 0, 0 < ¢ < 3. One calls p(n) the Hurwitz-Radon
number of n, and this will also be useful later in this work. At one extreme,
for r close to n, it has long been known ([5]) that X,, ,—1 and X, om—2 (with m
arbitrary) are parallelizable. Around 1998, Zvengrowski [39] has determined
span(Xom11,2m—1) and span(X,, ,—3); thus span(X,, ,,_;) is also known for j < 3.
Our aim in this paper is to study the other extreme, r close to 2, and calculate
the span of X, , for some families with r = 2, 3, 4, as well as to prove some
general results on span(X,, ;).

From the formula (1.2), one immediately has that span(X,,,) > 1 when
r > 2. In[18] and [19] we derived the strong lower bound

(1.6) spanO(Xn,r) > knr
for span®(X,, ), where &, is defined as follows:
Definition (1.7). k,,, = span(nré, 1) — (rgl).

Note that we always have &, > d,,,—n+1, since span(nré,_1) > nr—(n—1)
by standard stability properties of vector bundles. Since d,, is in general
much larger than n — 1, this shows that the resulting inequality d,,, —n+1 <
span®(X,,,) < d,, already gives relatively sharp estimates for span®(X,, ),
which of course can be improved by applying cohomology theory to reduce the

upper bound.
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As was shown in [19], %, is in fact a lower bound for span(X,,,) as well,
except possibly when 7 is odd and » = 2. This seems to be the most intractable
case and is studied in some detail in §2. We also prove Theorem 2.3 in §2, which
improves the known lower bound for span(X,,_1 2) when n is divisible by 8. This
involves using an explicit version of the Hurwitz-Radon multiplications, and an
Appendix (§5) is added giving an elegant construction of these multiplications
based on ideas of Moreno [27] and Lam-Yiu [23], [24].

Then in §3 we prove that if 2 < r < p(n), then

span(X,,,) = span’(X,,,) = k,.,,

and we shall calculate span(X,, ;) for r = 2, 3 or 4, for suitable (infinitely many)
values of n, using the lower bound %, , and other results.
In §4 we prove the following useful inequalities:

span(X,, ,+1) > span(X,, ),
(1.8) and, for s > 2, span(X, ) > span’(X, ) + (;)

We close §4 with several conjectures about span(X,, ), for which the results in
this paper and its predecessors provide strong evidence.

2. On stable span and span of X, o

The projective Stiefel manifold X, o has an interesting geometric interpre-
tation, as the tangent sphere bundle to P*~!; but this fact will not be used
here. Its dimension is of course 2n — 3.

For span’(X,, 2) we have the lower bound given in (1.6),

span’(X,,9) > k,2 = span(2né, 1) — 3.

In fact, as mentioned in the Introduction, %, 2 is known to also be a lower
bound for span(X,,2) when n is even. Indeed, the span and stable span of X, o
with n even coincide ([18], [19]), and we shall show, in §3, that span(X,, 2) = &y 2
in such cases. Of course, determining &, (or in particular &, 2) is a special case
of the solution of the “generalized vector field problem” (this is the question of
what is the span of any multiple of £, _1 over P"~!, for any n). The latter is not
yet completely known, but the results of Lam [21], Theorems 1.1, 3.1, Remark
3.5; and of Lam and Randall [25], 5.14; [26] give the answer in the majority of
cases and imply the following proposition. The fact that the binomial coefficient
(2;:) for m > 1 is even is implicitly used in those cases where no binomial
coefficient is explicitly given; see also §3 for some further details and (in many
cases) strengthened results.

PROPOSITION (2.1). We have the following lower bounds.

n=8m&m>1& (")) odd = span(X,,2) > ky2 = n +5.

n=8m&m>2¢& (ﬁf‘l) even = span(X,,2) > ky2 > n + 6,

span(Xig2) > kig2 = 23.

n=8m+1&m>1= span®X,2) > k,2 > n,

span®(Xg o) > kg o = 13, span®(X172) > k172 > 22.

n=8m+2&m>1= span(X,2) > k2 > n+2.
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n=8m+3&m>1=span®(X,2) > ko >n+1
n=8m+4&m>0& (2m+1 odd = span(X,9) > kpo =n+ 1.

n=8m+4&m>2& ”fn even = span(X,9) > kyo > n+ 2.

)
)
n=8m+5&m>0& () odd = span®(X,,2) > ky2 = n.
n=8m+5&m>2& (2”;”“) even = span®(X,,2) > ko > n+ 1.
n=8m-+6&m>0& (*) odd = span(X,2) > ky2 =n— 1.
n=8m+6&m>2& (2";”*1) even = span(X,,2) > kyo > n + 3.
n=8m+7&m>0& (2’"“) odd = span®(X,,2) > kno =n — 2.

m

n—8m+7&m>2&(2m+1)even:>spanO(Xn2)>k a>n+2 O

By a special case of [14], Theorem 1.6; there are one or two isomorphism-
classes of d,, 2-plane bundles over X, 2 which are stably isomorphic to the tan-
gent bundle 7, 9; in other words, the James-Thomas number I(X, ) is 1 or 2,
respectively. Clearly, span®(X,, 5) = span(X,,2) if I(X,,2) = 1. But, as we shall
see in Theorem (2.6), the equality I(X, 2) = 1 is a rare phenomenon. In a re-
mark after the proof of Theorem (2.6), we shall outline an idea which perhaps
can lead to solving the question of whether or not span®(X,, 5) = span(X,,s) if
I(X,,2) = 2 and n is odd; but we did not succeed in applying this idea up to
now. In view of this, since for n odd Proposition (2.1) gives lower bounds for
span’(X,, ), but not for span(X,, ), the following theorem is useful.

THEOREM (2.2). For the projective Stiefel manifolds X, o with n > 7 odd
one has span(X, o) > 4. In addition to this, one has span(X32) = 3 and
span(Xs2) = 5.

Proof. Suppose that n > 7 is odd. Then d,2 = 2n — 3 = 3 (mod 4); since
n > 7, we have d,, 9 > 11. It is clear, for instance from the formula (1.4), that
each of the manifolds X, 2 is orientable. So by [20], 15.13; in order to prove
span(X,2) > 4 it is enough to verify that now w2(X,, 2) does not vanish, while
Wq — S(Xn,Z)

From the formula (1.4) we obtain w%(Xn,g) = y%, and this is not zero (see
the description of H*(X,, ;Z2) in the Introduction), because N = n — 1 > 4.
In addition to this, wy_3(X,2) = (%')y**~® = 0, because we obviously have
2n — 6 > N. So the theorem is proved for all n > 7 odd.

Consider the two remaining spaces. Since any orientable 3-dimensional
manifold is parallelizable ([34]), span of X34 is 3. Finally, from Proposition
(2.1) we have that span®(X52) > 5. But, since d5s = 7, the James-Thomas
number of this manifold is 1 (see [14], Theorem 1.7), and therefore its sta-
ble span and span coincide. So we also have span(X52) > 5. On the other
hand, span(X52) > 6 is impossible; indeed, we have wa(X59) = y2£0. Asa
consequence, span(Xs o) = 5. O

Before proving the next theorem, which improves to span(S"~!) the lower
bound of 4 (given in Theorem (2.2)) for span(X,,_1 2) whenever n = 0 (mod 8),
some notation needs to be set up. Forr = p(n), let ey, ey, ..., e,_1 be the canoni-
cal orthonormal basisin R” and &y, . . ., €,_1 be the canonical orthonormal basis
in R?; R*~1 will be the subspace spanned by &1, ... ., £,_1. For any vector ¢ € R"
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we shall write ¢’ for its projection into R*~!. Thus, if ¢ = (co, ..., c,—1), then
¢ =(0,c1,...,ch—1) = C — Co&o.

Now let R"®@gR" — R” be a norm preserving multiplication, denoted u Qv —
u-v = ¢,), where ¢, € O(n) whenever || u ||= 1. In particular we write
¢;(v) = e;-v, 0 <i <r—1,and by replacing ¢; by ¢, 1 o ¢; (which has no effect
on the norm preserving property), we may suppose without loss of generality
that ¢9 = I. Construction of such norm preserving forms is carried out via
[23], [24], [37], and briefly described in the appendix to this paper. Asis shown
there, it enjoys the following additional properties, of which (ii) is classical and
(iii) describes the first coordinate of ¢ ;(a):

PG): eg-v=v, ie. ¢o=1,
PGi): fori, j>0, i #j, ¢f =1 ¢idj+d;jpi =0,
PGii): for j > 1,a =(ap,...,a,—1) €ER", e;-a —(e; - a) = £ay;¢o,
where the map J: {1,...,r — 1} — {1,...,n — 1} is injective.
Since, for ¢ > 1, the orthogonal skew symmetric transformation ¢; can be

replaced by —¢; with no effect on the norm preserving property, we may assume
in P(Gii) that ej-a— (ej ca) = —Q.J(;)€0s J > 1.

THEOREM (2.3). One has span(X,_12) > span(S"~1).

Proof. For (a,b) € V,_13,ie. a,bc R L] al|=|b|=1/{ab) =0,
define wj(a,b)=((e;-a),(ej-b))eR*" 1R 1<;<r-1

First we show wj(a, b) is a tangent vector to V,_12 at (a, b). We use the
explicit description of the tangent bundles to V,,, and X, ;- given in [5], Lemma
2.2 (alsoin [38]). Letv = (a, b) denote a point of the Stiefel manifold V;,_1 2, and
let [v] = {v, —v} be the corresponding point in the projective Stiefel manifold
Xp,—1,2. Then the tangent space T},1(X,,—1,2) consists of pairs [v, w], where w =
(x, y) with x, y € R*! is such that

<a) x> = <b)y> = <a:y> + <b’ x> = 0: [U, LU] = [—U, _w] .
The tangent space T;,(V,,_1,2) is similar (without identifications).

Noting that (x,y') = (x,y) whenever x € R""!, y € R", we then have
(a,(ej -a)) = (a,ej - a) = 0, similarly for b, and finally
(a,(ej - b))+ (b,(ej-a)) = (a,e;-b) + (bej-a)=(a,e;-b) + (—e;-ba)=0.
Second, since w;(—a, —b) = —wj(a, b), the w; induce well defined vector fields
on Xn_l,z.

Finally, let us show that wq(a, b), ..., w,._1(a, b) are linearly independent. So
suppose Z;;ll Ajwj(a, b) = 0, with not all A; zero. Write A = Z;;ll Ajej € RPL
We also write, for later use, A = Z;;ll Aje; € R7. Without loss of generality
assume || A [|= 1, soalso || A |= 1. By definition E;: Ajlej-a) = E;: Aje; -
b)Y = 0. Working with a, and using the equation for ¢’ as well as the property
of e; - a mentioned above, this gives Z;: Aj(ej - a4+ ageo) = 0, where we now
write J = J(j) for convenience. Thus

r—1 r—1
(24) Z )\jej -aQ = —(Z /\jaJ)SQ .
Jj=1 J=1
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Trivially, [(A, 31 aye;)| = | 371 Ajaus| =] — 31 (Ajan)eq || Now, apply-
ing successively (2.4) followed by the norm preserving property, this equals
I Z;;ll()\jej) ca|=]| A |||l a ||=1-1= 1. Since the inner product of two

vectors, the first being a unit vector and the second having norm at most 1,
can have absolute value 1 if and only if they are parallel and the second has
norm 1, we have then that A = + Z;;ll asej. Exactly the same applies to b,
so A=+ Z;j bse;. Finally, since J = J(j) is injective by P(ii), this implies
that a, b are also parallel, giving the desired contradiction and completing the
proof. O

COROLLARY (2.5). We have span(X72) = 1.

Proof. Thelower bound 7 is obtained from the theorem, and Stiefel-Whitney
classes easily give the same upper bound. O

Our next theorem shows that the manifolds X, o mostly have James-Thomas
number 2.

THEOREM (2.6). While the James-Thomas number is 1 for Xso and X5 9, it

equals 2 for the remaining projective Stiefel manifolds X, 2, except possibly for
n=2+11¢>3.

Proof. In the proof, we shall suppose n # 2! + 1. Let BO be the classifying
space of the stable orthogonal group O, and let

o: HY(BO;Zs) — HY(QBO;Zs)

be the suspension homomorphism. In applying [14], Theorem 1.6; we shall re-
place the loop space QBO by O (see e.g. [2], 2.3.1 (iv)). Then instead of o-(w; 1),
where w; is the j-th universal Stiefel-Whitney class, we shall for convenience
write v; € HY(O;Zs), i > 1. Now, by [14], it suffices to show that for any map
B: X, 2 — O one has

2n—3
A(B) == B*(v2p—3) + Z B* (Wi 1won_2_i(Xp2) =0 € H" 3(X,9;Z2).
i—2

We have (see (1.5))
2.7) H*(X,.2;72) = Zalyl/(yN) @ Vi),

as an algebra, where N = n — 1, n according as n is respectively odd, even,
and ¢ = n — 1, n — 2 according as n is respectively odd, even (note g is thus
always even). Since (1.4) implies

2n :
Won—9-i(Xn2) = (2n Ty i) YR

we have
2n—3

AB) = B o)+ 3 g*(vi_l)(;f i) i
=2
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To show this is 0 it will certainly suffice, since y?*~3 = 0, to prove that B*(v;) €
Zslyl/(yN), j > 1. Now we recall that by [9], (8.7); one has for the Steenrod

squares
Sq'(v;) = (i) Vit j

for i < j. Hence it is sufficient to show that
B (gr_1) € Zolyl /™), k> 1.

This task is trivial if 2 — 1 < g, so one only has to consider the range for k
where 2* — 1 > q. Then one has

(2.8) B*(Wgr_1) = Aygy? 171

for some A € Zg. Using [4], 2.1 (see the Introduction), one readily checks that
Sql(y,) = 0, and applying Sq! to (2.8), we obtain

(2.9) Ayey? 9 = B (ug).

Observe that the top class in H*(X,,2; Zs) is y,y" 2 if n is odd or y,y"~!if n is
even. Hence in all the cases which we need to consider we have 2 — ¢ < N;
therefore yquk_q # 0. On the other hand,

B* (o) € Zalyl/(y™N),
because -
v =Sq%  ...S¢%Sq (vy).
Finally, since 2* > ¢ + 2 > N, we have B*(vy:) = 0 and (2.9) implies that
A=0. L]

We remark that for Xo 19 (! > 3) the problem of determining James-
Thomas numbers remains open. To close this section, we outline (as we
promied before the statement of Theorem (2.2) a possible way of thinking (in
the spirit of [18], p. 8-9) about the relation between stable span and span of any
odd-dimensional smooth closed manifold M with I(M) = 2, in particular for
M = X, o when nisodd and I(X, ) = 2. In this case, for any d,, s-plane bundle
«a stably isomorphic to 7,2 one has (see [33]) a number bp(a) € Zg, called the
Browder-Dupont invariant. This bp distinguishes between those two classes
of d,s-plane bundles stably isomorphic to 7,2, and bg(r,2) is precisely the
Kervaire mod 2 semi-characteristic

n—2
(2.10) Xo(Xn2) = dim (H'(Xp2;Z2) (mod 2).

i=0
Observe that for any odd-dimensional X, ., the Kervaire semi-characteristic is
nothing but %Pl (Xn,r; Z2) mod 2. From the formula for the Poincaré polynomial
Pi(X, ;Z9) it is easy to see that P; is divisible by 4 for r > 2; thus the
Kervaire semi-characteristic vanishes in all such cases. Now suppose that
we are given some X, with n odd and I(X, ) = 2 about which we know
that span®(X,,2) is some number s; then there is a vector bundle 1 such that
e ® e~ n®(s+ De. Since, as we have seen, bp(7,2) = 0, it is enough to be
able to show that bp(n @ se) = 0 in order to conclude that 7,2 ~ 1 @ se, and
span(X,2) = s = span’(X,,2). One can try to proceed analogously knowing
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that span®(X,,2) > & for some % (for instance & = k,3), when one wants to
show that also span(X,, o) > k.

3. The span of X, , for r < p(n) and for r <4

The following theorem and its corollary allow us to calculate the stable span
and also the span of those projective Stiefel manifolds X, , satisfying r < p(n),
at least to within the knowledge of &, ;.

THEOREM (3.1). If r < p(n), then we have span®(X,,,) = ky,.

Proof. If r < p(n), then (as shown in the Appendix) there exists a Zso-
equivariant (indeed linear) cross section of the fibre bundle V,,, — V,,; = S*~1.
This therefore induces a cross section s of the fibre bundle 7: X,,, — X,,1 =
P! such that s*(¢,,) ~ &,1. Since also 7*(&,1) ~ &, it follows that
span(mé, ) = span(mé, 1) for any m. This yields (see (1.3) and Definition
(1.7)

Spano(Xn,r) = Span(nrgn,r) - (r —g 1) = Span(nrgn,l) - (r —g 1) = kn,r .

COROLLARY (3.2). If 2 <r < p(n) then we have span(X,, ;) = kn,r.

Proof. The hypotheses imply n is even. Then, as a special case of [19],
Theorem p. 100; span(X,, ) > k, . Theorem (3.1) therefore implies now that
span(X,,,) > span®(X,,,), and, as a consequence, span(X,,,) = span®(X,,,). [

We next calculate the span for several infinite families of projective Stiefel
manifolds X,,, with 2 < r < 4; we shall use various methods for showing, in
each case under question, that the lower and upper bounds coincide. For cases
(a)-(d), which are strengthenings of results in Proposition (2.1), the following
special binomial coefficients are used. All follow readily from Kummer’s
formula

vy <S —; t) =als)+ alt) —als+ 1),

where v was defined in §1 and «a(¢) is the number of 1’s in the dyadic expansion

of ¢.
, <2m>—a(m) =1 m=2%a>0,
\m )~ > 2, otherwise,
=0, m=2°-1,a>0,

)a(m+1)1 =1 m=2°+2_10<a<bd,
otherwise,

9 =0, m=2°-1,a>0,

m

vz(m_ 1) =am—-1D+am+1)—alm){=1 m=2°+20-1,0<a<b,
2, otherwise.
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THEOREM (3.3). We have that span(Xsg;2) = ko9, in particular:

(@) If n = 8m, then span(X,2) = n+5form = 2% —1,ie. n =23 -8
(a > 0). Also span(Xie2) = 23.

(®) If n = 8m + 2, then span(X,2) = n + 2 for m = 2% ie. n = 2973 4+ 2
(a>0).

(c)Ifn = 8m+4, then span(X, 2) = n+1lform =2°-1,ie. n= 20t3_4 (g >
0), and span(X,2) = n+2form = 294+2°—1,i.e. n = 29342643 _4 (0 < a < b).

(d)Ifn =8m + 6, then span(X, 2) =n — 1form =2% — 1, ie. n =243 - 2
(@ > 0), and span(X,2) = n+38form =20 +20 —1,je. n =293+ 2043 2 (0 <
a < b).

In addition, we have:

(e) For m > 3, span(Xgn_g3) = 21 — 6.

(f) For m > 2, span(Xgn,13) = 2™+ — 3.

(g) For m > 3, span(Xom_94) = 3 - 2™ — 10.

Proof. The fact that span(Xg;2) = ko2 is an immediate consequence of
Corollary (3.2), and (a)-(d) are then clear from Proposition (2.1) together with
the above formulae for binomial coefficients.

(e) and (g) From [21], Theorem 1.1; combined with [19], Theorem, p. 100;
(note that for X, 3 we could derive a result similar to Proposition (2.1), we
obtain that span(Xgn_g3) > 2! — 6 = kgn_53. In addition to this, kon_g3 is
an upper bound, too, because wy_gn-1.¢(Xan_23) = y*> ~© does not vanish (note
that now N = 2™ — 4). This proves (e); part (g) can be proved in an analogous
way.

(f) Since kgn 113 = 3-2™+3—2m—6 = 2™+ -3, we have (applying again [19],
Theorem, p. 100) that span(Xan,13) > 2™+ — 3. Now wy_gm+13(Xoni13) = 0,
so more delicate techniques are needed to show that 2"*! — 3 is also an
upper bound for the span. Indeed, in this case both primary and secondary
cohomology operations will be used.

We know (see e.g. [18]) that span(Xan 13) > 2™ — 2 would imply the
existence of a map f: Xon 13 — X3.9n,39mi1,4 such that f*(£) ~ £. Hence, in
cohomology, we would then have that f*(Y) = y, where

H*(Xon 1,3, Z2) = Zalyl/(y%") @ Vyan_g, yan)
and
H*(X3.9m 3 9mi144;22) = ZolY1)(Y?") @ V(Yon, Yo 1, Yon g, ..., Yagnia).

Using the squaring operations as givenin §1, the following are easily calculated
and will be recorded here for future use in this proof.

(3.4) sq'(Yan) =0, sqt(yon) = 0,
(3.5) sq'(yan_2) = yymm_s,
(3.6) sq®(yzn) = ¥ yom,
(3.7) sq?(Ygn) = 0.

To now show that such a map f cannot exist, we will use the Steenrod algebra
As and also the secondary Bockstein cohomology operation B corresponding to
the relation sq!sq! = 0. We know (see [11]) that, up to homotopy type, there
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is a Serre fibration 7: X,,, — P°°, with fibre the Stiefel manifold V,,,. Let
i: Vo — X, » be fibre inclusion; recall that H*(V,,,;Zo) = V(xy—r, ..., Xn—_1),
and we have i*(y;) = x;.

If ¢ is the Hopf line bundle over P, one has 7*(¢) ~ &; if we write
H*(P*>;Zy) = Zolx] with x = w1(§), the equivalent of 7*(¢) =~ £ is 7*(x) = y.

Inthe Serre spectral sequence of the fibration 7: Xom 13 — P>, the element
Xgn_1 is transgressive with 7(xon_1) = sql(x2"~1). It follows, by the third
Peterson-Stein formula [28], Chap. 16, Theorem 3; and [4], that

*(Ba(m* (22" 1)) = sqt(wgn_1) = xgm,

modulo indeterminacy i*(sq (H?"~(Xan;13;Z2)). In H?"~Y(Xgn,13;72) we
take {y%"~1, yysn_5} as basis. Now sq'(y?"~1) = y*" = 0, also (3.5) and the
Cartan formula imply sq'(y - yon_2) = ¥* - yan_2 + ¥ - yyan_s = 0. Hence the
indeterminacy vanishes, and we have

(3.8) *Ba(y? 1) = xgm

as an “honest equation”.
Using the same reasoning in X3.gm 3 om+1,4, one finds similarly that

(3.9) i*Bo(YZ' 1) = xgm,

again with zero indeterminacy.

It follows that Bo(y2"~1) = a - y%yom_g + b - yom, for some a, b € Zy, and
Bo(Y2"~1) = ¢ . You, for some c € Zy, both with zero indeterminacy. Noting
that *(y) = i*7*(x) = 0, and using (3.8), the first equation gives

Xon = " Ba(y® D =a- " (¥ yan_2) + b-i*(yan) = 0+ b - xgm,

and therefore b = 1. Similarly, using (3.9), one finds ¢ = 1 and thus
B2(Y2" 1) = You.
The naturality of 85 is expressed by the equation

(3.10) FH(Ba(Y®" ™) = Ba(F*(Y*" 1)),
where the indeterminacy is
F*sq (H? "2 Xg.9m gomi1145Z2)) + sq (H? ~2(Xon113;Z0)) = 0,
as we have seen above. It follows that
[*(¥en) = F(B(Y 1) = Bof* (X% 1) = Boy™ ™) = @ yPyam—g + yon.

We show that a = 0. Indeed, we have 0 = f*(0) = f*(sq'(Yar)) = sq'(f*(Yan))
= 5q'(yon)+a-sqt(y%yen_32) = a-y>yom_o, the last equality following from (3.4),
(3.5) and the Cartan formula, and thus a = 0.

So we have shown

f*(Yon) = yon .
But this implies, using (3.6), that sq%(f*(Yan)) = sq?(yan) = y%yan 1 does not
vanish. On the other hand, using (3.7), the same element f*(sq%(Ygn)) =
f*(0) vanishes. Of course, this is a contradiction, and we have shown that
span(Xan,13) < 21 — 3 for m > 2. The proof of part (f), and of the whole
Theorem (3.3), is complete. O
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We remark that the same techniques used above to compute the secondary
Bockstein operation can be used to compute any secondary cohomology oper-
ation ® of degree t on xN~!, x € HY(X, ;Zs), assuming of course xV~¢ is in
the domain of ®.

4. Inequalities for the span and some conjectures

A useful piece of information on the span of projective Stiefel manifolds is
also the following.

THEOREM (4.1). One has span(X,, 1) > span(X,, ), and, for s > 2,
span(X,,,+) > span®(X,,) + <;> .

Proof. The first assertion is an immediate consequence of the existence of a
smooth fibration p: X, ;.1 — X,,,. For the second, using the notation of [19],
note that vector bundle isomorphisms 7,11 ~ p*7s,,® B}, ., ((iil) in [19], p. 98)
and p*B;,, = B, .1 De (i) in[19], p. 98) describe the effect of the pull-back p*
on the tangent bundle 7, and on the twisted orthogonal complement bundle
B = B @&n,r (B, is described in §1). Iterating these isomorphisms s times,
one easily establishes inductively, for the fibration q: X, ,+s — X, ,, that

S
Tn,r+s ~ q*(Tn,r) S2 <2> ed SB;’L,T‘FS .

If s > 2 then the right hand side can be rewritten
q*(Tn,r ®e)® ((;) - De® SIBIn,r—O—s’

which has span at least as great as (span®(X,, )+ 1)+ ((5) — 1) = span®(X,,,) +
(5), completing the proof. O

By saying that r is in the lower range of n we roughly mean that r < n/2;
see [7] for precise information on the lower range. Based on the results of this
paper, [17], and other predecessors we make the following conjectures.

Conjectures (4.2). (A) span(X,,,) > k.
(B) span(X,, ) = span®(X,, ).
(C) In the lower range, span(X,, ) = ky,,.

Remarks (4.3). (1) Conjecture (4.2)(A) is proved in [19] for all n, r except n
odd, r = 2.

(2) Conjecture (4.2)(B) implies Conjecture (4.2)(A), and (B) is proved for
roughly 70% of all (n, r) pairs using the results in [20], Ch. 20; see also [18],
[19].

(3) Conjecture (4.2)(C) is supported by various results in the present paper,
especially Corollary (3.2) and Theorem (3.3), and all other calculations to date.
For n < 18 a small number of exceptions can and do occur, because the product
rn can be divisible by ¢(n — 1) when n < 18; here as usual ¢(n) is the number of
integers j satisfying 1 < j <nand j=0,1,2,4 (mod 8). In the upper range,
it is usually the case that span(X,,,) > k.



THE VECTOR FIELD PROBLEM FOR PROJECTIVE STIEFEL MANIFOLDS 231

(4) All Conjectures (4.2)(A),(B),(C), are true when r = 1. This is trivial for
(A), (C). For (B), when n is odd, it follows because the Euler characteristic
x(Xy1) = Y(RP"1) = 1is odd. For n even it is proved in [14].

5. Appendix, Hurwitz-Radon Multiplications
In this appendix a construction of the Hurwitz-Radon multiplications
F:R"@R" = R", r=pn),

is briefly outlined. As in §1, we write n = (2a + 1)2°t4 q,d >0, 0 < ¢ < 3,
and p(n) = 2¢+8d. The method is that of Lam and Yiu [24], [23], uses Cayley-
Dickson algebras (cf. Moreno [27]), and could be considered a shorter and more
elegant version of [37]. The facts essential to the proof of Theorem (2.3 will also
be established. These multiplications all have the norm-preserving property
[Fuv|=lu|-|vl

For details of the construction of the Cayley-Dickson algebra A,, of real
dimension 2", we refer to [27]. To commence it suffices to recall that
Ay = R, Ay = C, Ay = H, Ay = O (respectively the reals, complex
numbers, quaternions, and octonions), well known algebras with norm-
preserving multiplications. The sedenions A4 will be discussed and applied
in the following paragraph. The algebras A;, 0 < i < 3, with multiplication
denoted F, suffice to construct the Hurwitz-Radon multiplications for the case
d=0,ie. n=2a+1)2° 0 < c < 3(note that then r = p(n) = 2°) by means
of the composition

Rr ® Rn — Rr ® (Rr ® R2a+1) ~ (Rr ® Rr) ® R2a+1 F&l()i Rr ® R2a+1 — Rn .

The corresponding orthogonal transformations ¢, ¢1, ..., ¢,_1 (defined in
§2) are well known to satisfy properties P(i), PGi) stated in §2. They are
also clearly given by signed permutation matrices with an equal number
of plus and minus signs (apart from ¢¢ = I,), since this is true for the
multiplication F' in A;. In addition, for 1 < i < j < r — 1 let us write
v = (xl, oo Xp) € R™, and (Z')i(U) = (:tx(,(l), ceny ﬁ:x,,(n)), ¢j(v) = (:th(l), ceny :th(n))
for some permutations o, 7, and some choice of signs. Since ¢;(v) L ¢;(v), it
is clear that (k) # 7(k), 1 < k < n, giving (by taking £ = 1) property P(iii).
This completes the case d = 0.

The Lam-Yiu construction, for d > 0, gives an inductive procedure such
that replacing n by 16n will increase r to r + 8, this being precisely what
the Hurwitz-Radon formula asserts. To this end we turn to the sedenions
A4. According to the Cayley-Dickson construction they consist of ordered pairs
(u,v), where u,v € O, added coordinate-wise and multiplied by the rule
(u, v)(x, y) = (ux—yv, yu+vx). Unlike the norm-preserving multiplicationin A ;,
7=0,1,2,3, A4 hasdivisors of zero. However, restricting the multiplication
of Ay to R? ® R16 — R16 where R? = R?19 is taken to be the subspace

{(ao, a1, as, as, a4, as, as, a7,0s,0,0,0,0,0,0,0);a; c R,i =0,..., 8},

it is easy to show that this restricted multiplication is norm-preserving. We
denote it @, and it can also be found written in tabular formin[13], p. 4. Taking
the standard basis eg, ey, ..., eg for R?, one defines orthogonal transformations
v, € 016), 0 < i < 8, by viv) = Ple; ®v). As usual vy = I, and for
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1 <4, j <8, v;isskew symmetric, y? = —I, and y;y; + ;¥ = 0, i # J, itis
also standard that these properties are equivalent to the multiplication being
norm-preserving. In addition it is clear, using the definition or the table in
[13], that each vy;, i > 0, is a signed permutation matrix with an equal number
of plus and minus signs.

To effect the Lam-Yiu construction, one also defines I' = y; - - - yg. One can
easily verify that I is symmetric, ['2 = I, and for i > 0 one has I'y; + y;I" = 0.
Being a product of signed permutation matrices it must also be a signed
permutation matrix, indeed, it is easy to check that for x = (x, ..., x16),
F(x) = (—.’Xlg, X105 X115 +oes X165 — X1, X2, X3, «vvy xg).

Now suppose one has a norm-preserving multiplication F: R” @ R" — R",
then just as for @ one defines r = p(n) orthogonal transformations 6, ..., 0,1 €
O(n). Asin §2 (just before P(i)-P(iii)), we may suppose that 6y = I. Then the
remaining 6;, 1 < i < r—1, are skew symmetric and satisfy the same identities
as the y; above. In addition, we assume (inductively) that they are signed
permutation matrices. Then we construct a norm-preserving multiplication
G: RPWH8 o R167 _y R167 ~ R” @ R16 by defining the corresponding p(n) + 8 =
p(16n) orthogonal transformations in O(16n) as

bo = I, o1=010L, ..., dp-1=0pm-1 T,
by = 1 @Y1, oo, Ppmr7r =1 ys.

One easily checks that the ¢; satisfy the same identities as the y;, 0;, and
hence define a norm-preserving multiplication on R!”. Furthermore, the
tensor product of signed permutation matrices is obviously again a signed
permutation matrix. Starting from the already completed case d = 0, this
construction inductivelyproduces the Hurwitz-Radon multiplications, as a
family of skew symmetric signed permutation matrices (and the first being
I). This establishes properties P(i), P(ii) used in the proof of Theorem (2.3),
and an argument similar to that used above in the d = 0 case, also gives
property P(iii).

The fact established above, that the Hurwitz-Radon multiplications are
given by signed permutation matrices, is also of interest in the combinatorial
study of Hadamard matrices. Although this fact is likely known, perhaps even
since the time of Hurwitz and Radon, to the best of the authors’ knowledge it
(or its proof) does not appear in the literature.
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