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ON THE VALUE SET OF n!m! MODULO A LARGE PRIME

VICTOR C. GARCIA

ABSTRACT. We prove that for a large prime number p
#{nlm! (mod p) : 1<n,m< p}> (% + o(l)) p.

This improves previously known results from Chen and Dai [1] and Garaev,
Luca, and Shparlinski [5].

1. Introduction

The problem of distribution of factorials modulo a prime number p has been
a topic of much investigation, see, for example, the recent papers [1]-[7], [10]
and references therein. In [8], F11, it is conjectured that about p/e of the
residue classes modulo p are missed by the sequence n!. If this conjecture
were true, the sequence n! modulo p should assume about (1 — 1/e)p distinct
values, see [2] for some results of this spirit. This in turn would imply the
representability of every residue class modulo p as a product of two factorials.
Unconditionally, in [5] it was shown that
#{n!m! (mod p) : 1<nm<p}> %p + O(p*/? log2p),
which has been improved in [1] to
#{nlm! (mod p) : 1<n,m< p}> %p + 0(p?10g? p).
In the present paper, using hybrid character sum estimates, we improve this
further to the following result.
THEOREM (1.1). The following bound holds:

#{n!m! (mod p) : 1<n,m<p}> %p + O0(p'?10g® p).
2. Proof

Let
E={n!m! (mod p) : 1<nm<p}.
The starting point, as in [1, 2, 5], is to employ the congruence
(2.1) Cx—D!'(p—-2x)!=1 (mod p),

which holds for any positive integer x < p;, where p; = (p — 1)/2.
Let
& =1{2,4,...,2p}.
Let & be the set of positive odd integers less than p and having the form

2x—1)* (mod p), 1<x<ps.

2000 Mathematics Subject Classification: 11A07, 11B65, 111.40.
Keywords and phrases: congruences modulo a prime, distribution of factorials.
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Here a* is defined from aa* =1 (mod p).

Let &3 be the set of positive odd integers less than p which can be represented
in the form (2z)* (mod p), for some 1 < z < pj, and at the same time in the
form

2x)'Cx+1)* (modp), 1<x<p—1

Next, we define &, be the set of positive odd integers less than p which can be
represented in the form (2z)* (mod p) for some 1 < z < p; and at the same
time in the form

(2x — 1)*"(2x)*2x + 1)* (mod p)
for some 1 < x < p; — 1 satisfying the conditions

(4(2x ~ DE@x)E@x+ D+ 1) _ (1 - 3x2> _
p ’ p '

Here and below (;) is the Legendre symbol. Finally, we define &5 to be the

set of positive odd integers less than p which can be represented in the form
(22)* (mod p) for some 1 < z < p; and at the same time in the form

2x — 1)"(2x)*2x + 1)* (mod p)
for some 1 < x < p; — 1 satisfying the conditions

(4(2x— 1)(2x)(2x+1)+1> _ <1—3x2> _
p ’ p '

To each number of the set &£ we associate the residue class to which this
number belongs. With this convention, since (2x)!(p — 2x)! = 2x (mod p), we
have & C €.

Ifue & oru € &, then u = (2x — 1)*(2x)*(2x + 1)* (mod p) for some
x < p; — 1. Together with (2.1) this yields

u=2x—-2)!-(p—2x—2)! (mod p),

whence u € £. Thus, & C &, &5 C £. The same argument shows that & C
&, & CE.
It is also easy to see that & NE; = 0 for 1 < ¢ # j < 5. Indeed, if, for

example, u € &, then (%) — 1, whileif u € £ U&s, we have (%) -1
Hence £3NEy = 0, £3NE5 = (). The other cases are verified similarly. Therefore,

-1
(€] = [&1] + [l + |Es] + |Ea] +[E5] = =5— + [Eal + &3] + |€4] + [E5.
We claim that the following estimates hold:

(2.2) €| > (7 + o(D)p, €] > ({5 + o(D)p,

(2.3) 4] > (g5 +0o()p,  [E] > (g5 + o(L)p.



ON THE VALUE SET OF n!m! MODULO A LARGE PRIME 3

In order to estimate |E4|, we let I to be the number of solutions of the system
of congruences
2r —1=(2x — D*2x)*2x + 1* (mod p)
2z =(2x — 1)2x)2x + 1) (mod p)

42x—1)(20)(2xt 1) +1 ) - _1
P
173x2> -1
p

under the conditions
1<x<pi—1 1<z<p, 1<r<p.
Note that for a given nonzero A = 2z (mod p), if the congruence
(2.4) (2x —1)2x(2x+1)=A (mod p)
has two distinct nonzero solutions x # y (mod p), then we have
2y +x)?=1-3x%> (mod p).

This means that given r, the above system of congruence has at most one
solution. This implies that |E4] > I.

Let us analyze the cardinality |E5|. Denote by J the number of solutions of
the system of congruences

2r —1=(2x — 1)*(2x)*(2x + 1)* (mod p)
2z =(2x — 1)2x)2x + 1) (mod p)
4(2x71)(2x)(2x+1)+1) -1
p

1—3x2) -1
=) =
with the conditions
1<x<p1—1 1<z<p;, 1<r<pr.

Given r, we have at most three solutions to this system. Hence, |&5| > J/3,
and we have

(2.5) &l = L |&5] =

w| &

For I and J we will obtain the asymptotic formulas

_ 1/2
I= 32+O(p log’p), J= 3
Denote g(x) = (2x — 1)2x(2x + 1). Using basic trigonometric identities, we

obtain

5 + 0(p%10g® p).

1 2= 1p—1p—1 P11 . X .
F ZZ Z a(x)y(x)ZZeZm (2r—1—(g(x)) ) 21 3 (22—g(x))
a=0 =0 x=1 r=1 z=1
1 p— p1 p1 u s
; Z Z S(x)v(x)ZZemn (2r—1—(g()") y2mi} (22— g(x))
0 b=0 xc A r=1 z=1

where

2
25(x)=1—<4g(x)+1), 27(x)=1—(1_3x)
P P
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and
A={x:1<x<p;—1, 4glx)+ 1A - 3x2) =0 (mod p}.
Clearly, |A| < 5. Hence, using the well-known estimate

p—1| X+Y
Z Z eZman/p <plogp,
a=1 [n=X+1
we derive
‘ p—1lp-1 JZ It .
7ZZZB(x)'y(x)ZZe2TLG(2r 1—(g(x)* ) 2112 (22 —g(x))
a=0 b=0 x€ A r=1 z=1
1 p—1p—1| pm , P )
2771 24 21l
<<PZ e Ze r | < log®p
a=0 b=0 [ r=1 z=1
Thus,
p—1lp—1pi—1 pL P1 .
2 Z B(x)y(x)zze%ﬂ 2r—1—(gx)* ) 2mi 2 (22 g(x))+0(10g p)
a=0 b=0 x=1 r=1 z=1

Separating the term corresponding to a = b = 0, we obtain

s
26) I= —_}Z Z 8(x)y(x) + Ry + O(log® p) = 2 + Ry + Ry + O(log® p),
=1

where
1 a

27 Rik— Z Z 2ai & (2r— I)Ze2wlb2z S(a b)
p 0<a,b<p—1Ir=1

(a,b)#(0,0)
p1_1 -1 *
S(a, b) = Z B(x)y(x)e%‘;(a(g(xD +bg@) |
x=1
p1—1 B 9 - ,
R<|Y - (4g(x)+1> . (1 3x >+ <<4g(x)+ 1)(1 - 3x )) |

x=1 p P p

Next, we shall prove that, for 0 < a, b < p — 1 with (a, b) # (0, 0),
Ry + Ry < p'/?log® p.

Indeed, applying the technique of extending the summation over short inter-
vals to the whole system of residues, we get

pi—1p—1

Stab) = |3 5 sierribesenstaon 1§ arizo

x=1 y=0 va

E : m”;‘
=1

1%
EZO

p—1
Z /5(y)7(y)e2”%<a<g<y>>*+bg@)+yy) ’
y=0
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where the dash means that from the indicated range of summation over y the
points 0, p; and p; + 1 (which are poles of g(y)*) are excluded. Since

_ 2 B 2
43(y)y(y) = 1 — <4g(y)+1) ~ (1 3y > . ((4g<y)+ 1(1 - 3y )>’
p P D

in view of the Weil estimate for hybrid character sums with rational arguments
(see, for example, [9]), we have

p—1
S B(y)y(y)eti e b pl/2,
y=0
Therefore,
pl/2 p—1|pm—1
Sta,b) < £ Z e*™'7 | < p'/*log p.
v=0 | x=1

Inserting this into (2.7), we get

P21 p—1
Rl < ﬂ <Z

a=0

2

b1
> < p? log3 p.

2 : e27n 2r

r=1

Similarly, Ry < p'/?log p. Hence, by (2.6), we obtain that

_ 1/2
I= 324—0(p log® p).

Analogously,
_ b 1/2 7463
J = 35+ O(p*/*log" p).

Thus, in view of (2.5), we get

&4l > 55 + 010’ ), |65] > g + O™ log” p),

- 96
which proves the required estimate (2.2).
The same argument applied to &, &5 implies (2.3). Thus, we conclude that

1 1 1 1 1 ) 41
> (= — = 2] 1/2]
5|_(2+4—|—16+32+96>p+0(p og’ p) = 1gP T O  log °p).
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ON THE DISTRIBUTION OF THE POWER GENERATOR MODULO
A PRIME POWER FOR PARTS OF THE PERIOD

EDWIN D. EL-MAHASSNI

ABSTRACT. This paper studies the multidimensional distribution of the power
generator of pseudorandom numbers modulo a high power of a fixed prime
number for parts of the period. That is, we study a sequence of numbers
generated by the power generator when the number of terms in such sequence
is smaller than its period. These results compliment some recently obtained
distribution bounds of the power generator modulo a high power of fixed prime
for the entire period. The case of a prime power modulus, although it does not
have any immediate cryptography related applications, may still be of interest
for other settings which require quality pseudorandom numbers.

1. Introduction

Let e > 2, m > 1 and ¥ be integers such that ged(9, m) = 1. Then one can
define the sequence (u,) by the recurrence relation

(1.1) up=u;,_ 1 (modm), 0<u,<m-1, n=1,2...,

with the initial value uy = 9. This sequence is known as the power generator
of pseudorandom numbers. It is obvious that the sequence (1.1) eventually
becomes periodic with some period 7 < M. In this paper we shall assume that
ged(e, ¢(m)) = 1; and so it follows that the sequence (u,) is purely periodic.
Apart from some results such as those in [1, 2, 4, 5, 9, 13, 15, 18, 22, 26, 32, 34]
and more specifically in [4, 13, 14] for prime power moduli, very little else
is known about the distribution of the sequence of numbers produced by the
power generator. And, despite [4, 13, 14] all using different methods, none of
them can be adequately applied to the case of multidimensional distributions.
Other results concerning the power generator have also been obtained in [3, 11].
Specifically, in [11], a distribution result has recently been established for the
sequence generated by (1.1) over the entire period. Often, methods which es-
timate the bounds for the whole period cannot be extended to subsets, see, for
example, [12, 23]. In fact, in some cases, obtaining a bound for subsets of a
sequence is a much more difficult problem than for the entire period, e.g. [33].
Furthermore, some publications explicitly set out to obtain results which only
deal with such subsets, e.g. [17, 30]. Studying the distribution results of parts
of the sequence when equivalent results are already known for the whole pe-
riod raises a few questions. For instance, do the desirable properties obtained
for the entire sequence also apply to subsets of the sequence? And if so, then
how small can these subsets be before they ‘lose’ their distribution bounds?

2000 Mathematics Subject Classification: Primary: 11107, 11K38. Secondary: 11B50, 11K45.
Keywords and phrases: exponentials sums, pseudorandom number generators, discrepancy.
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The aim of this paper is to answer such questions. Here we show that the orig-
inal method of [27, 30], and more recently also used in [7, 8], combined with
bounds for exponential sums with sparse polynomials from [11, 31] allows us
to study the multidimensional distribution of the power generator of pseudo-
random numbers modulo a high power of a small prime number p over parts
of the period. Several other results about non-linear pseudorandom number
generators have been obtained in [7, 8, 16, 17, 30, 28, 29]. However, these
apply to generators of the form u,, = f(u,_1) (mod m) where f is a polynomial
or a rational function of small degree, while in this paper we do not impose
any restrictions on the size of the exponent e.

2. Preliminaries

For a sequence of N points

(21) = ('Yl,n; ey 'Ys,n),lyzl
in the half-open box [0, 1)*, denote by Ar its discrepancy, that is,
Tr(B)
Ar = L2 Bl
BC[0,1)*

where T1(B) is the number of points of the sequence I" which hit the box
B =[ay, B1) x -+ x [as, Bs) C [0, 1)°

and the supremum is taken over all such boxes. For an integer vector a =
(a,...,as) € Z° we put

S
= ils h - an 1 .
la = max |a;| (a) gmax{Ial }
This discrepancy of a sequence of points in the s-dimensional unit cube can
be estimated by the Erdos—Turdn—Koksma inequality (see Theorem 1.21 of [6])
which we present in the following form.

LEMMA (2.2). There exists a constant Cs > 0 depending only on the dimen-
sion s, such that for any integer L > 1, for the discrepancy of a sequence of
points (2.1) the bound

1 1
AF<CS(L+N Z

0<|a|<L

1 N . s
@) ‘Z exp (2771 Z ajyjyn)
n=1 Jj=1

holds, where the sum is taken over all integer vectors
a=(ay,...,a,) e Z’
with 0 < |a| < L.

Let p be a fixed prime number. For an integer vector a = (aq, ..., as) € Z°
we define the exponential sum

N-1 s
S(a,r) = Z e, (Z aiun+i>’

n=0 =1



DISTRIBUTION OF THE POWER GENERATOR MODULO A PRIME POWER 9

for 1 < N < 7, with 7 being the period of the sequence (u,) given by (1.1), and
where

e (z2) = exp(2miz/p"),

for some r > 1. We obtain a non-trivial upper bound for the sums S(a, r) and
derive (see Theorem (3.1)) the uniformity of distribution modulo m = p” of the
elementsu,,n=1,..., N< 1. Forat-elementset R = {ry,...,r:} C Z denote
by A(R) the following determinant,

A(R) = det (r.") ,
J/ij=1,.t
where for integers m > 0 and % we set

(k) _ kRk—-1)...(k—m+1)

m m!

Let ord, z denote the p-adic order of z € Z. The arguments for the following
bound appear in [11], Lemma 2.1 and [31], Lemma 5.

LEMMA (2.3). Let p be a prime and let « > 1 be an integer. Then for
any set R = {r1,...,r:} C Z, any € > 0, and any integers Ay, ..., A; with
ged(Aq, ..., A, p) =1, the bound

a

p
Z el Z Ajx")| < C(p, t, e)pI-1/itoty
pis 1<j<t

ged(x,p)=1

holds, where y = ord, A(R) and the constant C(p,t, €) depends only on p, t
and e.

We say that an integer g is regular modulo a prime p with ged(p, g) = 1 if
gP~1 # 1 (mod p?)forodd p and g = 5 (mod 8) for p = 2. The following result
has also been proved in [11], [Lemma 2.3].

LEMMA (2.4). Let s > 1 and k > s be integers and let
R = {1 el ek L et } .
If e is regular modulo p, then
ord, A(R) < 8% +s log k.
Now we are prepared to formulate our main estimate.

THEOREM (2.5). Let e > 2 and m = p" where p is a prime such that e is
regular modulo p. Assume that the sequence (u,) given by (1.1) is periodic with
period 7, where 1 < N < 7. Then, for every integer s, any € > 0, and every
vector a = (ay, ..., as_1) € Z° with ged(ay, ..., as_1, p") = u, we have

|S(a, I“)‘ < N1/2m1/2 (m/M)—1/4s(s+1)+e

where the implied constant depends at most on p, s and e.
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Proof. For any integer £ > 0 we have

N-1 s
S(a,r) — Z e, Z Qjln kot j < 2k.
=1

n=0
Therefore, for any integer K > 1,
K|S(a,r| <W+K?

where
N-1K-1 s N-1[(K-1 s
W= Y e )| < 3|3 el e
n=0 k=0  j=1 n=0 | k=0  j=1

Accordingly, applying the Cauchy inequality, we obtain

2
N-1|K-1 s

W2<N Z Z er(z Qjlnihyj)
n=0 [k=0  j=1
2

T |[K-1 s )
S N Z er(z ajﬁemkﬂ)
n=1|k=0  j=1
K-1K-1 p s _ _
<N Z er(z aj(xek+J _ xez+1 D)
k=0 =0 gcdfx;(z)):l Jj=1
K-1K-1 p " s v _
< Np’ > e s (e /p T - a),
k=0 [=0 gcdf:,g)ﬂ Jj=1

where p? = u for some integer p, with 1 < p < r. If & = [, then the inner
sum is trivially equal to p"~*. There are K such sums. Otherwise, applying
Lemma (2.3) and Lemma (2.4), we obtain

K-1K-1

W2 < KNpPp"*P + Np(rfp)(171/2s+e) Z Z p882+810gp(k7l)
k=0 (=0
< KNpPpr—p + Nppp(r—p)(1—1/2s+e)Ks+2

< KNm_|_Nm(lfl/Zere)l‘Ll/ZsfeKer%

Balancing the two terms above in the above estimate (up to (m/ ,u)e) by select-
ing K = | (m/u) Y ZS(SH)J, we obtain the result claimed. O

If for example w = 1 then for any 6 > 0 the bound of Theorem (2.5) is
nontrivial provided that r is sufficiently large in terms of p, s and 6.

3. Main Result
Let D denote the discrepancy of the points

({f} o {t), s N <o,
D’ o
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THEOREM (3.1). Assume that the sequence (u,) given by (1.1) with m = p”
where p is a prime such that e is regular modulo p, is periodic with period T
and with 1 < N < 7. Then for every positive integer s, and any € > 0, the bound

Ds < N_1/2m1/2—1/48(s+1)+5
holds, where the implied constant depends at most on p, s and e.

Proof. From Theorem (2.5) and Lemma (2.2), applied with L = m we see

1 1 1
Doty 2 g e
p=0  O0<lal<p’
ged(ag,.ag_1,0")=pP
1 d 1
< = + N*1/2m1/2*1/4s(s+1)+8/2 p(1/4s(s+1)—e/2)
" PZOp 0<;p’ h(a)

ged(ag,...ag_1,p")=pP

1 " 1
-1/2_.1/2—1/4s(s+1)+e/2 —p(1+e/2—1/4s(s+1))
< —+N m E p E

=0 oclaizpr—s &)
1 r
< — + N71/2m1/271/4s(s+1)+s/2 Zpfp(1+s/271/4s(s+1))(10gprfp)s
m pr
and after simple calculations we derive the desired statement. O

We remark that for any y < §/2, the bound of the theorem is O(m~?) provided
that N > m!~1/256+D+3 and m and r are sufficiently large in terms of s and &.

4. Remarks

Other characteristics of the power generator (1.1) with prime power moduli
m = p” are of interest as well. Also, one could try to find a non-trivial result
when N < m!~1/256+D_ There is no particular reason for choosing the base
p to be a prime number. Although this seems the most natural choice, the
methods here also work for moduli m which are products of high powers of
several fixed primes. In particular, we can apply [35], Problem 12.d, Chapter 3
to Lemma (2.3) so that we can reduce exponential sums with polynomials and
arbitrary denominators to exponential sums with prime power denominators.
Hence, the upper bound for Lemma (2.3) becomes C(py, . . ., pn, t, e)mI—1/i+e+y,
where the modulus m has n prime factors ps, ..., p,. This should lead to vari-
ants of Theorems (2.5) and (3.1) for such moduli (there is not probably enough
interest to such a result to justify unavoidable technical and notational compi-
cations). However, neither the method of this work nor that in [10, 14] can be
extended to arbitrary composite moduli m. Also, quite clearly, since we should
have at least N > m!1~1/256+D+3 the results hold as long as 7 > m!~1/2s6s+1+3,
On the other hand, a variant of the method of [13, 25] has led to nontrivial
upper bounds of the exponential sums involved in studying the uniformity of
distribution of the power generator modulo a composite and to a number of
other results. It would also be interesting to extend the results of this paper
to the case of the exponential generator

Uy =g (modm) O0<v,<m-1, n=1,2...,
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which also has numerous cryptographic applications [5, 22]. Lastly, one could
try to study the distribution not of consecutive s-tuples of the sequence but
rather s-tuples u,,4;), 1 < i < s, for a fixed function g taking integer values
distinct modulo 7. This will certainly work for certain simple functions g.
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CONTINUOUS CONVERGENCE AND DUALITY OF LIMITS OF
TOPOLOGICAL ABELIAN GROUPS

S. ARDANZA-TREVIJANO, M. J. CHASCO

ABSTRACT. We find conditions under which direct and inverse limits of arbi-
trary indexed systems of topological Abelian groups are related via the dual-
ity defined by the continuous convergence structure. This generalizes known
results by Kaplan about duality of direct and inverse sequences of locally
compact Abelian groups.

1. Introduction

Given a topological Abelian group G, its group of continuous characters I'G
endowed with the compact open topology 7., is another topological group, usu-
ally denoted by G and called the dual of G. The duality theorem of Pontryagin-
van Kampen states that a locally compact Abelian (LCA) group G is topologi-
cally isomorphic to its bidual group (G")" by means of the natural evaluation
mapping. This theorem lies at the core of abstract harmonic analysis on locally
compact Abelian groups and its extension to more general groups gives rise to
the notion of reflexive group.

The original results of Pontryagin-van Kampen can be generalized to more
general topological Abelian groups by means of two different duality theories.
That is, given a topological Abelian group G we may consider I'G endowed
with either the compact open topology 7., obtaining G" the Pontryagin dual
(P-dual), or the continuous convergence structure A, obtaining a convergence
group denoted by I'.G that we call the c-dual of G. The convergence structure
A. has the advantage of making the evaluation mapping w: I'G x G — T
continuous although it is not usually topological. For a locally compact Abelian
group G there is no difference between 7., and A, in I'G. Hence the theorem
of Pontryagin-van Kampen can be understood in the framework of the two
dualities. There are many extensions of this theorem obtained for P-duality.
We give as examples the ones by Kaplan [9], [10], Smith [15], Banaszczyk [2]
or Pestov [14] among others. The approach of c-duality has also been fruitfully
used in the works of Binz, Butzmann and others. The recent book of Beattie
and Butzmann [3] provides an excellent overview of convergent structures and
contains many relevant results in this direction.

A frequently used method to extend a property of a class of groups to a larger
classis to take direct or inverse limits. There are situations where this method
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can be used to extend the known members of the class of reflexive groups.
Kaplan proved that sequential direct and inverse limits of locally compact
Abelian groups are P-reflexive and also that the P-dual of a sequential direct
(inverse) limit is the inverse (direct) limit of the corresponding sequence of
P-duals [10]. However, there is an old example due to Leptin [11] of an inverse
limit of P-reflexive groups that is not P-reflexive.

The aim of the present article is to show that under some conditions, direct
and inverse limits are related via c-duality. Working in the c-duality setting
allows us to get rid of the requirement of countability of the index set that is
present in Kaplan’s results mentioned above. Countability is also needed in
[1] where the authors prove that certain direct and inverse limits of sequences
of P-reflexive Abelian groups that are metrizable or k,-spaces are P-reflexive
and dual of each other. These results have been recently extended by Glockner
and Gramlich in [7].

We first study when the c-dual of a direct limit is the inverse limit of the
c-dual system. Here, a crucial fact is that in the category of continuous con-
vergence Abelian groups, the natural map 7 from a group to its c-bidual is
continuous.

We then proceed to study under which conditions the c¢-dual of the limit of
an inverse system is the direct limit of the c-dual system. This is a delicate
problem that cannot be solved by categorical arguments only. The usual con-
struction of the direct limit as a quotient group of the coproduct of the groups
in the system gives a hint of where the difficulties come from. In P-duality the
P-dual of the product is not always the coproduct.! This difficulty disappears
in the framework of c-reflexivity [3]. However further work is needed to prove
c-duality between general inverse and direct limits.

2. Convergence groups and c-duality

We introduce in this section the category of convergence Abelian groups
denoted by CAG and the notion of c-duality. For an up to date introduction to
convergence Abelian groups we refer the reader to the monograph [3].

First recall some basic notions about convergence spaces.

A convergence structure on a set X consists of a map A: X — 27X where F
is the set of all filters on X, such that for all x € X we have

i) The filter generated by x belongs to A(x).
1) For all filters 7, G € A(x), the intersection F N G belongs to A(x).
1i) If F € Mx), then G € A(x) for all filters G on X finer than F.

A convergence space (X, A) is a set with a convergence structure. See ([3],
pp. 2f), for a more detailed exposition.

The notion of convergence space generalizes that of topological space. A
topological space has a natural convergence structure, given by the convergent
filters in the topology, which makes it a convergence space. Note that there
are well known convergence structures, like the almost sure convergence in
measure theory, that do not come from a topology on the supporting set.

INickolas proved that the P-dual of a product of LCA groups coincides with the coproduct of
the P-duals if and only if the index set is countable [13].
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Many topological notions that can be stated in terms of convergence of filters
(such as continuity, open and closed sets, cluster point, compactness, etc) have
their corresponding definitions for convergence spaces.

A convergence group is a group endowed with a convergence structure com-
patible with the group structure. Clearly every topological group is a conver-
gence group and it can be treated in this way.

Let CAG be the category of convergence Abelian groups whose objects are
convergence Abelian groups and whose morphisms are continuous homomor-
phisms. For two objects G and H in CAG, the group of morphisms from G
to H will be denoted by CAG(G, H). The category TAG of topological Abelian
groups and continuous homomorphisms is a full subcategory of CAG.

Consider the multiplicative group T = {z € C : |z| = 1} with the Euclidean
topology and denote by I'G the group of morphisms CAG(G, T).

We now define a convergence structure that makes I'G a convergence group
with nice properties. The continuous convergence structure A, in I'G is the
coarsest convergence structure for which the evaluation mappingw: I'GxG —
T is continuous? (I'G x G has the natural product convergence).

That is: A filter @ of I'G converges continuously to ¢ if and only if w(® x F) =
@(F) converges to ¢(x) in T, for every F — x in G. Here @ x F denotes the
filter generated by the products ® x F' and w(® x F) = @(F) denotes the filter
generated by the sets ®(F), with ® € @, F € F.

For any object G in CAG, we have that I'G with the continuous convergence
structure A. is a Hausdorff convergence group ([3], 8.1) named the convergence
dual group of G (c-dual for short) and denoted by I'.G. By Hausdorff we mean
that any filter in I':G has at most one limit. From now on we will consider
all of our groups in the subcategory of Hausdorff convergence Abelian groups
HCAG.

For each f € HCAG(G, H), we can define the adjoint homomorphism I'.f €
HCAGI .H, T.G)by I'.f(x) = xof for y € 'cH. Thus I'.(—) is a contravariant
functor from HCAG to HCAG (or a covariant functor from HCAG®” to HCAG).
There is a natural transformation « from the identity functor in HCAG to the
covariant functor I'.I'.(—) := I'.(I'.(=)). This can be described by xg: G —
I.[.G where [kg(x)] (x) = x(x) for any x € G and y € I':G. Note that if the
starting group G is a topological group, then the continuous convergence in
its c-bidual I'.I'.G is also topological (see [6]). A convergence Abelian group
G is said to be c-reflexive if kg is an isomorphism in HCAG. The continuity of
w: I':G x G — T implies that k¢ is also continuous and hence a morphism in
HCAG(G, T'.I'.G).

We now relate c-reflexivity to the classical Pontryagin reflexivity. Recall
that for a group G in HTAG, I'G with the compact open topology 7, is a topo-
logical group usually denoted by G" . The group G is called Pontryagin-reflexive
or P-reflexive, if the evaluation o — G is a topological isomorphism. Note
that this evaluation may not even be a morphism in HTAG, since it may not
be continuous. The duality theorem of Pontryagin-van Kampen was originally
stated for groups in LCA. For a group G in this category, 7., and A, coincide in

2Note that in the Pontryagin setting the continuity of w: G" xG—Tisa strong requirement
since it forces any reflexive group G to be locally compact [12].
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I'G, hence in LCA there are no differences between P-duality and c-duality.?
Therefore the original results of Pontryagin-van Kampen can be generalized
in two directions. Given a group G, consider in I'G either the compact open
topology to study P-reflexivity (as in Pontryagin duality theory), or the con-
tinuous convergence structure to study c-reflexivity. We will adopt the latter
point of view in the remaining sections.

3. Direct and inverse limits of convergence groups

A directed set A can be considered as a category where the objects are the
elements a € A and the set of morphisms A(«, B) consists of only one element if
a < B and is empty otherwise. A direct system in HCAG is a covariant functor
D from a directed set A to HCAG. We use the notation {G,, f£, A} for a direct
system, where G, = D(a) are the groups and ff = D (A(a, B)) the linking
maps.

A direct limit or inductive limit for a direct system {G,, B A} in HCAG is
a pair (1i_r>n G, {Pa}aca), where h_rr)l G, is an object in HCAG and the p,’s are
morphisms in HCAG(G,, lim G,) such that p, = pg o 5 for o < B, satisfying
the following universal property: Given an object G’ in HCAG and morphisms
P, in HCAG(G,, G') for all @ € A such that p;, = pjo f£ whenever a < B, there
is a unique morphism p in HCAG(lim G, G') such that p;, = p o p,.

Dually, an inverse system in HCAG is a contravariant functor I from A to
HCAG (or equivalently a covariant functor from .4 to HCAG®?, the opposite cat-
egory). We will denote a generic inverse system by {G,, g5, A} and an inverse
limit or projective limit by a pair (!iﬂl Go, {Tataca), where 7, : lin G, — G,.

In order to describe the standard constructions of inverse and direct limits
in HCAG we first recall the notions of products and coproducts in this category.

Let {G,}aca be a family in HCAG and let [ [ G, be the (algebraic) product.
The product convergence structure on the group [ [ G, is the initial convergence
structure with respect to the projections 7,: [[ Go — G,. This convergence
structure makes [[ G, an object in HCAG.

A filter F converges to an element x € [[ G, if and only if, for each @ € A,
74.(F) converges to m,(x) in G,. Observe that if all the convergence groups
of the family {G,}.c4 are topological, then its convergence product is also
topological.

The inverse limit of an inverse system {G,, 84 A} in HCAG, can be con-
structed as the following subgroup of the product [ G,

{@adeca € ] Ga: g50p) = 2o} -

The algebraic coproduct of Abelian groups @, 4 G. is the group of all
x € [[Gq such that {a € A: m,(x) # eg,} is finite. The coproduct conver-
gence structure is defined as the finest group convergence structure making
the inclusions i, : G, — @ G, continuous.

The group € G, with the coproduct convergence structure is an object of
HCAG called the coproduct convergence group of the family {G,}ac -

3 A metrizable topological Abelian group is P-reflexive if and only if it is c-reflexive [5]. However
this equivalence is not true in general [6].
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Considering the coproduct convergence on G, the standard construction
of the inductive limit in HCAG for a direct system {G,, fff , A} is the following

lim G, = () G)/H,

where H is the subgroup generated by {ig o ff(ga) —14(8a): a < B; 84 € Gy},
and H is the intersection of all the closed subgroups of G containing H.

4. Duality properties of limits

There are many interesting results published in the literature about c-
duality of convergence groups. We will use two of them due to Beattie and
Butzmann as the starting point of our study. The first result establishes the
isomorphisms I'. ([[Ga) = @ TG, and T (P Ga) = [[TcGa where (Golac 4,
is any family of convergence Abelian groups. Consequently if the convergence
groups (G,) are all c-reflexive, both @ G, and [] G, are also c-reflexive (pp.
214-215 of [3]).

Remark. Observe that if we work with arbitrary index sets we cannot trans-
late this statement completely to the Pontryagin setting. The product of an
arbitrary family of P-reflexive groups is P-reflexive, however the P-dual of the
product cannot always be described as the coproduct of the P-dual system, as
we noticed in the introduction.

The second result by Beattie and Butzmann (p. 229 of [3]) shows that the
limit of an inverse system of locally compact topological groups is c-reflexive.
We have further explored the duality relation between direct and inverse lim-
its. Our first result describes the c-dual of the direct limit and it follows directly
from categorical arguments.

THEOREM (4.1). Let {G,, B A} be a a direct system of convergence groups.
Then
I'e(lim G,) = lim T .G,

Proof. For each pair G and H of objects in HCAG and morphism f: G —
I'.H, thereis a unique morphism f': H — I':G such thatI'.(f')okg = f. Infact,
for h € H and g € G, f'(h)g) = f(g)(h) and the map A: HCAG(G,T'.H) —
HCAG(H, I'.G) which maps f to f’ is continuous. Hence, the functor I'.(—):
HCAG®” — HCAG is right adjoint to I'.(—): HCAG — HCAG®” and conse-
quently, the contravariant functor I'.(—): HCAG — HCAG transforms direct
into inverse limits whenever they exist ([8], p. 307). Hence

F(lim G,)  im TG, O

The c-dual of the inverse limit cannot be obtained in such a natural way
and requires restrictions on the groups and morphisms, which we proceed to
describe.

Denote T, = {z € T|Rez > 0}. For a convergence group G, the polar of a
subset A C G is the set A® = {xy € I'G: x(A) C T} and the inverse polar of a
subset BC I'Gis BY = {x € G: x(x) C T, forall y € B}.

Let G be an object of HCAG. A subgroup H of G is called dually closed in
G if for every x € G \ H there exists a character y € I'G with y(H) = er and
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x(x) # er. A subgroup H of G is called dually embedded if every character of
H extends to a character of G. Note that a subgroup H of G is dually closed
in G if and only if H = H><,

PROPOSITION (4.2). (1) Let {Ga, f5, A} be a direct system of convergence

groups and H = gp{i.(x.) —igo ff(xa): a < B; x4 € Gy} Then
H® =1imT.G,.
—

(2) Let {G,, 8p A} be an inverse system of convergence groups where the limit
maps m, have dense images. Let L = gp{is(¢.) — ig o I'e(g5)@a) : a0 < B, o €
I'.G,}. Then

(lim G, =L.

Proof. First part:
Given (¢g)aca € [[I'cGo and x, € G,, the following equalities hold:

((Pa)(ia(xa) - lB o fg(xa)) - (Poz(xa) - @B(ff(xa)) - ¢a(xa) - Fcff(¢ﬁ)(xa) .
From here it follows, on the one hand, that if (¢,)eca € liLnFcGa, then
(@a)o(x4) — ig 0 ff(xa)) = er and on the other hand if (¢y)ecua € H, then
Fcff(soﬁ) = @, since (Fcff(cp[;) — @u)(x4) = ey for all x, € G,.
Second part:
If (x0)aca € !ﬂl G, we have that gg(xp) = x,, hence

(fa(@a) — g 0 Te(€8)N@a))(Xa)acaA = Cal®a) — (Te(g§) @) (xp)
- QDa(xa) — Qq (gg(xﬁ))
= QDa(xoz) - QDa(xa) = e,
and we have proven that L C (lim G,.)".
We are left to prove the opposite inclusion. Any element (¢4)aca € (lim Go)™
can be represented as a finite sum
(¢a)af€A = ia1(€0a1) + e + iak((Pak) .

where o, > a1, ..., 051

Consider now an arbitrary element x,, € Wak(}iﬂl G,) and let (x4)ac4 be an
element of the inverse limit with a;, coordinate x,,. We know that gg(xg) = xa,
a < B and since (¢4 )qc4 is in the polar of }ln G, we have

(Ce(8eN(@ay) + -+ + (Ce(gay N @ay_y) + Pa, N (Xar,)
= (Qa, 8o+ + Poy_1 8oy + ey )Xa,)
= o (Xa) + -+ Qo (Xay)
= (Pa)acA((Xa)ac ) = e

and hence, since m,,(lim G,) is dense in G,,,

(Tl N gar) + - + Tl Ny )+ ) = e

E{k.
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We can now subtract this term from the expression for (¢,).c 4 Which is enough
to obtain our result. More concretely,

(Pa)acA = oy (Qay) + - - + 10y, (@)
= loy (Pay) + - - + e, (@)
— oy (T2 @e) + -+ + (Telgel Ny )+ 9
= f($ar) — i, Te8E @) + -
ey (P ) — T TG D) + e ($) — (P

from which we conclude (lim G,)* C L. O

We describe the c-dual of the inverse limits in the class of Nuclear groups.
Roughly speaking a Hausdorff Abelian group G is Nuclear if each neighborhood
of zero contains another neighborhood which is “sufficiently small™. This class
of groups, introduced by Banaszczyk in [2], has good permanence properties
— subgroups, quotients and products of nuclear groups are nuclear groups.
Locally compact groups are nuclear and the groups underlying nuclear locally
convex topological vector spaces are also in the class of nuclear groups. Ba-
naszczyk succeeded in generalizing many properties of LCA groups to nuclear
groups.

LEMMA (4.3). Every subgroup H of a nuclear group G is dually embedded
and T'.i:T.G — T'.H is a quotient mapping with kernel H".

Proof. See Corollary 8.3 in [2] and Corollary 8.4.10 in [3]. O

Our first description of the c-dual of an inverse limit also requires some
restriction on the limit maps.

THEOREM (4.4). Let {G,, &g A} be an inverse system of nuclear groups where
the limit maps 7, have dense images. Then

Io(lim Go) 2 im TG,
Proof. We have by (4.2) (2) that
(1&1 Ga)‘> - gp{ia(cpa) - ZB o Fc(gg)(gDa); Lo S B: Pa S FCGa}'

It follows that hl>n I'.G, is the quotient convergence group (P I'.G,)/ (}iil G.)".
But this is an object in HCAG isomorphic to I'.(J] Go)/ (}iﬂl G,)". We still need
to prove that Fc(!iil G, ) is isomorphic to this object. In order to do that we use
Lemma (4.3) about subgroups of nuclear groups:

Since all groups G, are nuclear groups the product [ | G, is nuclear, therefore
by Lemma (4.3), I't: T([[ Ga) — I'.(lim G,) is a quotient mapping with kernel
(lim G,)* which induces an isomorphism ¢: I'.(][ Go)/(lim G,)* — I'.(lim G,)

— pr— —
in the category HCAG. Hence the assertion follows. O

4A Hausdorff Abelian group is called Nuclear if it satisfies the following condition: Given an
arbitrary neighborhood U of eg, ¢ > 0 and m = 1,2, .. ., there exists a vector space E and two pre-
Hilbert seminorms p, g on E with d;(Bp, By) < ck~™, where d}, is the kth Kolmogorov diameter
andk=1,2,..., (2] p. 72)
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We now give an alternative description of the c-dual of an inverse limit
without any condition on the limit maps. Let G be a convergence group. We
will say that G has enough characters if kg: G — I'.I'.G is injective, i.e., if for
all x € G, x # eg there exists y € I'.G such that y(x) # er. Given an arbitrary
convergence group G, it is easy to check that G/ ker(k¢) is a convergence group
with enough characters.

Denote by HCAGKl:1 the category of convergence groups with enough charac-
ters, we can define a full functor F: HCAG — HCAGKM by F(G) = G/ ker(kg).
The functor F is left adjoint to the inclusion functor HCAG,  — HCAG and

hence it preserve direct limits, i.e., F(lim G,) = im(FG,).

LEMMA (4.5). Let G be a Hausdorff convergence group and H a closed sub-
group of G, then F(G/H) = G/H"~.

Proof. Since F(G/H) = %, it is enough to see that ker(xg,/ ) is pre-
cisely H*</H. Now for x € G, kg/ulx] = er,r q/m iff xIx] = er for all
x € I':(G/H) which is the same as the statement: y(x) = ey for all y € I'.G
such that y(H) = er and this occurs if and only if x € H> <, O

THEOREM (4.6). Let {G., g5, A} be an inverse system of complete nuclear
topological groups. Then

FC(!LH Ga) = F(hig FcGa) .

Proof. Note that a nuclear group is complete if and only if it is c-reflexive
(see [4]). We know that lim G, is a subgroup of [ [ G,, which in turn is a nuclear
group. Hence by 8.4.51in [3] I'.(2): I'.(J[ Go) — Fc(liin G,) is a quotient map
with kernel (}iLn G,)". This map induces an isomorphism I'.(J] G,)/ (1iLn G, )P —
I'.(lim G,) in HCAG.

Denote by L = gp{ia((;oa) - iB © Fc(gg)(‘;oa) ta< B ea € I‘cGa}

Now by (4.2).1 we have that L> = @(FCFCGQ) o @Ga. Hence LP> =
(}iin G,)". The c-reflexivity of @ I'.G, yields (1iLn G.)” = L*7. Finally

I([1G.) . PG
JimG> — (lim G,

Pr.G, hr.Gq, .
= L><1 = F T = F(hi}?ﬂ FCGQ).

Io(lim G,) =
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ON DERIVED TAME ALGEBRAS

This paper is dedicated to the memory of Professor Andrey Viadimirovich Roiter

RAYMUNDO BAUTISTA

ABSTRACT. Let A be a finite-dimensional algebra over an algebraically closed
field k. We prove that the bounded derived category D?(A) has tame repre-
sentation type (A is called derived tame), if and only if the full subcategory of
DP(A) whose objects are perfect complexes is of tame representation type. We
see that if A is derived tame, then almost all isomorphism classes of indecom-
posable complexes X* € DY(A) with fixed homology dimension are perfect
and have Auslander-Reiten triangles of the form X® — H® — X* — X°[1].

1. Introduction

Let A be a finite-dimensional algebra over an algebraically closed field %
and let D?(A) be its bounded derived category. We consider the category of left
A-modules Mod A. We denote by mod A, Proj A, proj A, Inj A and inj A the full
subcategories of Mod A consisting of the finitely generated, the projective, the
finitely generated projective, the injective and the finitely generated injective
A-modules, respectively. By D?(Mod A) we denote the bounded derived cat-
egory of Mod A; we recall that D?(A) is the bounded derived category of the
category mod A. If X = (X!, d%);cz is an object in D°(A) an invariant of it is
given by its homology dimension hdim = (A;);c7, with h; = dim;, H*(X).

A sequence of non negative integers h = (h;);cz is called a homology dimen-
sion if for all but finitely many i, #; = 0. We recall that according with [20],
DP(A) is called discrete and A derived discrete if there are only finitely many
isoclasses of indecomposables X € D®(A) with fixed homology dimension. As
for algebras, definitions of tame representation type and of wild representation
type have been given in [13] for the category D?(A). The algebra A is called
derived tame or derived wild if the category D?(A) is of tame representation
type or of wild representation type, respectively.

The Happel functor, introduced in [15], from the bounded derived category
of a finite-dimensional algebra into the stable category of the corresponding
repetitive algebra, has been an important tool in the study of the bounded
derived category of an algebra. However this functor is not an equivalence of
categories for algebras of infinite global dimension. The methods proposed in
this paper overcome this difficulty.

In [20] it has been proved that A is derived discrete if and only if D°(A)pers,
the full subcategory of D?(A) whose objects are the perfect complexes, is dis-
crete. We prove that a similar fact is also true for the tame case: A is derived
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tame if and only if Db(A)perf is of tame representation type. In fact we prove
that almost all isomorphism classes of indecomposable objects in D?(A) of given
homology dimension are isomorphism classes of perfect complexes.

We also prove that if A is derived tame and h is a fixed homology dimension,
then for almost all isomorphism classes [Y] with Y indecomposable perfect
complex and hdimY = h, there is an Auslander-Reiten triangle of the form

Y-H—-Y—-Y[-1].

In addition, if h = (&;) and ny is the integer such that 4,, # 0 and A; = 0 for
i < ng,thenY’/ =0for j < ng—1and d;‘)_l: Y7—1 _ Y™ ijs a monomorphism.
This implies that for A derived tame for any fixed non-negative integer, almost
all isomorphism classes of indecomposable A-modules [M] with dim,M < d,
the projective dimension of M is equal to one.

In order to prove the above results, we consider in section 2, Cy,(projA)
which is the category of complexes X of finitely generated projective A-modules
with X! = 0 for i outside the interval [1, ..., m]. We denote by CL (proj A) the
full subcategory of Cy,(proj A) whose objects are the complexes X such that
Imdi* C radX’ for all i € Z.

In general if C is a k-category, a morphism f: M — N in C is called radical if
for any split monomorphism o : X — M and any split epimorphism7: M — Y,
7fo: X — Y is not an isomorphism. If P and @ are projective A-modules,
f: P — @ is a radical morphism if and only if Imf C rad@.

In section 6 we prove the following two results.

THEOREM (1.1). For fixed m, either Cy(proj A) is of tame representation type
or of wild representation type.

The proof of this last result is in fact given in [6] and [11], using bocses with
relations. We present a different proof using just free triangular bocses. We
recall from [3] that we have an exact category (Cp(projA), £) in the sense of
[19] or [12], where £ is the class of sequences of morphisms (conflations)

XLESY
such that for all i € Z the sequence
0 X Y E Y o,
is an split exact sequence. The exact category (Cy(projA), £) has enough

projectives and injectives and it has almost split sequences (see (a) of Theorem
8.2 of [3]).

Definition (1.2). For a complex X € Cm(projA) its dimension is given by
dlka = Ei dlkaL

THEOREM (1.3). Suppose Cn(projA) is of tame representation type. Then
for almost all isomorphism classes [X] of indecomposables in the category
Cn(projA), with fixed dimension, there is an almost split E-sequence in
Cu(projA) of the form X — E — X.

For this we use tbocses (introduced in [2]) in a similar way as in [6].
In section 7 we consider generic complexes in D?(Mod A) in the sense of
section 5 of [18]; observe that this definition differs from the one given in
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[13]. With our definition we obtain similar results to the ones given in [9]
for A-modules. In particular each generic complex is closely related to a one-
parameter family of objects in D?(A). In addition we prove that if X is a
generic complex for a derived tame algebra A, X is isomorphic in D?(Mod A)
to a bounded complex of projective A-modules.

2. Bounded derived categories

Here we see some consequences of Theorems (1.1) and (1.3) for the derived
category D2(A).

In the following a rational algebra is a k-algebra of the form R = k[x, h(x)"1],
with h(x) € k[x]. The support of the rational algebra R is defined by S(R) =
{A € klh(A) # 0}. For A € S(R), the simple R-module &[x]/(x — A) will be
denoted by S,.

Notation (2.1). For h a homology dimension we denote by V(h) the full
subcategory of DP(A) whose objects are indecomposables X € DY) with
hdimX = h.

We recall the following definitions:

(1) A is called derived discrete if for each homology dimension h, the category
V(h) has only finitely many isomorphism classes.

(2) A is called derived tame if for each homology dimension h there is a finite
set of rational algebras R,,u = 1,...,s and for each u a bounded complex
M, of A-R,-bimodules free of finite rank over R,, such that for almost all
isomorphism classes [X]with X € V(h)thereisa A € S(R,)with X = M, ®g, S\
for some u € {1,..., s}.

(3) A is called derived wild if there is a bounded complex W of A-k{x, y)-
bimodules free of finite rank over k(x, y) such that the functor

W ®k(x,y> —: mod k(x, y) — Db(A)

preserves isoclasses and indecomposables.

Concerning the categories Cy,(proj A) we recall the definitions of finite rep-
resentation type, tame representation type and wild representation type.

(4) C(proj A) is called of finite representation type if it has only a finite
number of isomorphism classes of indecomposables.

(5) C(proj A) is called of tame representation type if for any given positive
integer d there are rational algebras R,,u = 1, ..., s and for each u a complex
M, = (M, dfuu) with M! a A-R,-bimodule free of finite rank over R,, projective
as A-module and M} = 0 for i outside the set {1, ..., m}, such that for almost
all isomorphism class [Y] with Y indecomposable and dim,Y < d there is a
A € S(R,) such that M), ®g, S) =Y.

(6) C(projA) is called of wild representation type if there is a bounded
complex of A-k(x, y)-bimodules free of finite rank over k(x, y), projectives as
A-modules, W = (W, di};) with W = 0 for i outside the set {1,..., m}, such
that the functor:

W g, —: mod k(x, y) — Cm(projA)

preserves isoclasses and indecomposables.
We need the following results (see Lemma 2.1 and Lemma 2.2 of [1]).
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LEMMA (2.2). SupposeY = (Y', d%)iez, € CL(proj A) is such that
dim, H/(Y) < ¢
for all j and for some u € [2,...,m], dim,Y* < d,. Then
dim, Y~ < (d, + o)L,
with L = dim,A.

LEMMA (2.3). Let Y = (Y?, dﬁ})iez € CL (proj A) such that for some fixed c
and all j € [1, m], we have dim,H/(Y) < c. Then

dim,Y <c¢mL+m —1DL?>+(m —2)L3 + ...+ 2L™ 1+ L™).

We denote by C=™P(Proj A) the category of complexes X = (X!, d%) with
X' € ProjA and X* = 0 for i > m, such that H(X) = 0 for almost all i. By
K=™b(Proj A) we denote the corresponding homotopy category.

Following [3] we denote by £,, the full subcategory of K<™P(Proj A) whose
object are those X with H(X) =0 fori < 1.

The functor F': KS™P(Proj A) — Cy(Proj A) which sends a complex

X mx 1 x0dx1d L xm
to
FX): - 0-0—-X'% ... 5 xm 0,
induces an equivalence
F: L, — Cu(ProjA),

where Cp(Proj A) is the category with the same objects as C(Proj A) and as
morphisms those in Cy,(Proj A) modulo the ones which are factorized through
£-injective objects (see Corollary 5.7 of [3]).

Moreover we have an embedding

=1 £, — DP(Mod A).

Observe that for P € £L,,, q: P — 72'P the natural morphism is a quasi-
isomorphism.

For a natural number d we denote by F, the full subcategory of Cp(proj A)
whose objects are those indecomposables X with dim;, X < d. We denote by U/,
the full subcategory of £,, whose objects are those Y = F(P) with P € F;. By
V,; we denote the full subcategory of D?(A) whose objects are those isomorphic
to some 7=1P with P € ;.

By Lemma (2.3), V(h) C V,, ifd = h|(mL +(m — 1)L% +--- + 2L™" 1 + L™)
with |h| = max{hi}iez, L= dlmk/\

THEOREM (2.4). (a) A is derived discrete if and only if for all m, Cyn(proj A)
is of finite representation type;

(b) if A is derived wild it is not derived tame;

(c) if for some m, C(proj A) is of wild representation type then A is derived
wild;

(d) A is derived tame if and only if for all m, Cy(proj A), is of tame represen-
tation type;

(e) A is either derived tame or derived wild (see Bekkert-Drozd [6]).
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Proof. Suppose A is derived discrete; then by [20] A is derived hereditary
of Dynkin type or it is a gentle algebra.

For a Krull-Schmidt category C we denote by ind C the full subcategory of C
whose objects are the indecomposables of C.

If A is hereditary of Dynkin type, then Ca(proj A) is of finite representation
type; for m > 2 we have:

ind Cy(proj A) C ind Ca(proj A) Uind Ca(proj A)[1]U - - - Uind Ca(proj A)lm — 1]

then ind Cy,(proj A) has only finitely many isomorphism classes; thus it is of
finite representation type.

If A is derived equivalent to a hereditary algebra A of Dynkin type, there
is a bounded complex T' over A-A-bimodules projective finitely generated over
both sides such that the functor

—@LT: DP(A) — Db(A)

is an equivalence. Then for m there is an n and an ! such that we have a
functor

G(—) = -\ Tl: Cm(proj A) — Cm+n(pr0j A)
with the following property: if Y and X are indecomposables in Cy,(projA)
which are not £-injectives or £-projectives then their images under G are also
indecomposables and G(Y) = G(X) implies Y = X. Here Cyn(proj A) is of
finite representation type; then also Cp,(proj A) is of finite representation type.

Now suppose that A is a gentle algebra £(Q, I). Then from the description of
the objects in K—P(proj A) in [7] one can see that if there are generalized strings
in @ of arbitrary size corresponding to complexes in Cy,(proj A) for some fixed
m, then there are generalized bands, but this implies that A is not derived
discrete, therefore for any m, Cy,(proj A) is of finite representation type.

Conversely assume C,(proj A) is of finite representation type for all m.

Take h = (k;) a homology dimension; we may assume h; = 0 for i outside
the set {2,...,m}. Taked = [h|(mL + (m — DL + ... + 2L™~! + L™), then
by Lemma (2.3), V(h) C V,;. The categories V,, U; and F; are equivalent, by
assumption F,; has only a finite number of isoclasses, and the same is true for
V(h). Therefore A is derived discrete.

The part (b) is proved in Theorem 5.2 of [13].

(c) Suppose that Cp,(proj A) is of wild representation type. Then there is a
bounded complex W of A-k(x, y)-bimodules free of finite rank over the right
side, projectives as A-modules, with W* = 0 for i outside the set {1,..., m} and
Imdé; 1 < radAW?, such that the functor W ®px,yy —: mod k(x, y) — Cm(proj A)
preserves iso-classes and indecomposables. The composition of this functor
with the composition Cp(proj A) — K—P(proj A) — DP(A) also preserves iso-
classes and indecomposables, consequently A is derived wild.

(d) Suppose A is derived tame. Then if for some m, Cp,(projA) is of wild
representation type and then by (c¢), A is derived wild, which contradicts (b).
Therefore for all m, Cy,(projA) is not of wild representation type, but this
implies, by Theorem (1.1) that for all m, C,(proj A) is of tame representation
type.

Conversely assume that for all m, Cy(projA) is of tame representation
type. Let h be a fixed homology dimension; as before we may assume that
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if h = (h;), we have h; = 0 for i outside the set {1,...,m}. Take d =
lh|(mL + (m — 1)L? + --- + 2L™ 1 + L™), so V(h) C V;. Therefore there
are rational algebras R,, u = 1,..., s and for each u a bounded complex M,
over the A-R,-bimodules free of finite rank over the right side with M} = 0 for
i outside the set {1, ..., m} such that for almost all isomorphism class [X] in
Fg thereis a u and A € S(R,) with X = M, ®g, S).

We may assume that for all z and i, Im d;u ! and Ker dﬁw are direct sum-

mands of M! as right R,-modules. Then for each u, W, = 72! M, is a bounded
complex over the A-R,-bimodules which are free of finite rank over the right
side.

TakeY € V(h). Then thereisa P € Uy with a quasi-isomorphismgq: P — Y,
such that 7='P 2 Y in D?(A).

Clearly 72'P = r21F(P), F(P) € F,. Therefore F(P) = M, ®, S for some
u and some A € S(R,). Thus

Y 2721P = 721F(P) =2 12 (M, ®r, S)) = 721(M,) @R, Sy = W, ®r, Sy,

consequently A is derived tame.

(e) Suppose A is not derived wild. Then by (¢) for all m, C,(proj A) is not of
wild representation type, so by Theorem (1.1), for all m, C,(proj A) is of tame
representation type. Therefore by (d), A is derived tame. O

THEOREM (2.5). Let A be a derived tame algebra and h = (h;) be a fixed
homology dimension such that for ng, hy,, # 0 and h; = 0 for i < ng. Then
for almost all isomorphism class of indecomposable complexes X € D(A) with
hdimX = h, X is a perfect complex and there is an Auslander-Reiten triangle
of the form

X —-H - X — X[1].

Moreover X' =0 fori < ng — land d~": X™~1 — X™ is a monomorphism.

Proof. After a shifting we may assume h; = 0 for i < 1 and i > n,
hy # 0. By U(h) we denote the full subcategory of K<™P(projA) whose
objects are quasi-isomorphic to complexes X € V(h). The categories U/ (h) and
V(h) are equivalent. We shall see that for almost all isomorphism classes of
objects P in U(h), P is a finite complex. If P € {/(h) then hdimP = h, thus
dim, HY(P) = hy = 0, therefore U(h) C L,.

Recall that we have an equivalence F: £, — Cp(proj A).

Denote by F(h) the full subcategory of C,(proj A) whose objects are isomor-
phic to some F(P) with P € U(h). The categories U/(h) and F(h) are equivalent
categories. By Lemma (2.3), F(h) C F,; ford = |h|(nL + (n — 1)L% + --- +
2L" L+ L"),

For our purposes it is convenient consider F(h)[—1] as a full subcategory of

Cu(projA) withm = n + 3. IfY € F(h)[-1],thenY! = 0,Y""2 = 0,Y"*3 =
and dim,Y < d.

By (d) of Theorem (2.4), Cp(proj A) is of tame representation type. Then
by Theorem (1.3), for almost all isomorphism classes [Y] with Y € Cp,(proj A)
there is an almost split sequence

Y-E-Y
in Cp(proj A).
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Following the notation of [3] we recall that A(Y) = Y. In order to calculate
A(Y) we take Z = v(Y)[—1] and a quasi-isomorphism q: @ — 7=™Z, with @ €
C=™b(proj A). Then A(Y) = F(Q). Moreover by [16] there is an Auslander-
Reiten triangle in D°(A):

Z—-G—-Y — Z[1].

We have Z™ = Z"*3 = y(Y"*2) = 0, therefore ="Z = Z.

Here Z is indecomposable, then @ is an indecomposable complex in the
category K=™P(proj A), and we may choose @ an indecomposable object in the
category C=™P"(proj A) with @™ = 0, here Z™ = 0.

We have F(Q) = A(Y) = Y in Cnp(projA), thus, @ = Y! = 0. Here @
is indecomposable, which implies that @ = 0 for i < 1. Moreover Z2 =
v(Y!) = 0, so H*Q) = H*(Z) = 0. Therefore the morphism dj: @* — Q° is a
monomorphismand @ =Y, and Z = @ =Y in Db(A).

Thus we have an Auslander-Reiten triangle in D(A):

*x) Y—-G—=Y —=YI[1]

Now Y[1] € F(h), so Y[1] = F(P) with P € U(h). Therefore P1 2 Y2 ~
Q” P?=Y?® = @°. The morphism dj,: @* — @° is isomorphic to the morphism
d}: P! — P2, thus this last morphism is a monomorphism.

Here hy = dim,(Kerd},/Imd9) = 0, then Imd} = Kerd} = 0, consequently
dg, = 0. But P is indecomposable, therefore P! = 0 for i < 0. Consequently
P = F(P) 2 Y[—1]. Thus applying the equivalence [—1] to (x) we obtain our
result. 0

COROLLARY (2.6). Suppose A is selfinjective. Then either it is derived discrete
or derived wild.

Proof. Suppose A is neither derived discrete nor derived wild. Then there
are infinitely many isomorphism classes in V(h) for some homology dimension
h. Therefore there is an indecomposable X in D?(A) with an Auslander-
triangle of the form X — H — X — X[1] with X an indecomposable object in
CL (projA) and d% : X1 — X2 a radical morphism which is a monomorphism;
since X! is injective, this is not possible. O

COROLLARY (2.7). Let A be derived tame. Then for a fixed homology dimen-
sion h, for almost all isomorphism classes [ X1with X € DY(A)a perfect complex
and hdim, X = h, X is isomorphic to a finite complex of finitely generated in-
Jective A-modules.

Remark. Observe that gentle algebras are Gorenstein and in this case all
finite complexes of finitely generated projective A modules are also isomorphic
to finite complexes of finitely generated injective A-modules (see [14]).

COROLLARY (2.8). Let A be a derived tame algebra. Suppose P is a bounded
complex of A-R-bimodules projective over A and free of finite rank over R,
a rational algebra, such that for all A € S(R), P ®g S, is indecomposable
in D°(A), and for A # n € S(R), P ®r Sy & P ®r S, in DO(A). Then if
hdimy P ®r k(x) = h = (h;) is such that hy,, # 0 and h; = 0 for j < no,
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we obtain that the morphism d;?_l ® 1: PPl @R k(x) — P™ @ k(x) is a
monomorphism.

Proof. We may assume that for all A € S(R), all Ker d’ are direct summands
of P* as right R-modules. Thus hdimP ®5 Sy = hfor all A € S(R). By Theorem
(2.5), we may also assume that for all A € S(R), P’® S, = 0 fori < ng — 1 and
Ker(d™1®1l: P18, — P ®S,) = 0. But this implies our assertion. [

COROLLARY (2.9). Let A be a derived tame algebra. Then for any fixed non-
negative integer d, almost all isomorphism classes of indecomposable modules
[M] with dim,M = d have projective dimension one.

Proof. For M indecomposable with dim,M = d, take
P—S dﬂ;a P72 dITJZ P71 dITJl PO n M 0
o Pyt = Py = Py = Py — —
a minimal projgctive resolution of M. Consider Py = (P]{J, d{;,,) with PZJQ =0,
for j > 0 and d{w = Ofor j > 0. Then for hdimM = (h;), wehave hg =d,h; =0
for j < 0. Therefore by Theorem (2.5) for almost all isomorphism classes [M],
Py, = 0 for j < —1. This proves our claim. O

3. Bocses

A tbocs is a triple A = (R, W, §), where R is a k-algebra (% is a field), W is
an R-bimodule such that W = Wy @& W7 as R bimodules. The elements of W;
are called homogeneous of degree i, i € {0, 1}. For w € W;, we put deg(w) = i.

Take now the tensor algebra

TRW)=RaWaW a...

with the graduation induced by that of W. The R-module generated by the set
of homogeneous elements in Tr(W) of degree i is denoted by Tr(W);. Then § is
an R-bimodule endomorphism of Tr(W) such that

1) 8(Tr(W);) C Tr(W);41;

ii) For a, b homogeneous elements of Tr(W)

8(ab) = 8(a)b + (~1)%&%5(b)  (Leibnitz rule);

iii) 62 = 0.

The set of all elements of degree zero, Tr(W), is a k-algebra, denoted by
A(A). This algebra is identified with Tr(W). The set of all elements of degree
one Tr(W); is an A(A)-bimodule, which can be identified with A(A) @z W1 &
A(A), and denoted by V(A). Thus Tr(W) is a differential graded algebra with
differential 6. For vy, ve in Tr(W) we denote its product by vivg, in particular
if the above elements are in W, v1vs = v1 ® vs.

Let A = (R, W, §) be a tbocs. The category of representations of A, RepA is
defined as follows:

The objects of Rep(A) are the left A(A)-modules.

Given two A(A)-modules M and N, a morphism f: M — N in Rep.A is given
by a pair f = (£, f1), where

f° € Homp(M, N), f* € Homu(u),a4(V(A), Homy(M, N))
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such that for alla € A(A),m € M,
af’(m) = f2am) + F1(6(a))(m).

Observe that the pair (f°, 0) is a morphism in RepA iff f° is a morphism of
A(A)-modules.

Now if f = (f°, f1): M — N and g = (g% g!): N — L are morphisms in
RepA, the pair given by (g°£°, (gf)1)) with

l
@N'w) =g'f° + &' + > g'wHf @)

i=1

for 5u) = 3!, vlv2, v}, v? € V(A), is again a morphism. The composition of f
and g is defined by gf = (g°f°, (gf)1).

Using the properties of 6 one can see that Rep.A is a category. The identity
morphism of M € Rep.A is given by the pair idy; = (idy, 0).

For a tbocs A = (R, W, ) we have a functor
I4: Mod A(A) — Rep A

which is the identity on objects and for morphisms «: M — N of A(A)-modules,
we have I 4(u) = (u, 0).

Let R be a k-algebraand 1 = )" , e; a decomposition into central primitive
orthogonal idempotents. We consider the k-subalgebra of R, Ry = Y. | e;k.
The k-algebra Ry is a basic semisimple finite dimensional k-algebra.

Throughout this paper if A = (R, W, §) is a tbocs we assume that W is a
finitely generated R-bimodule.

Definition (3.1). Let W be an R-bimodule. An Ry-subimodule W of W is said
to be an Ry-free generator of W if any morphism of Ry-bimodules u: W — V,V
a S-bimodule, has a unique extension to a morphism of R-bimodulesv: W — V.
In this case we say that W is an Ry-free R-bimodule.

It is easy to see that W is a Ro-free generator of W iff the morphism
p: R®g, W®R0 R — W given by p(s @ w ® s1) = sws;

is an isomorphism. On the other hand if o: R ®p, W ®r, B — W is an
isomorphism o(W) is an Ry-free generator of W.

Definition (3.2). A tbocs A = (R, W, 6) is called Ry-free triangular if the
following conditions are satisfied:

T.1 There is a filtration of R-bimodules {0} = W C --- C W} = W, such
that for i > 1 8(W}) C A;W1A;, where A, is the R-subalgebra of A generated
by Wéfl.

T.2 There is a filtration of Ry-bimodules W}  --- ¢ W} = W, such that Wg
is a Ry-free generator of W({ .

T.3 There is a sequence of subbimodules {0} = W? C --- C W§ = Wy such
that for i > 1 8(W}) c AW, TAWi'A.

T.4 W; is Ro-freely generated by W;.

If a tbocs A satisfies T'1, 7.3 and 7.4, we say that A is weakly triangular.
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Throughout the paper Ry-free triangular tbocses are called triangular tboc-
ses. We recall that in the category Rep.A idempotents split; moreover for
f=((%fYH: M — N, f is an isomorphism if and only if /° is an isomorphism.

Definition (3.3). The k-algebra R is called minimal if there is a decom-
position 1 = ), e; into central primitive orthogonal idempotents, such that
e;R = e;k or ¢;R is a rational k-algebra.

Definition (3.4). The tbocs A = (R, W, 8) is called minimal if R is a minimal
k-algebra and W, = 0.

If A = (R, W,$6)is a minimal tbocs then A(A) = R, V(A) = W, the space of
morphisms between two objects M, N € RepA is given by all pairs f = (f°, f1)
with f© € Homgr(M, N), f1 € Homp_ g(W, Hom(M, N)).

LEMMA (3.5). Suppose A = (R, W,39) is a triangular minimal tbocs, and
f: M — M a morphism in Rep A of the form f = (0, f1). Then f is nilpotent.

Proof. Take 0 = W° ¢ W! C ... ¢ W® = W, the filtration of W = W;
given by condition 7.3 of Definition (3.2). Then we have f2 = (0, (f?)!) and
(FHY W) = 0. In general f” = (0, (fM)!) and (f")L(W"~1) = 0, therefore 5+ =
O, (fsHY and (FSHHLW?) = (F*HL(W) = 0. Consequently 5+ = 0. 0O

PRrROPOSITION (3.6). Suppose A = (R, W, ) is a triangular minimal tbocs.

Then an object M € RepA is indecomposable if and only if gM is indecompos-
able.

Proof. If M is indecomposable in Rep.A, clearly zkM is indecomposable.
Suppose now that g M is indecomposable. Take f = (f°, f1) an idempotent
element in End 4(M). Then (f°)? = f°, thus f° = 0 or f© = idy. In the
first case f = (0, 1), thus f is nilpotent, then since f is also idempotent we
conclude that f = 0. In the second case f is an isomorphism; therefore there
isa g € End4(M) with fg = gf = idy. Thenidy = fg = f?g = f(fg) = f.
Therefore M is indecomposable in Rep.A. This proves our result. O

For A = (R, W, 8) a minimal tbocs, take 1z = E;‘:l e; a decomposition of 15
as a sum of central primitive orthogonal idempotents.

PROPOSITION (3.7). Suppose A = (R, W, 8) is a minimal triangular tbocs.
Then if M € RepA is indecomposable there is an e; with eM = M

Proof. Here R = Re; X - - - X Re,, if M is an indecomposable R-module then
e;M = M for some e;. Our result follows from our previous proposition. O

4. Reduction Functors

In this section we study full and faithful functors F': Rep3 — Rep.A which
have been considered in [2].

Let R be a k-algebra, we recall from [2] that a left R-module X is called R-Rx
admissible if Ry is a k-subalgebra of End g(X)°? such that Endz(X)°? = Rx ®R
as Rx-bimodules with R an ideal of Endr(X)°?, finitely generated projective
as a right Rx-module, and X finitely generated projective as a right Rx-
module. We have X* = Hompg,(Xg,, Rx) which is a Rx-R-bimodule and
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R* = Hompg, (Rg,, Rx), a Rx-bimodule. Take dual bases {p;,y;} for R and
{x;, u;} for X as right Rx-modules.
We have morphisms
e: X - X®r, R, a:X"—R" Qg X"
such that for u € X*, x € X, we have

ex) ==Y pi@ey; aw=> ulpx)y;®u.
J LJ
Let A = (R, W,5) be a tbocs and X an R-Rx admissible left R-module.
Consider the Rx-bimodules (Wx)y = X* ®pr, Wo ®r, X, (Wx) = (X* ®p,
W1 ®g, X) ©R™.
For u € X* and v € X we have k-linear maps

9, R— Ry,
forn > 1:
mot W — T (Wx)

given by ¢9 ,(r) = u(rv), ¢} (W1 @ ws @ - - - @ Wy) =
D iimi U R WL R X Uy QW2 R Xjy @ Uy @+ R X,y DU, ® Wy @ V.
These morphisms determine a k-linear map

bup: TRIW) — Tg, (Wx),

such that for A1, A2 € Tr(W) we have ¢, ,(A1A2) = >, by x,(A)Py, o(A2). For
u € X*,v € X we put for A € Tp(W), ¢g),(A) = Zi,j w(pj(x;))yjbu,(A) and
d)u,e(v)()\) = - Zj d)u,pj(x)()\)'}’j'

There is a differential 6x in T, (Wx) with 5§( = 0, and such that for any ¢ a
homogeneous element in Tr(W)! = W @ W @ ... andu e X*veX

(*) 8x(Dup®) = Do) + DupB() + (1% Py, o (8) .

Forr e R,u ¢ X*,v e X, we have

batuw o) + buewy() = > ulp;(x))yjui(rv) = > ulrp;))y;

LJj J
= ulpjxiuwroyy; — Y ulpj(rv)y; = 0.
bJ J

Thus the equality (x) holds also for » € R and consequently for any ¢ € A(A).

We have a tbocs AX = (Rx, Wx, 8x) and a functor FX: RepAX — RepA,
such that for M € RepAX, FX(M) = X ®p, M as R-modules and for w € Wy,
wx@m) =Y, % ® ¢y, xw)m. For f = (f° f1): M — N a morphism in RepA,
FX(f)is given forx @ m € X ®g, M,w € W1 by

(M.1) FX’xem)=xafom)+ > pix) @ fHy;)m)

J

(M.2) FX(P'w)xom) = fluwowe x)im).
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Remark (4.1). We recall from Proposition 5.3 of [2] that an object L € Rep.A
is isomorphic to some FX(M) iff gL = X ®r, L' as R-modules for some Rx-
module L'.

Observe that, in the above, if y is an element of degree 0 in Tr(W) then we
have yx @ m =}, %; ® ¢y, «(y)m.

On the other hand if (f,0): M — N is a morphism in Rep A%, from (M.1)
and (M.2) we obtain FX((f,0)) = (idx ® f,0). Consequently F¥X induces
a functor FZ: Mod A(AX) — Mod A(A) such that FXI,x = I4F. Here
rFE(M) = X ®@g, M, so F¥ is a right exact functor which commutes with
arbitrary direct sums. Therefore we have F¥ =Y ® 4 4x, — with Y the A(A)-
A(AX)-bimodule Fg( (A(AX)). Thus rpY =2 X ® Ry A(AX) which is a finitely
generated projective right A(AX)-module. ThusY is an A(A)-A(AX)-bimodule,
finitely generated projective on the right side.

Suppose now that ¢: R — R’is an epimorphism in the category of rings. We
suppose that 1z = Y"1 | e; is a decomposition into central primitive orthogonal
idempotents and that if {f1,..., f;} is the set of those ¢(e;) # 0, then 1 =
23:1 f; is a decomposition into central primitive orthogonal idempotents. Let
Z = EBLlZL- be a finite direct sum of pairwise non isomorphic indecomposable
R-modules Z; having finite dimension over k. Moreover we suppose that for
any H in Mod R’, Homg(Z, H) = 0 and Homg(H, Z) = 0.

We have Endgr(Z)°? = S; ® R, where R = radEndgr(Z)°? and Sz is the
k-subalgebra of Endz(Z)°P generated by the idempotents e(Z;) given by the
composition of the projection of Z on Z; with the inclusion of Z; in Z.

Take the R-module X = Z @ R’, then

Endr(X)? =Rx ® R

with Rx = Sz x R’'. Clearly X is an admissible R-Rx-bimodule.
By Lemma 6.2, Lemma 6.3, Lemma 6.4 and Theorem 6.5 of [2] the functor
FX: Rep AX — Rep A is a full and faithful functor.

PROPOSITION (4.2). Suppose A = (R, W, 8) is a weak triangular tbocs and X
as above, then AX = (Rx, Wx;8x) is a weak triangular tbocs.

Proof. We first consider condition 7.4 of Definition (3.2). Then if we denote
by Ry the k-subalgebra of R generated by all the idempotents e;, we have

W, = R®R0 Wl QR, R

for some finitely generated Ry-bimodules W;. We have for 1x the identity of
the k-algebra Rx the following decomposition into central primitive orthogonal

idempotents:
Ix = eZ)+y fj
J

We denote by (Rx)o the k-subalgebra of Ry generated by all idempotents e(Z;)
and f;. We have (Rx)o = Sz x ¢(Rp). We have the Ey-(Rx)o-bimodule

Ux =Z & ¢(Ry),
and the (Rx)o-Ro-bimodule
Uy = Z* @ ¢(Ry).
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We obtain that
X* @r W1 @r X 2 Rx @y, Ux @r, W1 @, Ux) @(ry), Rx.
Therefore we have
Wx = X* 9 W1 ©r X ® R* = Rx (&y), Wx @&y, Rx»

with Wy = Uk ®r, W, ® g, Ux ® R*. Clearly Wy isa finitely generated (Rx)o-
bimodule, this proves that the thocs A% holds property T'4.

For proving conditions 7.1 and 7.3 consider L the natural number such that
RE =0, but RE-1 £ 0.

For 1 < j < Lweput X/ = XREL/, and (X*Y = {h € X*|W(XE~)) = 0}.
Take W C --- C Wy = Wy and (Wy)o C --- C W' = W; the corresponding
filtrations given by the triangularity of A.

We denote by Bs(i, v, j) the Rx-subbimodule of X* @ W @ X, generated
by the elements of the form f ® w ® x with f € (X*),w € WY, x € X/.

We define

W= > B, j),

+2lv+j<m

Wxrt = > BiGuvj)aRrR,

i+2lv+j<m
Wx)i =R} for i<l

As in Theorem 8.8 of [2] one can see that AX = (Rx, Wy, 8x) is a weak
triangular tbocs with filtrations

0=(Wx)} C - C (Wx)Z = (Wy),
0=Wx) C - c (W H — (Wy),.
O

In the rest of this section we describe a very useful reduction functor intro-
duced originally in [8]. For this, let A = (R, W, 6) be a tbocs with R a minimal
k-algebra. Suppose 1 = }"" | ¢; is a decomposition into central primitive or-
thogonal idempotents, and e;R = klx, fy(x)"!] fori = 1,...,t, e;,R = ejk for
j=t+1,...,n.

Now fix a natural number d and elements g4, ..., g € klx], with (g;, f;(x)) =
lfori=1,...,¢

For p a monic irreducible factor of g;, 1 < i < ¢ we put Z;(p) = e;R/(p)
@ ©eR/(p?). For1 <i <tweputZ; = ®peig)Zi(p), where I(g;) is the set
of monic irreducible factors of g;. Fori =¢t+1,...,n we put Z; = ¢;R = ¢;k.

We consider R’ = (e1R)g, X -+ X (e;R)g,, with (¢;R)z = klx, fi(x)~1, gi(x)~ 1.
Clearly we have an epimorphism in the category of rings R — R’ and
Hompg(Z, H) = 0, Homg(H,Z) = 0 for any H € Mod R'. Take X = Z ® R/,
with Z = @} ,Z;, the decomposition of Z into the direct sum of indecompos-
able R-modules of the form (e;R)/(p*) with 1 < i < ¢ and ¢;R with i > ¢, and
the decomposition of R’ into the direct sum of R-modules of the form (e;R),,,
with 1 < i < ¢, gives a decomposition of X into the direct sum of R-modules
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X ;. For each X; we have the idempotent e(X ;) which is the composition of the
projection of X on X; with the corresponding canonical inclusion in X.

Forl1 <i<tand1l < u < d we put e(p) = e((e;R)/(p*)), for p monic
irreducible factor of g;, and e? =e((e;R)g). Fort+1 <i<nwepute; = e(e;R).

We have for Z = @7 _,Z;, Endr(Z)°? = Sz ® R where Sy is the k-subalgebra
of Endg(Z)°P generated by the idempotents e(Z;), 1 < i < n and R =
radEnd(Z)°P.

Then Endg(X)? = Rx ® R, where Rx = Sz x R'. Clearly X is a R-Ry
admissible R-module. Then we have a full and faithful functor

FX: RepAX — RepA,

with AX = (Rx, Wy, 8x).
The identity 1x of Rx has the following decomposition into central primitive
orthogonal idempotents:

t t d t+n
Ix=>e+> 3> Sep+ > e
-1 i=1 pel(g) u=1 i—t+1

We have e?RX = (eiR)g for 1 < i < t; e (p)Rx = kel(p) for 1 < i < ¢;
e;Rx = ke;, fort + 1 <i <t + n. Therefore Rx is a minimal k-algebra.

We recall that (Wx )y = X* @ Wy @r X. For 1 < i, j <t we have

(1D e?(WX)Oe;) = (e;R)g, ®r e;Woe; @r (ejR)g;;

(2) e)(Wx)oek(p) = (e;R)g, @ eWoe; @R (e;R)/(p");

3) el (p)X(Wx)e) = (e;R)/(p")* @r e;Woe; @k (e;R)gjs

(4) el (p)(Wx)oei(q) = (e;R)/(p*))* ®r e;Woe; @r (e;R)/(q").

For1<i<tt+1<j<t+nwehave

(5) ed(Wxoe; = (e;R)g Ok e;Woe;;

(6) e;(Wx)ole) = e;Woe; ®r (e;R)g;;

(7) e (p)(Wx)ole,; = (e;R/(p*))* @k e;Woej;

(8) e;(Wx)olel(p) = ejWoe; ®r (e;R/(p*).

Finally for ¢ + 1 < i, j < n we obtain

) e(Wx)oe; = e;Woe;.

The reduction functor FX: RepAX — Rep.A will be called a (d, g1, ..., g&)-
unravelling.

Definition (4.3). For A = (R, W, 6) a tbocs, an object M € RepA is an R-
E-bimodule with E = End 4(M)°? and the right action of E on M given by
m.f = fo(m) form € M, f = (f°, f1) € E. Then M is called endofinite if the
length of M as right E-module is finite; we denote by endolM the length of M
as right E-module.

Suppose now that M is an endofinite object in RepA. Then if 1 = ), ¢;
is a decomposition into central primitive orthogonal idempotents of R, each
e;M is a R-E-bimodule and M = &®;e;M as R-E-bimodules, thus endolM =
>~ ;lengthy(e;ME).

Assume that ;R = R; = klx, h~1], then E C Endg,(e;M) = E;. Therefore,
lengthy (e; M) < lengthy(e;M). Thus if M is endofinite, ¢; M is an endofinite R;-
module. Consequently e;Mp; = > jed L ; with L an indecomposable R;-module
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and in the set {L;} there are only a finite number of isomorphism classes. The
only endofinite indecomposables R;-modules are k(x) and k[x]/(x — A)™ with
A € S(R;), here m < endolM.

LEMMA (4.4). If FX: RepAX — RepAisa(d, g1, ...,8) unravelling, foreach
endofinite object N € Rep. A with endolN < d, there isa M € Rep AX endofinite
with endolM < endolN and F(M) = N.

Proof. From the above considerations it follows that for N € RepA with
endolN < d, gpN = X ®p, Z, for some Rx-module Z, then there is an
M € RepAX with F(M) = N. We will assume that F(M) = N. Take
Ey = End 4x(M)°? and Exy = End4(N)°?. There is an isomorphism of k-
algebras ¢: Eyy — Ey induced by the functor FX. Take R = radEndz(X)°P
and an integer [ with R! = 0.

We have a filtration F of R-modules of X ®z, M = N:

N 1=R"''Xep, MC---CNy=RX®p, M C No=X®g, M.

Clearly F is a filtration of R-modules. The ring Ej; also acts on N by (x ®
nf =x@nf =x® fo%n) for f = (f° f1) € Ey. The filtration F is also
a filtration of R-Ey-bimodules. Now observe that for n € N;_4,f € En, we
have nf = n¢(f). The same happen for n € N;/N;q fori = 0,...,1 — 2.
Then the En-length of N is equal to the length of N as Ej-module. Now
we recall that there is a decomposition X = @®;_;X; with the X; pairwise
non isomorphic indecomposables. Take f; the composition of the projection
on the i-th summand followed of the corresponding injection. Then we have
1x = Y°7 ; fi a decomposition into central primitive orthogonal idempotents,
Xf; = X;. Here we have that X is a finitely generated projective right Rx-
module, so each X; is a projective Rx-module, then X; = n;f;Rx and n; # 0.
Therefore

endolN = lengthy, N = lengthy, X @, M = lengthy, n;f;M

=1

s
> "lengthy, fiM = lengthy, M = endol M.
=1
This proves our claim. O

Definition (4.5). Let R be a minimal k-algebra. Suppose 1 = Y7 ;¢ is
a decomposition into central primitive orthogonal idempotents, and ¢;R =
klx, fi_l] fori = 1,.,t,e;R = kfor j =t+1,...,n, we say that U an R-
bimodule is thin if e;Ue; = 0 for i < ¢ and j < ¢. A tbocs A = (R, W, ) is called
thin if Wy is a thin R-bimodule.

Observe that taking into account the above relations 1-9, if A is a thin tbocs,
and FX: RepAX — RepAisa(d, g1, ..., g)-unravelling, then AX is also a thin
tbocs.

In the following if R is a minimal k-algebra and 1 = " ¢; is a de-
composition into central primitive orthogonal idempotents, we denote by S
the k-subalgebra of R generated by all the idempotents e;. Clearly S is a
semisimple k-algebra. We recall that U a R-bimodule is called S- free if
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there is a S-subbimodule U of U such that the morphism of R-bimodules
ny: ResU ®g R — U given by uy(r1 ® u ® re) = riurg is an isomorphism.

LEMMA (4.6). Suppose U is a thin finitely generated R-bimodule, then U is
S-free if for all 1 < i <, Ue; is free as a right e;R-module and ¢;U is free as a
left e;R-module.

Proof. Here U is thin. Setting f =", .,
U = (&!_,fUe) @ (®_,e;Uf) @ fUf

a direct sum of R-bimodules.

We have fUf = R ®g fUf ®s R as R-bimodules, so fUf is an S-free R-
bimodule.

Now we have fUe; = @©7_, ,e;Ue;, a direct sum of R-bimodules. The
bimodule U is a quotient of a finite direct sum of copies of R ®; R, so for
J > t+1,e;Ue; is a quotient of a finite direct sum of copies of ;R @, R. Here
e;R = k, then e;Ue; is a finitely generated e; R-module, consequently it is a
free module of finite rank over Re;. Consequently e;Ue; = V ®;, Re; for some
k-vector space V.

For 1 < u < n consider the morphisms ¢,: S — ke, — k. Then the
morphisms ¢; and ¢; induce an structure of S-bimodule on V. We have

erei “ResVesR

as R-bimodules, consequently each e;Ue; is an S-free R-bimodule. In a similar
way one can see that e;Ue; with 1 < i < ¢ is an S-free R-bimodule. This proves

e;, we have

our claim. O
Definition (4.7). Let U be an R-bimodule, a filtration U' ¢ --- c U" = U is
called an S-free filtration if for u = 1, ..., r there are S-free generators V* of

U*suchthatVlc...c V7.

LEMMA (4.8). Let U be a thin finitely generated R-bimodule. Suppose that
for 1 < i < t there are filtrations of R-bimodules U} C --- C Ul = fUe,,
Ul ¢ - ¢; U = eUf, such that for 1 < j < n -1 ;U7 is free as a
left Re;-module and a direct summand of ;U/*! and U/ is free as a right
Re;-module and a direct summand of Uij+1. Moreover, assume we have a
filtration of R-bimodules Uy C --- C U, = fUf; then if for 1 < u < r,
U =3%.,WU¢+ U+ Ug,

Ulc..-cU =U
is an S-free filtration for U.
Proof. As in the proof of Lemma 4.6 we have for 1 <[ < r an isomorphism
iU — Rog V! ®g R.

For 1 <! <r—1,;U"is a direct summand of ;U'*; we may take V'’ a direct
summand of of V/*! as S-bimodules. Then taking ;U’ = () 11 ® V! ® 1),
and we have a filtration of S-bimodules

A

Gl
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with ;U an S-free generator of ;U’. Similarly we have a filtration
Uc...cUr

with Ull an S-free generator of Uil. Since fR is a semisimple k-algebra and % is
an algebraically closed field, then the filtration for fUf is an S-free filtration.
Therefore U C --- C U™ = U is an S-free filtration. O

PROPOSITION (4.9). Let A = (R, W, 8) be a thin weak triangular tbocs. Then
given a natural number d, there is a (d, g1, ..., g&)- unravelling
FX: RepAX — RepA
such that AX is a thin triangular tbocs.

Proof. Here AX is a thin tbocs. By Proposition (4.2), it is also a weak
triangular tbocs. In order to prove that A¥ is a triangular tbocs it is enough
to prove that it satisfies condition T'4.

Since A is weak triangular, we have a filtration

0=W)cWic--cW, =W,
satisfying the condition 7.1 of Definition (3.2). There are elements gy, ..., g
such that for 1 < i < £,1 < u < r, (eR)g, ®r W} and W§ ®r (e;R)g are
free left (e;R)g-modules and free right (e;R)g-modules respectively, and for
1<u<r—1,(eR), ®r Wi 'is a direct summand as a left (e;R),, -module of
(e;R)g, g W} and Wy 1% r(e;R)g, is a direct summand as a right (e; R)4,-module
of W} ®g (e;R)g,. We put R; = (e;R)g,.

Here Wy ®g R; = fWye; ®r R; is an S-R;-bimodule with S semisimple. Then
as in Lemma (4.6) and Lemma (4.8) there are S-bimodules 7} such that

Wo @k R = &, T, ®s R;

with W¢ @ R, =T, ® W ' @r R;.
Take the (d, g1, . .., g;)-unravelling F¥X : RepAX — RepA with
A% = (Rx, Wx, 8x).
Here X* @z Wx ®g X is a thin Rx-Rx-bimodule. We have fori < ¢, e?RX = R;,
e (p)Rx =ekandfort+1<j<n, ijX = gjk.
Observe that (X* @ Wy @ X)e? = X* ®g Wy @r R;.
Now X* g Wy Qg R, = X*f Q5 fWo Qg R;. X*f is an Sx-S-bimodule with
both Sx and S semisimple. Then
X*f _ 69;:15(“
with X*f N (X*)* = X* @ X*f N (X)L,
Wx)T = @yt pousem X @ T ®g R;.
Therefore A .
X* ®r Wo®r Ri =2 ©,,X" @ T' @5 R
Now it is clear that
(WX)B"e? = Bu+L@i+1<m Dyl X & Tt ®s R;.
Thus (Wx)ite? is a right module of finite rank over Rxe? which is a direct
summand of (Wx)7""!e?. In a similar way one can prove that e?(Wx)7 is a free
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left module of finite rank over RXe? which is a direct summand of e?(WX )6"“.
Then from Lemma (4.8) we deduce that the filtration

0=Wy)) C - C (Wx)ZH = (W),

is an Sx-free filtration, proving our result. O

PROPOSITION (4.10). Let A = (R, W, 8) be a thin free triangular tbocs which
is not of wild representation type. Then given a natural number d, there is a
finite set of full and faithful functors F;: RepB; — Rep A, i =1, ..., 1, such that

(i) each B; = (R;, W%, 8;) is @ minimal triangular tbocs;

(i1) for M € Rep Awith endolM < d, thereisani € {1,...,l}and N € Rep B;
with F;(N) = M;

(iii) foreach i € {1, ..., 1} there is an A(A)-R;-bimodule Y, finitely generated
projective over the right side such that

FiIp, = I4(Y; ®g, —).

Proof. By Proposition (4.9) thereis a functor FX : Rep AX — Rep A, given by
a(d, g1, ..., g)-unravelling such that AX is a free triangular tbocs. Moreover
for M with endolM < d there is a N € Rep AX with FX(N) = M and
endol(N) < endol(M). Since A is not of wild representation type A% is not
of wild representation type. Therefore by [9] or by Theorem 11.1 of [5] there
is a finite set of full and faithful functors G;: RepB; — Rep A% i € {1,...,1}
satisfying conditions (i), (i) and (ii). Then using Lemma (4.4) and the second
part of Remark 4.1 the full and faithful functors F; = FXG;: Rep B; — Rep A,
i€{1,...,1} satisfy (2), (ii) and (ii7). O

Remark (4.11). With the notation of Proposition (4.10) suppose 1z = >_;_; e;
is a decomposition into central primitive orthogonal idempotents. We consider
D(A) = Q°, for M € repA we put dimM = (dimze; M, ..., dimze, M).

Fori =1,...,/, R; is a minimal k-algebra; thus we have a decomposition
of 1g = Zju ) fij with f; ;, 7 = 1,..., s(j) a set of central primitive orthogonal
idempotents.

The functor F;: RepBB; — RepA determines a k-linear map ¢z : D(B;) —
D(A) such that for M € repB; we have dimF;(M) = ¢5,(dimM).

5. A category of morphisms

Let A = (R, W, 6) be a minimal triangular tbocs. Supose 1z = Z;Ll e; is
a decomposition into central primitive orthogonal idempotents in R. Denote
by Ry the k-subalgebra of R generated by all the idempotents e;. Suppose
that for j = ¢t + 1,...,n, ¢;R = kej, witht < n. Thenife = 377, ¢,
eR = Re = eRe = eRye is a semisimple k-algebra.

From the triangularity condition 7.3 of Definition (3.2) we have a filtration
OcWic....cWr=W.

From condition 7'4 there exists W a Ry-subbimodule of W, such that W =
R ®p, W R, B, for a finitely generated Ry-bimodule W.

We consider the following category of radical morphisms M in RepA.

The objects of M are the radical morphisms ¢: X — Y with fX = 0, where

f = 2321 e;. The space of morphisms between two objects ¢: X — Y and
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¢’ X' — Y’ of M is given by the pairs of morphisms u = (u1, us), u1: X — X/,
us:Y — Y’ morphisms in RepA such that usd = ¢'uy.

If v = (v1,v9) is @ morphism from ¢': X’ — Y’ to ¢": X” — Y”, then
vu = (viu1, veug). Observe that if ¢: X — Y is a morphism object of M, then
this morphism has the form ¢ = (0, ¢!). In fact, here fX = 0, so we may
assume X = GB;?:t 1My key; then if ¢° # 0, there is an inclusion o, : ke, — X
and a projection 7,: X — ke, with 7,¢°0,: ke, — ke, not zero, so it is an
isomorphism. But this implies that (7, 0)¢(0, 0) is an isomorphism in Rep A,
which is not the case because ¢ is a radical morphism.

Clearly M is a category. We shall see that this category is equivalent to the
category of representations of a weak triangular tbocs.

We first describe the morphisms in the category M.

Suppose u = (uy, us): ¢ — ¢’ is a morphism in M with ¢ = (0,¢1): X - Y,
¢ =(0,(d)): X' —Y'. Here ug = W, ul), ug = (, ud), usdp = ¢'us.

For w € Wy = W with §(w) = >, w! ® w? we have:

()l + Z(d)')l(w;)u{(wf) = udpt(w) + Z utwhHeplw?).
Forwe W,x e X,
Hrwf)(x) = p'w)(fx) =0, therefore ¢ w) = ¢(we).
In a similar way we have (¢')'(w) = (¢')'(we). Moreover
u(fw)(x) = fuiw)(x) = 0, ut(wf)(x) = ul(fx) =0,

therefore ul(w) = ul(ewe).
Then for w € W with 6(w) = Y, w! ® w?, we have

1) () wen’d — udp(we) = Z utwhoptw?e) — Z(q&’)l(wsle)ui(ewfe).

Now in order to describe the category M in terms of a tbocs we introduce
the following triangular tbocs, B = (S, Wpg, 65), with

R O 0 We W 0
S_(O eRe)’ (WB)O_<0 O)’ (WB)1_<0 eWe>'

For w € W with §(w) = Y, w! ® w? we put
0 we\ 0 w! 0 w?e 0 wle 0 0
66<o 0>XS:(0 0>®(0 0) o 0)%lo e
-y 0 w!®wle—wleewle
h 0 0 )
S
w 0\ [(w! 0 w? 0\ wlow? 0
55(0 0>_(o o)®(o o)‘?( 0 o)’
0 O 0O o 0 O 0 0
o (0 ewe) —Zs<0 ew§e>®<0 ewf.e) _2(0 ewie@ewfe)’
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using the Leibnitz rule one can extend 65 to a differential 65 : TrR(W) — Tr(W).
In order to see that 6% = 0, it is enough to prove that for w € W we have

2 0 we . 2 (W 0 _ 2 0 0 o
53(0 0)=% %Blo o) =% %0 ewe) O

Take w € W with 8w) = 3" w} @ w? and sw}) = > wy; @ wy?, Sw?) =

s,J?
> wzjl ® wz,z. From 6% = 0 we obtain

Zw ®w ®w wa ®w =0.

Taking 6% (8 u(;)e) = (8 g), we have

_ 11 12 2, 1 2,1 2,2 11 1,2 2
u= E we; Hwi @ wse E ws Qg dwgie + E we; wie ® ewse
—E wi@w e®ew e+§ w e®ew e®ew2e
1 2,2
- E wse®ew e®ewsje

Now taking the projections WQrWRrWRrW — WRrWrW g We, given by
w1 RQwaRws — w1 QwsRwze, WRIrWRrWrW — WRrW g WexpreWe
given by w; ® we @ wg — w1 @ wee ® ewse and W Qg W 9 W Qg W —
We @r eWe @ eWe @ eWe given by w1 ® we ® wg — wie ® ewsge ® ewse of (2)
we obtain that u = 0.

In a similar way we obtain the second and third equalities.

PROPOSITION (5.1). With the above notation, B = (S, Wg, 65) is a thin weak
triangular tbocs.

Proof. We have in S the idempotents n = (1(;? g), o = g 2), and

the following decomposition into central primitive orthogonal idempotents
of 1 = > ;em+ > - eo. The k-subalgebra of S generated by all the
idempotents appearing in the above decomposition is

(R, 0
SO_(O eRoe)'

We have filtrations {0} ¢ (Wg)! ¢ (Wg)? C --- C (Wp)® = (Wp);, for

1=0,1, with
i (0 Wie ; wio0
(W) = (0 ) Ws) = ( 0 eWie> ’

Then B satisﬁesA conditions 7.1 and T'3 of Deﬁgition (3.2). Now there is a
Ry-subimodule W of W such that W = R @, W ®p, R. Then we have the

isomorphism eWe = eRe ®.r,. eWe ®.r,. eRe, therefore

A

w 0 w 0
S®S°(0 We>®S°S_<0 eWe)'
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Thus we also have condition 7.4 of Definition (3.2). This proves our result. [

THEOREM (5.2). There exists a functor F: RepB — M which is an equiva-
lence of categories.

Proof. We have A(B) = Ts(Wg)o) = f)? :;;ee .

Take V € RepB; here V is an A(B)-module so V = nV @ ¢V as k-modules.
Here Vo, = 1V is an R-module and V; = ¢V is an eRe-module. The action of
A(B) on V induces a morphism of R-modules ~: We ®.g. V1 — V3. Conversely
if Vi is an eRe-module, V; is an R-module and i : We ®,.g, V1 — V3 a morphism
of R-modules, the triple (V1, Vy; k) determines an A(B)-module V.

We recall we have an isomorphism

: Homr(We ®.g. V1, Vo) — Hompg. .g.(We, Hom(V71, V).

We are now going to define a functor F': Rep5 — M. Consider an object V
in Rep B, given by the triple (V1, Vo; h). We define F(V) = ¢ = (0, ¢1): Vi — V,
with ¢! = y(h)r € Homp.gr(W, Hom,(V1, Vy)), where 7 is the projection of W on
We. Clearly ¢ is a morphism in A which is an object in M.

Take now a morphism z: V — V'’ in RepB, z = (2%, 2z!). Here 20 is a
morphism of S-modules from V to V', then 20 = (2, 29) with 22: V; — V]
a morphism of eRe-modules and zg: V5 — Vj a morphism of R-modules. On
the other hand

0

1. w 0 ’
z: (O eWe) — Hom,(V, V')

is a morphism of S-bimodules, then z! = (2}, z}) with z}: eWe — Hom,(Vy, V)
a morphism of eRe-bimodules and z}: W — Hom,(Vs, V}) a morphism of R-
bimodules. Since z: V — V' is a morphism in RepB we have for all we € We
with §w) = >, wl @ w? and vy € V1, € Vs

0 we\ ofv2)  o(0 we\ (ve 1 0 we)\ (vyg
(0 5)2 ) =20 %)) retoe (5 5) ()

Then we obtain:
Fwe8w)\ o (hwouvr) 1 wl 0 0 wie
( 0 =z o )7 Z #1lo 0/%lo o
(0 wie . 0 0 U2
0 0 0 ew?)|\v1)’
from which we obtain the equality

(@) W) w1) = 25 W) + Y 2w w?)w)

(3)
=) (@) wie)zi(ew?e)vy)).

Since A is a minimal thocs, u1 = (2%, z1p) is a morphism from V; to V| in Rep A,
with p: W — eWe the projection given by p(w) = ewe.

Moreover uy = (29, z}) is a morphism from V; to Vj. Then by (3) and (1)
we have that u = (u, ug) is a morphism from ¢ = F(V) to ¢’ = F(V').
We put F(z) = u. Now it is clear that if F(z) = 0, then z = 0. Thus F is
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a faithful functor, in order to prove that F is also full, take any morphism
u=(uLu): FV)=¢ - F(V') =¢',withV = (V, Vo, h), V' = (V], V3, h'),
¢ = (0, dY), &' = (0, (p"HY), with ¢* = P(h)7, (¢")* = Y(h')r. We have

up =@l ud): Vi = Vi, ug = @, ud): Vo — V5.
Here u) € Homg(Vy, V)),ud € Hompg(Vy, V) and ui: W — Homy(Vy, V7)),
ul: W — Homy(Vs, V) are morphisms of S-bimodules.
We have ul(ewe) = ul(w), then u} = ulp with ul: eWe — Hom,(Vy, V) a
morphism of eRe-bimodules and p: W — eWe given by p(w) = ewe.
From ¢'u; = us¢ we deduce the relation (1) for (¢")!, ¢!, u?, ud and ul.
Consider now the pair of morphisms (°, u!), with

0 ug 0 / ! /
u = 0 uO :V:V1@V2—>V:V1€BV2,
1

1 ul 0
ut = ( 2 1) : W @ eWe — Hom,(V, V).
0 u

Clearly both ©° and ! are morphisms of S-bimodules. Here (1) implies (3)
and (3) implies that the pair z = (1%, u!): V — V' is a morphism in Rep B. We
have that F(z) = u, therefore F is a full and faithful functor.

Finally we prove that F is a dense functor. Then take ¢: V; — Vj an object
in M. Wehave ¢ = (0, ¢1), ' : W — Hom,(V1, V5) a morphism of S-bimodules.
We have ¢'(we) = ¢'(w), thus there exists amorphism ¢' : We — Hom,(V1, Va)
such that ¢! = ¢'r with 7: W — We given by r(w) = we.

Take «,[/_1(91) = h: We®g. V1 — Vg, then V = (V1,Vo,h) € RepB and
F(V)=¢. O

6. Main Results
This section is devoted to the proofs of Theorem (1.1) and Theorem (1.3).

Notation (6.1). In the following, for a projective A-module P we denote by
S(P) the complex with S(P)! = P and S(P)' = 0 fori # 1. For h: P — P’
a morphism of A-modules we denote by S(h): S(P) — S(P’) the morphism of
complexes given by S(h)! = h, S(h) = 0 for i # 1. For n > 1, we consider
the following category M,, of morphisms in C1(Proj A). The objects of M,, are
radical morphisms f: S(P) — X in CL(Proj A) with P an object in Proj A and X
any object in CL(Proj A). The morphisms from f: S(P) — X to f': S(P") — X'
are given by pairs of morphisms u = (uy,us), u1: P — P, us: X — X'
such that usf = f'S(uy). If u = (uq, ug) is a morphism from f: S(P) — X
to f: S(P') - X’ and v = (v1,ve) is a morphism from f’: S(P') — X' to
f": S(P") — X", then vu = (viu1, veus). The identity morphism of the object
f: S(P) — X is given by the pair (idp, idx).

PROPOSITION (6.2). There is a functor G: M,, — CL_.(ProjA) which is an

equivalence of categories.

Proof. Take f: S(P) — X an object in M,,. We have the morphism f1: P —
X1, f is a radical morphism, thus Imf! C radX?'; moreover f is a morphism
of complexes, so we have dkf! = f2d} = 0. Therefore we have the complex
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G(f) in C._,(Proj A) given by G(F)" = 0 for i outside the set {1,...,n + 1},
G =P,G(f "t =X fori=1,...,n,dfp = f1,dgf = difori=1,...,n.

Now if u = (u1, ug) is a morphism from f: S(P) — X to f': S(P’) — X', we
define G(u) in the following way: G(u)' = 0 for i outside the set {1,...,n + 1},
Gw?' = u1: G = P — G(f")' = P, Gw'! = u: G = X' —
G(f ¥t =X)fori=1,...,n.

We have dé;(f)G(u)1 = (f'uy = w)'f’ = G(u)zdé(f). Fori=1,...,n we
have dg; 1, G = di,uhy = uy'dy = G 2dg ;. From here we conclude
that G(w): G(f) — G(f') is a morphism of complexes, so G(idy) = idg(s). Now
if v is a morphism from f’: S(P’) — X' to f": S(P") — X", G(v)G(u) = G(vu).
Clearly G is a full, faithful dense functor. O

Definition (6.3). Take X € Cn(ProjA). Then Ex = Endc,prj)(X) acts by
the left on each X’. We say that X has finite endolength if each X * has finite
length as Ex-left module. We define endol(X) =, lengthy X*.

Now suppose Pi, ..., P, is a representative system of the isomorphism
classes of the indecomposable projective A-modules. For H a A-module we
put dimH = (dim,Hom(P;, M), ..., dimHom(P,,, M)).

For the category Cy(projA) we consider c¢(Cy(projA)) = Q™. For X €
Ca(proj A), we put ¢(X) = (dim(X; /radX1);. ..;dim(X, /radX,)).

Ifa = (ai,j)lgign,lgjgm € c(Cyn(proj A)) we put ‘Q‘ = Zlgign,lgjgm |ai,j|~

Definition (6.4). Let C be a k-category and E a k-algebra, a C-E-object is
an object M € C endowed with a homomorphism of k-algebras ap: E —
Endc(M)°P. If M and N are C-E-objects, a morphism of C-E-objects from M
to N is a morphism f: M — N in C such that for all r € E, fap(r) = an(r)f.
If F: C — D is a functor and M is a C-E-object, then F(M) is a D-E-object,

taking aps) the composition E 2 Ende(M)oP EN Endp(F(M))°P. Clearly if
f: M — N is a morphism of C-E-objects, F(f): F(M) — F(N) is a morphism
of D-E-objects.

Example 1.

A C,(Proj A)-E-object is a complex X € C,(ProjA) such that each X’ is a
A-E-bimodule and for all i € Z, d% is a morphism of A-E-bimodules. If X,Y
are C,(Proj A)-E-objects, a morphism of complexes f: X — Y is a morphism
of Cn(Proj A)-E-objects if each f*: X’ — Y is a morphism of A-E-bimodules.

Example 2.

Let B and C be full subcategories of a category D. Denote by M the category
of morphisms f: X — Y in D with X € B,Y € C. Thenf: X — Y isa
M-E-object if f is a morphism of D-E-objects. Clearly u = (uy, u2): (f: X —
Y) — (f': X’ — Y’) is a morphism of M-E-objects if and only if u; and ug are
morphisms of D-E-objects.
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Example 3.

Let A = (R, W, ) be a tbocs. We say that M is an A-E-bimodule if it is a
RepA-E-object. Then for x € E we have ay(x) = (ay(x)?, ap(x)!). The A-E-
bimodule M is said to be proper if for all x € E, ap(x)! = 0. In this case M
is an R-E-bimodule with mx = ay(x)°(m). Moreover for ¢ € A(A),m € M,
(am)x = ay(x)’(am) = aay(x)°(m) = a(mx), consequently M is an A(A)-
E-bimodule. Clearly if M is an A(A)-E-bimodule then M is a proper A-E-
bimodule.

If f = (f°% f1): M — N is a morphism in Rep.A with M and N proper
A — E-bimodules, then f is a morphism of A-E-bimodules if and only if £ is a
morphism of R-E-bimodules and for allv € V(A), f1(v): M — N is a morphism
of right E-modules.

THEOREM (6.5). Assume CL(proj A) is not of wild representation type. Then
given a natural number d, there is a finite set of full and faithful functors
F;: RepB; — CL(ProjA), i =1,...,1, such that

G fori=1,...,1 B; = (R;, W, 8;) is a minimal triangular tbocs;

(i) for i = 1,..., 1 there are complexes Y; with Y; A-R; bimodules projective
from both sides and finitely generated over the right side with F;(N) =Y ®g, N;

(iii) for any X € CL(ProjA) with endol(X) < d, or |c(X)| < d, there is an
i€{l,...,l} and a N € RepBB; with F;(N) = X;

(iv) for each t € {1, ..., [} there is a linear transformation tg,: D(A;) — Q™
such that for all N € repA;, c(Fi(N)) = tr(dimN).

Proof. We prove our claim by induction on n. First we consider the case
n = 1. Clearly C1(Proj A) = Proj A.

Take the thocstf = (A, 0, 0), then Replf = Mod A. Consider X = P1®- - -®P,,
where P, ..., P, is a representative system of the isomorphism classes of
the indecomposable projective A-module. Here End(X)°? = S ¢ J, with
J = radEnd,(X)°?. We have the tbocs UX = (S, W,5), where W, = 0,
Wi = J* = Homg(Jg, S) and 8 is the extension to Tg(W), using Leibnitz
rule, of the comultiplication J* — J* ®g J*. There is a full and faithful
functor FX: RepYX — ModA. For M € RepUX, FX(M) = A ®5 M. The
full and faithful functor FX induces an equivalence FX: RepiX — Proj A =
Cl(Proj A). Since kis an algebraically closed field, then S = kx- - - x k, therefore
UX is a minimal tbocs, thus we have (i). Here X is a A-S-bimodule projective
finitely generated on both sides, thus we have (ii). Moreover FX: RepU/X —
Proj A is an equivalence and then we have (ii7).

Take now ¢px : DUX) = Q™ — Q™ given by the diagonal matrix with diago-
nal elements, dim,(P; /radP;), dim;(Py/radPy), .. ., dim,(P,, /radP,,), then we
have (iv).

Assume now our result proved for n; we will prove it for n + 1. We are as-
suming that CL +1(Proj A) is not of wild representation type, and this implies
that CL(Proj A) is not of wild representation type, so by the induction hypoth-
esis fori = 1,..., [ there are full and faithful functors F;: Rep.A; — CL(Proj A)
with A; = (R;, W, §;) minimal tbocses and complexes Y; of A(A))-R;-bimodules
finitely generated projectives over the right side such that Y/ = 0 for j out-
side the set {1,...,n} and F;(N) 2 Y; ®g, N. Moreover if X € C,(ProjA) and
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endol(X) < d’, or |¢(X)| < d, there is an N € RepA; for some i € {1,...,[}
with F;(N) = X.

By (iv) the functors F;: Rep.A; — CL(Proj A) induce linear transformations
tp.: D(A;) — Q™", such that for N € rep A;, c(F;(N)) = tp,(dimN).

Take P an indecomposable projective A-module and suppose Z(P, i) € Rep.A;
is such that F;(Z(P, 1)) = S(P). Then tp(dimZ(P, 7)) = (dim(P/radP);0;...;0).
Take f; ; the only primitive central idempotent of R; such that f; ;Z(P, i) # 0.
Thenif R;f; jisnot k, there are infinitely many non-isomorphic indecomposable
objects T in Rep.A4; such that dim7s = dimZ(P, 7). But then applying F; this
implies that there are infinitely many non-isomorphic indecomposable objects
F;(T;) in C,(Proj A) with dimF;(Ts) = (dimP;0;...;0), which is not possible.
Therefore Rif; ; = k. Take now the sum f; of all possible f; ; as before. Then
R;f; is a semisimple k-algebra.

Now fori € {1, ..., [} take N; the category of radical morphisms u: Zy — Z;
in RepA; with f;Zy = Zs. By Theorem (5.2) there is an equivalence of k-
categories G;: RepB; — N, with B; = (S;, Wg, 65,) a thin weak triangular
tbocs.

Now consider the category M,, of Definition (6.4). The functor F;: RepA; —
Cl(ProjA) induces a full and faithful functor F;: N; — M,, Fiu: Z, —
Z1) = F;(uw): Fi(Zy) — F;y(Z;). Thus we have the full and faithful functor
GF;: N; — Cl 1(ProjA). Therefore N; is not of wild representation type,
which implies that B; is not of wild representation type for 1 < i < /. Then by
Proposition (4.10) there are full and faithful functors F; ;: Rep.A; ; — RepB; for
J€{1,...,Il@} with A; ; = (S, j, W; j, §; ;) a minimal triangular tbocs such that
for all M € RepB; with endol(M) < d or |[dimM| < d thereis a N € RepA;;
for some j € {1,...,1()} with F; j(N) = M.

We have the following full and faithful functors:

Rep A;; ~ Rep B %= N; 1 M, % €L, (Proj A).

We have the proper A; ;-S; j-bimodule F; ;(S; ;) = V; ;. Then V;; is an A(A; ;)-
S;, j-bimodule. We recall that

(R Wif;
A(Bi)<0 fiRifL)’

Vij = (V},VZ;hij) with V!, and V?; R;-S; -bimodules finitely generated
projectives over the right side. The morphism &; ;: Wif; ®p, ij — ng is a
morphism of R;-S; j-bimodules. Then V}!; and V7, are proper A;-S; ;-bimodules
and ¢; ; = (0, ¢} ): V!, — V2, with ¢} ,(w)(x) = h; j(wfi@x) forw € W', x € V7.
Since A, ; is a morphism of R;-S; j-bimodules, then ¢; ; is a morphism of A;-S; ;-
bimodules.

By definition Gi(Vi)j) = (,‘bi’ji Vi’lj — ij,
Y; QR; ij

Now fiVi’lj = Vi,lj, then (Y; ®, ng)l =Y! @g, Vi’lj and (Y; ®g,, Vi’lj)s = 0 for
s#1,(Y;®p, VE‘J-)S =Y ®g ij for s € Z, Fi(h; )' = u; j, Fi(h; ;)* = 0fors # 1.

Fi(Gy(V; ) = Fi(¢i,j) x Y@, VL —
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For Z = GIA?'iGiFi,j(Ri)j) we have Z* = 0 for s outside the set {1,...,n + 1},
Z' = Y! op Vijlj, Z? =Yl op ij yeers 2™ =Y ®p ij; and d}, =
uj, dj= d;;l ®@lforse{2,...,n+1}.

For M € Rep A;; we have GF\G;F; (M) = Z @5, M.

We shall see that the functors H; ; = Gﬁ’iGiFi, j:RepA;; — cl +1(ProjA)
satisfy the conditions (i), (i7), (ii7) and (iv). Here A; ; is a minimal triangular
tbocs, thus we have (i). Now for Z we have that for s € [1,n + 1], Z® is a
A-S; j-bimodule projective on both sides and finitely generated over the right
side, and for M € Rep A, ;, H; (M) = Z ®g,; M, thus we have (i7).

For proving (iii) take X € C} +1(ProjA) with endol(X) < d. Then by
Proposition (6.2), X = G(X, = X;) with Xo = S(P), X; € CL(Proj A).
Consider E = Endc, pra)(X)°P, X1 and X are C,(ProjA)-E-objects and
endol(X) = length; X; + length; Xo.

Moreover endol(X;) < length;X; and endol(Xy) < length;Xs. Therefore
endol(X; ® X5) < endol(X;) + endol(Xs) < d. Then there is an i and N1, Ny €
Rep A; such that F;(N;) =2 X4, F;(Ng) = X,. Since F; is a full functor, there
is a morphism v = (0,v'): N; — Ny such that F(v) is isomorphic tAo u. The
morphism v is an object of N;. Clearly v is an N;-E-bimodule with F;(v) = wu.
Since G; is an equivalence there is a N € B; with G;(N) = v. We may
assume N = (N1, No; h), then endol(N) < endol(N7)+endol(Ny) = endol(X1)+
endol(Xy) < d. Then thereis a j and an object M € Rep B, ; with F; ;(M) = N,
therefore H; ;(M) = X. In case c¢(X) < d one proceeds in a similar way, proving
(i7).

Finally for proving (iv), observe that

D(B;) = D(A;) ® D(A,);

denote by 7s: D(BB;) — D(A;) the corresponding projection for s = 1, 2. If V is
an object in repf3;, given by the triple (V1, Vo; k), then dimV = (dimV7, dimV5s).
Then for N € rep A, ;, we have

C(Hi,j(N)) = (tFLﬂTltFij (dimN); 0) + (0; tpl.772tpij(dimN)) .

Consequently, there is a linear transformation ¢y, : D(A; ;) — Qm+bm guch
that for all N € repA; ;
c(H; j(N)) = tg, (dimN).
The above proves (iv). O

Proof of Theorem (1.1). Suppose Cp(projA) is not of wild representation
type, so CL (proj A) is not of wild representation type. Given a natural number
d if for some X € C,ln(proj A), dim, X < d, then |c¢(X)| < d. By Theorem (6.5),
given a non negative integer d, there is a finite set of full and faithful functors
F;: RepB; — CL(ProjA), i = 1,...,1 with conditions (i), (i7), (izi) and (iv).
Using the notation of Theorem (6.5), for i € {1, ..., [} we consider T; the set of
central primitive idempotents f; ; in R; with f; ;R; # kf; ;. For each f; ; € T; we
have Yf;; € CL(ProjA). Each Y“f; ; is a A-R;f; ;-bimodule finitely generated
projective as a right R;f; ;-module. Since R;f; ; is a rational k-algebra, Y*f; ;
is free of finite rank as R;f; j-module. Thus for almost all isomorphism classes
[X] of indecomposable objects in Cy,(proj A) with dim; X < d, we may assume
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X € CL (proj A). Therefore for almost all such [X]we have X = Y;®p, £, S(A) for
some A € kand f; ; € T;. This proves that Cy,(proj A) is of tame representation
type. O

Now we recall that if Y — E — X is an almost split sequence in Cp,(proj A),
then Y = A(X). Here A(X) = F(Q) with @ € C=™P(proj A) quasi-isomorphic
to r=mp(X)[-11.

We need the following.

LEMMA (6.6). There is a constant c¢(A) depending only on the algebra A such
that for any Y € CL (proj A), dim, A(Y) < ¢(A)dim;Y.

Proof. Take L = dim;A, and the Nakayama functor v: proj A — injA. We
recall that if 1 = }"" | ¢; is a decomposition of the identity of A into primitive
orthogonal idempotents, then v(Ae;) = D(e;A). Therefore if P = @;n;Ae;,
then v(P) = @;n;D(e;A). Thus dimv(P) = >, n;dim;D(e;A) < >, n;L <
L(}", n;dim;Ae;) = Ldim, P. If W = (W, d{,V) is a complex of finitely generated
projective A- modules then »(W) = W(W?), »(di;)). If in addition W is a finite
complex, dim;v(W) = ", dim;»(W?) < Ldim,W.

Now choose a quasi-isomorphism q: Z — 7="(w(X)[—1]), with Z = (Z%, d)
such that Imd}, C radZ**1.

We have dim,H/(Z) = dim, H/(r<"X[-1]) < Ldim;X. Now A(X) = F(Z)
in CL (proj A), thus dim; A(X) < ¢(A)dim;X with ¢(A) = L(mL + (m — 1)L? +
... 4 2L™=1 4 ™). This proves our claim. O

The following result implies Theorem (1.3).

THEOREM (6.7). Assume that CL (proj A) is not of wild representation type.
Then given a natural number d, for almost all indecomposable object, X €
CL (proj A) with dim; X < d there is an almost split £-sequence

X —-FE— X.

Proof. We may assume X is not £-projective so by Theorem 8.5 of [3], there
is an almost split £-sequence

AX)—-E—-X

in CL (proj A).

Given a natural number d, we take d’ = 2(1+c(A))d. By Theorem (6.5) there
is a finite number of full and faithful functors F;: Rep3; — CL (ProjA) with
B; = (R;, Wi, §;) minimal triangular tbocses such that for any Y € CL (Proj A)
with dim,Y < d’ there is a W € Rep B; with F;(W) = Y. Consider now the
family S of objects in CL (proj A) which are isomorphic to some F(f;R;) with
fs central primitive idempotent of R; such that f;R; = k. In the above family
there is only a finite number of isomorphism classes.

Take now an indecomposable object X € CL (proj A) which is not in S with
dim;X < d. Suppose moreover that X is not £-projective. Then there is an
almost split £-sequence

(@):  Y—FE—X
here, dim,(X ® E®Y) < d’, so thereisa U € RepB; with F;(U) = (X & E ®
Y). Therefore there are objects N, M, W in Rep B; with F;(M) = X, F;(N) =
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Y, F;(W) = E. Since F; is full and faithful, thus there is an almost split
sequence N — W — M whose image is isomorphic to (a). Here M is not
isomorphic to some fsR; with f; central primitive idempotent of R; such that
fsR; = k thus N = M which implies that X =Y. O

7. Generic Complexes

Here we consider generic complexes in the sense of section 5 of [18]. For
a derived tame algebra A we shall see the relations between one-parameter
families of objects in D®(A) and generic complexes in D?(Mod A).

Definition (7.1). A complex X € D?(Mod A) is called endofinite if H'(X) has
finite length as E(X) = Endpspeq 4)(X)-module for all i € Z.
An endofinite complex X is called generic if it is indecomposable and it is not
isomorphicin D?(Mod A) to a bounded complex of finitely generated A-modules.
The homology endolength of an endofinite object X of D®(Mod A) is defined
as
hendolX = (length gy, H'(X))icz.

Definition (7.2). An infinite family F of pairwise non-isomorphic indecom-
posable objects in D?(A), (respectively in Cy(mod A)) is a called one-parameter
family if there is a rational k-algebra R and a bounded complex X of A-
R-bimodules (respectively X a Cp(Proj A)-R-bimodule ) with each X' free
of finite rank over R, such for any M < F, there is a A € S(R) with
M = X ®p klx]/(x — A), and for any A € S(R) there is a M € F with
M = X ®p klx]/(x — A). We say that F is parametrized by Y.

If 71 and F; are two one-parameter families of complexes in C,(mod A) the
set F1,2 of those X € 77 such that thereisaY € Fp with X 2 Y is either finite
or cofinite in F;. The relation between the one-parameter families defined by
F1 ~ Fy if the set F1 9 is infinite is an equivalence relation. We say that 7 is
equivalent to Fp if F; ~ Fs.

Definition (7.3). If X is abounded complex of A-£(x)-bimodules, a realization
of X is a bounded complex of A-R-bimodules Y, with R a rational k-algebra
such that X =Y ®z k(x) in the category D?(Mod A).

THEOREM (7.4). Let A be a derived tame k-algebra, with k an algebraically
closed field. Suppose X is a generic complex in D°(Mod A). Then

(1) X is isomorphic to a bounded complex of finitely generated projective A-
k(x)-bimodules P; moreover hendolX = (dimy, H(P));

(i1) there is a rational k-algebra R and a complex Y of A-R-bimodules free of
finite rank over R such that Y @r k(x) = X in D*(Mod A) and Y @ — : mod R —
Db(mod A) preserves indecomposables and isomorphism classes.

Moreover, if F is a one-parameter family of indecomposable objects in the
category DP(mod A), then there is a generic complex X € D’ (Mod A) and a
realization Y of X such that F is equivalent to the one-parameter family
{Y ®g R/((x — M)")rcs} for some n.

Proof. We may assume that for (h;) = hendolX*® we have h; = 0 for i < 2
and i > m, hy # 0. Take now P € K<™P(Proj A) quasi-isomorphic to X. Then
Hi(P) = 0fori < 2. We have F(P)is indecomposable in CL (Proj A), with F the
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functor given after Lemma (2.2). Now F(P) = @ = (', dé) is a complex such
that each @' has finite length as Endg(Q@)-module, so @ has endofinite length d.
Since we have an equivalence F': £,, — C(Mod A), @ is a generic object. By
Theorem (6.5) there is a full and faithful functor G: Rep B — C}I(Proj A) with
B = (S, W, 6) a minimal triangular tbocs and G(M) = @ for some M € Rep B.
Thus M is a genericobject in Rep 5, then there is a central primitive idempotent
f € S such that M = k(x)f.

By (i7) of Theorem (6.5) there is a complex Z of A-S-bimodules projective from
both sides and finitely generated over the right side such that for all N € Rep B,
F(N) = Z ®s N, thus @ = Z ®g fk(x) = Zf ®ssr k(x). Here R = fSf is a
rational k-algebra and Y = Zf is complex of projective right R-modules, so Y
is a complex of free finitely generated right R-modules. Our complex Y satisfies
the hypothesis of Corollary (2.8), therefore since @ = Y ®p k(x), the morphism
dy: Q' — @ is a monomorphism. But dp: P! — P? = dj: Q' — @, so
d} is a monomorphism. But H(P) = 0, so d% = 0, but this implies that
PJ =0 for j < 0, consequently P = . We have that the radical of Endz(M) is
nilpotent and End(M)/radEnds(M) = k(x), thus for Ep = Endc,, proj a)(P) We
have Ep/radEp = k(x). From this we obtain (7). Since G is a full and faithful
functor, we obtain (iz).

For the last statement of our theorem suppose that F is a one-parameter
family in D?(A). We may assume that there is a fixed h = (k;) such that for
all X € F, hdimX = h. We may assume that F C CL (proj A) and there is a
fixed d such that dim;X < d for all X € F. By Theorem (6.5) there are full
and faithful functors F;: Rep B; — CL (projA) with B; = (R;, W;, §;) minimal
tbocses such that for all Z € CL (proj A) with dim,Z < d thereis a N € Rep B;
with F;(N) = Z. Therefore almost all isomorphism classes of indecomposable
objects Z € CL (proj A) with dim;Z < d are in one-parameter families of the
form {Y;f; jR; ®r, Ri/((x — M)} esr,)- Thus F is equivalent to one of these
families, proving our result. O
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NON-FINITESESS OF TWISTED NILS

RAFAEL RAMOS

ABSTRACT. We prove that the twisted Nils NK{(R) are infinitely generated,
when non-trivial, for any ring R and any ring automorphism «: R — R that
is of finite order.

Introduction

Let R be a ring with 1. Let G be a discrete group. Then the Isomorphism
Conjecture [3] states that the K theory of the ring RG should be computed from
the K theory of the family of virtually cyclic subgroups of G. A group I is called
virtually cyclic if T is either finite or I' contains an infinite cyclic group of finite
index. It is known that the infinite virtually cyclic groups are of two types [8]

(1) r~GxT
where G is a finite group and T' = Z or
(2) = GO *Ir Gq

where Gy, G1 and H are finite groups and |Gy : H| =2 = |G1: H|.
If we consider the case (1), I’ = G x T, we have that

RI' = RG,IT].

So we must study K1(RG,[T1]).
On other hand, Farrell and Hsiang [2] proved that

Wh(G %, T)~ X & NKXZG) & NK* (ZG)

where Wh denotes the Whitehead group. In general the groups NK;(ZG),
NK${(ZG) are very difficult to calculate. We specialize in NK{ and we give a
characterization when G is a finite group.

Our main result, which was also independently proven by Grunewald [6],
is the following:

THEOREM. Let R be any ring with 1. Let a: R — R be any ring automor-
phism of finite order. Then the twisted Nils NK{(R) are infinitely generated,
when non-trivial.

As a corollary we get

COROLLARY. Let R = ZG where G is a finite group. Let a: G — G be any
group automorphism. If NK{(R) # 0then the Nil groups NK{(R) are infinitely
generated.

2000 Mathematics Subject Classification: 19D35, 19B28.
Keywords and phrases: K-theory, twisted Nil groups.
Partially supported by CONACYT and PAPIIT-UNAM research grants.
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The case a = id was proved by Farrell [1] for any ring R with 1. Even
though we follow the ideas of Farrell in the twisted case (o # id) there are
some complications and we could not obtain a direct reproduction of the proof
for the nontwisted case (a = id) given by Farrell.

I thank the referees for helpful comments that improved the exposition of
this work.

1. Preliminaries

Throughout this paper we use the following definitions, notation and results.
Let R be a ring with 1 and G a group.

e RG denotes the group ring of G with R coefficients.

e M,(R) denotes the set of n x n matrices over the ring R.

e M(m, n, R) denotes the set of m x n matrices over the ring R.

Definition (1.1). Let a: G — G be a group automorphism. In this paper «
also denotes the automorphism induced in RG defined by

) rgg)=> realg) ryc€R geG.
geG geG

Definition (1.2). Leta: R — R be aring automorphism. We define the ring
R,[t] as follows: additively, R,[¢] = R[] and multiplicatively by the condition

(rt')(st)) = ra i)t r,s€R.

Observation (1.3). Note that we have a ring automorphism in R,[#] induced
by a ring automorphism «: R — R; this automorphism is also denoted by «
and is defined by the condition

a(rt’) = a(r)t!, wherer € R.
Note that we use « for three different automorphisms.

Definition (1.4). Let GL,(R) be the group of invertible matrices over R.
Consider the directed system of groups given by the monomorphism of groups

GL(R) — GLy1(R), A (/g ‘;)

and define
GL(R) = colim GL,(R).

This means that in definition (1.4) we embed GL,(R) in GL,,.1(R) and then
we can think of GL(R) as an infinite union of the sets GL,(R) where each
matrix in GL(R) has finite size. Note that GL(R) is a group.

Definition (1.5). Let a € R, i # j. We define the matrix e;;(a) € GL,(R) for
1 # J,1<1i,j < n as the matrix with only ones on the diagonal, the element
a in the (i, j)-slot, and zeros elsewhere. We call these matrices elementary
matrices.

Definition (1.6). We denote by E,(R) the subgroup of GL, (R) generated by
the set of elementary matrices. We denote by E(R) as colim E,(R). We call

n—oo

E(R) the group of elementary matrices.
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Definition (1.7). Let R be a ring with 1. Define K;(R) as
GL(R)q = GL(R)/E(R).

Definition (1.8). Let R,[t] < R the augmentation defined by the condition
€(t) = 0 and let «: R — R be a ring automorphism. We define

NK{(R) = Kernel ( K1(R,[t]) <> Ki(R) ).

Definition (1.9). Let P be a category with exact sequences and small skeleton
Po. We define Ky(P) to be the free abelian group generated by the set Ob(P)
modulo the following relations:

(i) [P] = [P’] if there is an isomorphism P =, PinP.
(i1) [P] = [P1] + [P.] if there is a short exact sequence

0O—P —P—P,—0
in P.

2. Non-finiteness of twisted NILS

Definition (2.1). Let a: R — R be a ring automorphism and M;, My be
right R—modules. An additive function f: M; — My is called a-linear if
f(mr) = f(m)a(r)Vm € M,Vr € R.

Let a € M(m,n, R), and let V, V' be right free R-modules with ordered
bases e = (e, ...,e,) and e’ = (e}, ..., e},). Then the a-linear homomorphism
f:V — V' associated to a with respect to e and ¢’ is defined by the formula

f(z eiri) = Z ejaﬁa(ri)
i=1

ISR, 1>

where r; € R.
In terms of the canonical basis for V =V’ = R™:

a(ry)
QDa(rl,---:rn):a N
a(rn)
Let f/ be a o'-linear homomorphism from V' to a third free R-module V"

corresponding to a’ € M(k, m, R) with respect to ¢ and to an ordered basis
e’ =(ef,...,e)) for V",

LEMMA (2.2). f'f is the &' a-linear homomorphism corresponding to a’d'(a)
with respect to e and €.

Proof. [2], lemma 1. O

Note: The following lemma is a direct generalization of [7], lemma 3.2.21.

LEMMA (2.3). Let B € GL(R,[t]). Then B can be reduced modulo GL(R) and
E(R,[t]) to a matrix of the form I + At where A is a matrix with entries in R
such that the a~'-linear homomorphism associated to A, ¢4 is nilpotent, i.e.,
Ir € N such that 4" = 0.
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Proof. Let B € GL(R,[t]). Then B = By + Byt + - - - + Byt? for some d and
B; € M(R) for all i. If we can reduce B to a matrix of degree zero, the lemma
is trivial. Using induction it is always possible to reduce B to a matrix in
GL(R,[t]) of degree d < 1. That means we can assume that B = I + At, so
B lisofthe form B~ = Cy+ Cit +--- + C,t", C; € M(R).

Now, using the following facts: I = (I + At)(Cy + Cit + --- + Ct") and
AtC; = Aa~Y(C;)t we conclude that

0=Aa Y A)a %A -a"(A) = Aa N Aa(Aa"(... Aa"1(A))))

r—times

This means that the a~!-linear homomorphism associated to A, ¢4 : R* —
R" is such that ¢4 = 0 by lemma 2.2. O

The following result is well known ([5], theorem 2.1.c.)

THEOREM (2.4). Let R be a ring with 1. Let Nil,(R) be the category whose
objects are pairs (R", ¢) with n € NU{0}, and let ¢: R* — R" be an a~!-linear
nilpotent endomorphism of right R-modules whose morphisms are defined as
follows:

Given two objects (R", ¢1), (R", ¢2) a morphism between them is an R-linear
homomorphism g: R" — R™ of right R-modules such that the diagram

R $1 R

¢ ¢
R™ $2 R™
commutes.

Note that Nil,(R) is a category with exact sequences and small skeleton. We

denote by E)(Nila(R)) the reduced K-theory of Ko(Nil,(R)).
Then
(a) K1(Ro[t]) = Ki(R) @ NK{(R)

(b) NK2(R) = Ko(Nil,—1(R)). m

Observation (2.5). Let n € N and p(¢) € R,[t]. It is always possible to
complete p(#) with zeros and assume that it is of the form p(¢) = Zf’fo a;t! for
some k& € NU {0}. Furthermore p(¢) can be written as the following sum:

k-1 k—1 k—1
&) = aint™ + apt™ + O i at™t + -+ O Ginsuopt™t" L O
=0 i=0 i=0

Using observation 2.5 we prove the following.

LEMMA (2.6). Let n € N. Then R,[t]is a free left R,[t"]-module with rank
n, i.e., we have an isomorphism of left R,[t"]-modules

©: Rolt] = R [t"1® - -- & Rlt"]

n—times

A basis in R,[t]is given by 1, t, t2, ..., t"" L O
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Let ¢, : R,[t"] — R,[t] be the inclusion. Then we have the induced homo-
morphism (¢,), : K1(R,[t"]) — K1(R,[t]). We now define a transfer homomor-
phism ¢} : K1(R,[t]) — Ki(R,[t"]). First we define a group homomorphism
i GLy(R,[t]) — GL(R,[t"]) as follows:

Definition (2.7). Let B € GL,(R,[t]). Then we define ¢}(B) = B where B is
the matrix associated to the following composition with respect to the canonical
basis

(Rolt™ @ - -- @ Rolt")” L0 (R 22 R - (Rolt™] @ - - @ Ralt™])

1 1

where (¢71) = ¢ 1 x -+ x ¢! r-times, ¢" = ¢ x --- X ¢ r-times and ¢ is the

isomorphism of lemma (2.6).
Using definition (2.7) we get the following two lemmas:

LEMMA (2.8). ¢ : GL.(R,[t]) — GL.(R,[t"])is a group homomorphism and

U Ki(Ry[t]) — Ki(R,[t"]) is well defined. O
LEMMA (2.9). Let B € GL(R,[t"]). Then ¢ 0(1,),((B]) = [B&a Y (B)®---@®
OF(”*D(B)]. O

Using lemma (2.3) we prove

LEMMA (2.10). Let x € NK{(R) be fixed. Hence by lemma (2.3), x = [I + Nt]
with N € M.(R) for some r € N and ¢y = 0 for some n € N. Then (a)
i ([I + Nt]) = M where M is the following block matrix,

1 N e 0 0
0 1 o Y(N) - 0
M =
0 0 1 a~"=2(N)
a~ DN 0 e 0 1

(b) Let A be the block matrix strictly lower-triangular (and therefore elemen-
tary) given by

1 N > 0 0
0 1 o N 0

A=
0 0 1 a~"=2(N)
0 0 o 0 1

Then MA~1 is strictly lower-triangular and therefore elementary.
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Proof. (a) It follows from a direct calculation using definition (2.7).

(b) Let N, B be the matrices of n blocks

0 N 0 0
0 0 al(N) - 0
N =
0 0 0 a*(n72)(N)
0 0 0 0
0 0 0 0
0 0 0 0
B =
0 0 0 0
a~ DNyt 0 .- 0 0

Note that N* =0, A =1+ Nand M =1+ N + B. Since A = I + N then
A'=T-N+4+ N?+... +(=1)""IN" 1. Hence we get

MA'=I+N+B(I-N+N?+.. (- IN"
=I+BI-BN+BN?+...+ (-1 'BN" 1.

After some calculations we get

1 0 O 0
0 1 O 0
MA-1=-]0 0 1 0
ar az az -+ QA
where
a; = a*(nfl)(N)tn
a5 = —a~ V(NN
az = a " D(N)"Na~ 1 (N)
an=1+1D""1b
and where

b=a " DN)'Na Y(N)---a " 2(N).
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But
b=a " DN NoYN)---a " D(N)
— a " V(N (N)a~" DN - . . q~+Hn=D) yn
=a " V(Na ' (N)a 2(N)---a~""P(N)) = 0.
Therefore MA~! is is strictly lower-triangular. O

From lemma (2.10), it follows that ¢([I + Nt]) = [M] = [MA~1][A] = O for
N such that ¢}, = 0. Using this fact we prove the following.

ProPOSITION (2.11). If NK{(R) is finitely generated then there exists an in-
teger ng such that v;, = 0 in NK{(R) Vn > n. O

Definition (2.12). Let R be a ring with 1. Let a: R — R be a ring auto-
morphism. Let M be a right R-module. Then we define (M) as the right
R-module such that additively a(M) = M. Scalar multiplication is defined by
mxr =mao(r)Vm € M,Vr € R.

LEMMA (2.13). We have a commutative diagram

a{(R") —#— o YRM

Rn Pa(A) Rn
Proof. Let ¢ be the composition defined by the following diagram,

a 'R —*— a (R")

alg gla
rm ' R
Note that & ': R* —~— o~ {(R") with
r a~(ry)
—
o o)
and a: o 1(R") ——— R" with

r1 alry)

'n alry,)
are R-linear isomorphisms and ¢,: R* — R" is an a~!-linear homomor-

phism. (Note that ¢, thought of as ¢4: o '(R®) — o (R") is also an o~ !-
linear homomorphism). Further, ¢4 : a }(R") — a~(R") is such that

ri ri a l(ry)
— Aa~! 1 =A

n 'n a_l(rn)
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Thus ao @ oa™!

r1 a~(ry) a~2(ry)
= apyp =alA :
n a=t(ry) a=2(ry)
a~2(ry) r1
= a(A)a = a(A)a !
a~2(ry) Tn

Therefore the matrix associated to the composition y = a0 ¢4 0 a~ ! is a(A),
which means ¢ = @, 4)- O

Using lemma (2.13), theorem (2.4) (b), and proposition 10, page 202, [2], we
obtain the following result:

LEMMA (2.14). Let R be a ring with 1. Then (NK{(R))*- = NK{(R).
Proof. The following diagram commutes,

Ky(Nil, +(R)) —— NK{R)

| I

Ko(Nil,-+«(R) —— NKR)

[(R", )] = L [I+Af

—1 .
| |
[(a 1 (R™), )] = [(R", pua))] —— [I + a(A)]
where the equality in the last diagram is given by lemma 2.13. Now by [2],
proposition 10, page 202 we have that
(Ko(Nil,-1(R)* = Ko(Nil,-1(R).
Therefore a.([I + At]) = [I + At]in NK{}(R). O

Note: Farrell [1] proved that theorem (2.15) is true for any ring R with 1 in
the case a =Id.

THEOREM (2.15). Let R any ring with 1. Let a: R — R be any ring auto-
morphism of finite order. Then the twisted Nils NK{(R) are infinitely generated,
when non-trivial.

Proof. Assume that NK{(R) # 0 and that NK{(R) is finitely generated. By
proposition (2.11) there exists an integer ng such that o = 0 in NK{(R) Vn >
no.

Since a: R — R is of finite order, 3 mq # 0 such that o’ =id = o™ =
idV k € NU{0}. Then we have an isomorphism of rings

Ro[t] = R g1 [t] = Ro[t* 1V k € NU {0}.
Now we use the following theorem of Dirichlet ([9], theorem 4.5):
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THEOREM. Let a, b € Z such that (a, b) = 1. Then {a + kb};°, contains an
infinite number of primes. O

Therefore {km( + 1}32, contains a infinite number of primes.

Since we assumed that NK{(R) # 0 and as an abelian group it is finitely
generated, given any prime p such that p does not appear in the decomposition
of NK{(R) (this decomposition given by the Fundamental theorem of finitely
generated abelian groups [4], theorem 9.3, page 92.) we have that multiplica-
tion by p is injective in NK{(R). (With exception of a finite number of primes,
all other primes have this property). Then there is a prime p with the following
properties:

o The multiplication by p, p(): NK{(R) — NK{(R) is injective.
e p = kmgy + 1 for some % € N.
e p>ng

Let [1 + Nt] # 0 be in K{(R,[t]). By lemma (2.14) a. is invariant in NK{(R)
and by the comments above p( ): NK{(R) X, K{(R) is injective. Therefore

04 p(I+Nt)=[I+Nt)®a T+ Nt)®---®a PV + Nt)]
=[T+No)olI+ oz_l(N)t oI+ a—(p—l)(N)t]

N 0
a 1(N)
= [T+ . t| € NK{(R)
i 0 a—(p—l)(N)
< Ki(R,[tD)
[ N 0
a 1(N)
~ T+ ‘ | € Ki(Ru[t"])
i 0 af(pfl)(N)
I+ NtP 0
a NI + Nt?)
0 a~P=D(I + NtP)

=[I+N®)Da T+ NP)D - @ a P (I + NtP)]
=1, 0 (tp)«([I + NtP])

by lemma (2.9).

Therefore v}, 0 (vy).( [I + NtP]) # 0 with p > ng. On the other hand note that
(tp) (I + NtP]) = [I + NtP] € NK{(R) (since if €, : K1(Ro[t]) — Ki(R)is the
homomorphism induced by the augmentation e(¢) = 0 then €. ([I + N¢”]) = [I]
for [I + NtP] € K1(R,[t])). By proposition (2.11) this is a contradiction. O

Now the following result is immediate:
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COROLLARY (2.16). Let R = ZG where G is a finite group. Let a: G — G
be any group automorphism. If NK{(R) # 0 then the Nil groups NK{(R) are
infinitely generated. O

It may be worth noting that the proof of Theorem (2.15) holds also under
the following weaker assumption: Assume that NK{(R) # 0. Furthermore,
assume that there is an infinite sequence of positive integers {n;} such that
the transfer map

tn, - NKT(R) — Ki(R,[¢"])
is not the zero map. Under this weaker assumption the Theorem (2.15) is still
true.
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INNER AMENABILITY OF FOUNDATION SEMIGROUP ALGEBRAS

ALI GHAFFARI

ABSTRACT. In this paper we shall introduce the inner amenability and topo-
logical inner amenability for foundation semigroup algebras and show various
necessary and sufficient conditions for foundation semigroup algebras to be
inner amenable.

1. Introduction

Let S be a locally compact Hausdorff topological semigroup. Let M(S) be
the space of all complex Borel measures on S. It is known that M(S) = Cy(S)*,
therefore M(S) is a Banach space and with convolution

JTs V(lp) = / (ﬂ(xy)du(x)dv(y)

(u, v € M(S), y € Co(S)), M(S) is a Banach algebra. The subalgebra M,(S) of
M(S)is defined by M,(S) = {u € M(S); x — 6,*|u| and x — |u|*6, from S into
M(S) are weakly continuous}. A semigroup S is called a foundation semigroup
if J{supp »; n € M,(S)} isdensein S. A trivial example is a topological group
and in this case M,(S) = L1(S). Note that M,(S) is a closed two-sided L-ideal
of M(S) [5]. We also note that for u € M,(S) both mappings x — &, * |u| and
X +— || %8, from S into M(S) are norm continuous [5]. When S is a foundation
semigroup with identity, it is known that M,(S) has a bounded approximate
identity [5]. For more details on foundation semigroups, the reader is referred
to [1] and [8].

Let M,(S)* and M,(S)** be the first and second duals of M,(S). With the
Arens product, M,(S)** is a Banach algebra [6]. For u € My(S), v € M(S)
and f € M,(S)*, we define (fv,u) = (f,v*u) and (v, fu) = (f, w xv). In [6]
the author defined B = M,(S)*M,(S) which is a Banach subspace of M,(S)*.
Clearly M(S) C B*.

Let X be a linear subspace of M,(S)* containing the constant functional 1,
where (1, u) = w(S), u € My(S). We say that X is right (respectively, left)
translation invariant if §,X C X (respectively, X6, C X) forallx € S. X is
translation invariant if it is both right and left translation invariant. X is said
to be topologically invariant if uf € X and fu € X for all f € X and u € P(S)
(P(S) is convex hull of probability measures in M,(S), that is, all u € M,(S)
for which (1, u) = 1 and p > 0).

A linear functional M € X* is called a mean if (M, f) > 0 whenever
f >0and (M, 1) = 1. M is topologically inner invariant (respectively, inner
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invariant) if (M, fu) = (M, uf) for any u € P(S) and f € X* (respectively,
(M, f6,) = (M, 8,f) for any x € S and f € X*).

The existence of topologically left invariant means and left invariant means
for groups is widely investigated (see [13],[14]). The notion of topological left
amenability of semigroup algebras was introduced by Wong in [17] and by Riazi
and Wong in [15]. For further details and complementary historical comments
see [7]. The study of inner amenability is initiated by Effros [4]. See also
[11], [18], and [19]. The inner amenability of groups is investigated by many
authors e.g., [4], [9], [10], [18] and [19]. The concept of strict inner amenability
was introduced and studied in [12] for an arbitrary Lau algebra.

The purpose of this paper is to introduce and to study a concept of
inner amenability and topological inner amenability for foundation semi-
group algebras. We obtain necessary and sufficient conditions for M,(S)*
to have an inner invariant mean. Also we study relations between inner
invariant means and topologically inner invariant means on a subspace of
M (S)* My (S) (N Mo (S)M,(S)*. It is known that the mapping T': LUC(S) —
Mo (S)* My (S) given by (T(f), u) = [ f(x)du(x) is an isometric isomorphism of
LUC(S) onto M,(S)*M,(S) [6].

2. Main results

We start this section by a series of lemmas. All over this section S is a
foundation, locally compact, Hausdorff, topological semigroup.

LEMMA (2.1). The following conditions are equivalent.

(1) For every x € S, there exists a mean M such that (M, 8,f) = (M, ) for
any f € M,(S)*.

(2) sup{(6+f — féx, v); v € P(S)} > 0forall x € Sand f € M,(S)*.

Proof. Clearly (1) implies (2).
Now, assume that (2) holds. For x in S, consider the subspace

X =6, My(S)" — M,(S)" 8,
of M,(S)*. Let p: M,(S)* — R be defined by

p(f) = Sup{<6xf — fbx, V>; S P(S)}

and M; be the zero functional on X. By assumption, M; < p on X. By the
Hahn-Banach theorem M; extends to a linear functional M on M,(S)* that
also satisfies M < p. This together with linearity of M, implies that M is a
mean on M,(S)*. Moreover (M, 5,f) = (M, f5,) for any x € S. O

LEMMA (2.2). The following conditions are equivalent:

(1) For every f € M,(S)*, there exists a mean M such that (M, uf) = (M, fu)
for any u € P(S).

(2) For any f € M,(S)*, the weak*-closure of {uf — fu; u € P(S)} contains
the zero functional.

Proof. Let f € M,(S)* and let M be a mean on M,(S)* such that (M, fu) =
(M, uf) for any p € P(S). Since P(S) is weak* dense in the set of means on
M, (S)*, there is a net (u,) in P(S) such that u, — M in the weak*-topology.
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We will show that w.f — fu. — 0in the weak*-topology. Let u € P(S) be fixed.
We have

Hm(p, paf = fira) = Him(paf = frre, p) = H((paf, w) = (Fte 1))
= Bm((f, w+ pa) = (Fpra 1)) = Him(fu — uf, pa)
= lim (e, fpo — pf) = (M, fpo — pf) = 0.

This shows that u,f — fu. — 0 in the weak*-topology. Thus (1) implies (2).

Conversely, let f € M,(S)* and let (u,) be anetin P(S) such that w.f—fu. —
0 in the weak*-topology. Passing to a subnet if necessary, we can assume
that (u,) converges weak* to some mean M in M,(S)*. Observe that for any
w e P(S),

(M, fp — pf) = lim(pa, fu — pf) = Him(fp — uf, pa)
= ligl</~"af — fHas ) = 0.
Hence (M, uf) = (M, fu). O

We establish a criterion that ensures the existence of topologically inner
invariant means using Hahn-Banach theorem, a definitely nonconstructive
procedure.

THEOREM (2.3). If S has an identity, then the following conditions are
equivalent.

(1) M,(S)* has a topologically inner invariant mean.
(2) If H consists of all functionals h € M,(S)* having the form

> wifi — fu

i=1
for some f1, ..., fn € My(S)* and w1, ..., un € P(S), then H # M,(S)*.

Proof. If M is a topologically inner invariant mean on M,(S)*, then (M, h) =
0 for any i € H. On the other hand (M, 1) = 1 and so H # M,(S)*.

To prove the converse, let (e,) be an approximate identity in P(S) (see [5]).
Let1=>"", mifi—fip; for some f1, ..., fn € Mo(S)* and puy, ..., un € P(S). Thus

1=1lim(L e.) =lm(>  pif; — fiti, €a)
i=1

=lm () " fi, €a  pi — i * €a) =0,
i=1
so it follows that 1 is not in H. By the Hahn-Banach extension theorem, there
is M in M,(S)** such that (M,1) = |M|| = 1and (M,h) = Oforall h € H.
Hence M is a topologically inner invariant mean on M,(S)*. O

Now let S have an identity. Let E € M,(S)** be the weak* limit of a net (e,)
which is a bounded approximate identity for M,(S) with norm one [5]. Then E
is a right identity in M,(S)**. If a right identity E has norm one, the converse
holds: E is the weak* limit of a norm one approximate identity in M,(S) (see
[3], proposition 7 on p.146 and its proof). Consequently, every right identity E
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with norm one is a topologically inner invariant on M,(S)*. Indeed, if E is the

weak* limit of a norm one approximate identity (e,) in M,(S), then for every
f € M,(S)* and u € P(S),

(B, fiu) = lim(eq, fu) = lim{f,  + eq)
= (f, ) = im(f, e * o)
= lim (uf, e.) = (B, uf).

On the other hand,
IE|| =1 = lim(e,, 1) = (E, 1).

This shows that E is a topologically inner invariant mean on M,(S).

THEOREM (2.4). Let S be a foundation locally compact Hausdorff topological
semigroup with identity. Let X be a translation invariant Banach subspace of
Mo (SY* M (S)\ M(S)M(S)* with 1 € X. Let M be a mean on X. Then M is a
topologically inner invariant mean on X if and only if M is an inner invariant
mean on X.

Note that, X is topologically invariant. Indeed, if X is a Banach subspace of
M, (S)*M,(S)( M,(S)M,(S)*, then an argument similar to the proof of Lemma
2.3 in [6] shows that, X is translation invariant if and only if X is topologically
invariant.

Proof. Necessity. Let M be a topologically inner invariant mean on X. Let
(ea)acs be a bounded approximate identity for M,(S) ( see [5]). Let f € X and
x € S. Then f = gu = vh where g, h € M,(S)* and u, v € M,(S). We have

(M, 5:f) = (M, 6,(vh)) = (M, 8, x vh) = im(M, &, x e, * vh)
= lim(M, (Wh)d, « e,) = lim(M, [, * e,)

M, gy + 8y * eq)
= <M: f5x>

= lim (M, (gu)d; * e4) = lim
= (M, g x 8x) = (M, (gu)dx

Consequently, M is an inner invariant mean on X.

Sufficiency. Let M be an inner invariant mean on X. Let f € X, u € P(S).
We may assume that K = supp u is compact. Then : K — X defined by
Y(x) = 6,f is continuous. So, by Theorem 3.20 and Theorem 3.27 in [16] and
Theorem A.1 in [2], we can write

/ PO dpu(x) = / 5. fdu(x) € X.
K K

Now, let v € M,(S). By Lemma 2.2 in [6] we have
v uf) = e f) = /K (v % 8, £)d()
_ / (v, 8:f)dp(x).
K

It follows that [, 8,fdu(x) = uf.

{
)
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It is easy to see that | x [0xdu(x) = fu. On the other hand, by Remark 3.26
in [16], we have

M, uf) = M, [ oufduto) = [ 0,5.f)dutx)

— / (M, f8,)du(x) = (M, / foxdu(x))
K K

= <M’ fi /J’> .
This completes the proof. O

Let A be a left Banach S-module (for more on left Banach S-modules, the
reader is referred to [13] and [14]). For each F € A**, f € A* and x € S, we
define

(f-x,a)=(f,x-a), and (x- F, f) = (F, [ - x)
whenever a € A. Alsoif u € M(S) and f € A*, we define

() = [(fx- a)duto) and (- B, f) = (B )

foralla € Aand F € A*. For u € My(S), let T, € B(A**) be defined by
T.F)=w-F,F e A Forx e S,letT, € B(A*) be defined by To(F) = x - F,
F ¢ A**. We also denote the closure of the set {T,,; u € P(S)} in the weak*
operator topology by P gxx.

THEOREM (2.5). Among the following seven properties, the implications
(@) = @) = (i) = (v) and (V) = (i) = (vii)
hold. If center Z(P(S)) of P(S) is nonempty, where
Z(P(S))={n e P(S); uxv=wxpforall ve P(S)},

then also (iv) = (v). If S has an identity, then also (vii) = (i), so that all seven
properties are equivalent.

(1) M,(S)* has an inner invariant mean.

(ii) There exists a net (u,) in P(S) such that for all x € S,

Ox * o — Mo * 8 — 0
in the weak* topology.
(iii) There exists a net (v,) in P(S) such that for all x € S,
Oy * Vo — Vg %6, — 0

in the norm topology.
@iv) Foreach n > 1, x1,...,x, € S and € > 0, there exists a u € P(S) such
that

”836; *l’l’_lu“*5xi|| <€
foralli=1,2,..,n.
(v) For any compact subset K of S and € > 0, there exists a v € P(S) such
that

|62 xv — v 84]| <€

whenever x € K.
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(vi) There exists a net (v,) in P(S) such that
|62 * Vo — Vo % 84|l — O

uniformly on compact subsets of S.
(vii) For each left Banach S-module A, there exists T € Py~ such that
T, =T, T forall x € S.

Proof. (i) = (ii). Let M be an inner invariant mean on M,(S)* and let
(Mo )acr be a net in P(S) such that u, — M in the weak* topology. It is easy to
see that

<f:6x*/Jfa_l~La*8x> -0
for every f € M,(S)* and x € S.

(ii) = (iii). Since the difference set P(S) \ P(S) is a convex subset of M,(S),
and the weak* topology on M,(S), as a subset of M,(S)**, is the weak topology,
the weak* closure of P(S) \ P(S) is the same as the norm closure. Thus, by
an standard argument, we obtain a net (vg)ges in P(S) such that each vgis a
convex combination of the elements of (u,).c;r and

[[0x % vg —vg* x| — O
for all x € S.

(iii) = (iv) Trivial.

(iv) = (v). Let K be a compact subset of S and let € > 0. Consider a fixed
element 7 in Z(P(S)). Since both mapping x — |n| *x 8, and x — &, * |n| from S
into M(S) are norm continuous, so for any x € K, there exist a neighborhood
U, of x such that

|6 — 8y x| <e and ||n*6, —nxby|| <e¢
whenever y € U,. We may determine a subset {xi, ..., x,} in K such that
K C!,U,andforally € Uy,

18y 51— 8, il < € and [In+ 8y, — 1% 8, < €.
Consider u € P(S) such that, for any i = 1,..,n, ||y, * u — p * 8y,]| < €. Put
v=mnx*pu € P(S). For any x € K, there exist i € {1, ..., n} such that x € U,,.
Then we have

|6 % v — v 8yf] = |G xpk pu — M ok By || < |85 %M % o — By, % M ]

A (18, %Mk =k ok B [l [k ok By — 1k B
<82 %M = 8 x| 4 (|8, % ok — ok By, x|
F [l 1 8y — ok Bl < |8 % M — 8y |
F (185, o 1 = o5 B[ 4 [|m % 8y — m x O] < e

(v) = (vi). By assumption, for each pair (K, €), where K C S is compact and
€ > 0, there is a vk ) € P(S) such that

”835 *V(Ke) — V(Ke) * 6x|| < €

whenever x € K. Then we define the partial ordering on the index set as
a1 = (K1, e1) > a=(K,e),if K C K; and € > €;. It is easy to see that

16x * vik.e) — Vik,e) * Ox|

converges to 0 uniformly on compact subsets of S.
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(vi) = (vii). Let (v,) be a net in P(S) such that |6, * vy, — v, * 64| converges
to 0 uniformly on compact subsets of S. Hence we may find T' € B (A**) with
|T|| < 1 and a subnet (vg) of (v,) such that T,, — T in the weak* operator
topology. For every x € S and F' € A**, we have

||TJCTVB(F) - TVBT:)C(F)H = ||T8x*VB(F) - TVB*Sx(F)H
< [|6x ¥ vg — v * &||||F|| — O.
Consequently T, T = TT,.
(vii) = (1). Let A = M,(S) and consider M,(S) as a left S-module where

X =08 *xu,x €8, u € MyS). For F € M,(S)**, let Tr € B(M,(S)**) be
defined by Tr(G) = FG, G € M,(S)** (see [6]). As proved in [9],

Pu,sy+ ={Tp; F € M,(S)™, F > 0and, ||F| =1}
By assumption, there exists Tyy € Py s)~ such that T, Ty = TyT, for all
x € S. If E is the weak*-limit of a net (e,) which is a bounded approximate
identity for M,(S), then Ef = f for all f € M,(S)*. On the other hand, for
every x € S and f € M,(S)* we have T.(E)f = 6,f. Indeed,
(T(EDf, w) = (x - E, fu) = (E, fpu = 8x) = (Ef, p 6x)
= (1 8) = (8., 1)
for any u € M,(S), that is T,(E)f = 6,f. We will show that M is an inner
invariant mean on M,(S)*. If f € M,(S)* and x € S, then
(M, f6x) = (M, E(f5,)) = (ME, f6,) = (Tu(E), f6x)
= (x-Ty(E), ) = (T:Tu(E), ) = (TuT(E), f)
= (M, T(E)f) = (M, o«f ).

Consequently M is an inner invariant mean on M,(S)*. O
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HOLDER ESTIMATES FOR THE 3-EQUATION ON SURFACES
WITH SINGULARITIES OF THE TYPE E¢ AND E,

F. ACOSTA AND E. S. ZERON

ABSTRACT. Let3 C C3 be a 2-dimensional subvariety with an isolated simple
(rational double point) singularity at the origin of the cyclic A, dihedral D,,
tetrahedral Eg or octahedral E; type. The main objective of this paper is
to solve the 9-equation in a neighbourhood of the origin in 3, such that the
solution has a Holder condition.

1. Introduction

Let 3 C C3 be a subvariety with an isolated singularity at the origin, and
A be a d-closed (0, 1)-differential form defined on =, \ {0}. An open problem in
complex variables is to produce a general and effective technique for calculating
a solution A to the 9-differential equation 9k = A in 3, including the singular
point. Gavosto, Fornaess and Ruppenthal have proposed a general technique
for solving the equation 9k = A such that h satisfies an extra Holder condition
on an open neighbourhood of the singular point; see [3], [4] and [7]. Their basic
idea was to analyse ¥ as a branched covering over C2, to solve the corresponding
J-equation on C2, and to lift the solution from C? into 3 again.

In a previous paper [1], we proposed an effective technique for solving the
equation dg = A on surfaces 3 with an isolated simple singularity of the regular
cyclic A,,_1 or dihedral D, 5 type, for n > 2, and such that A satisfies an extra
Holder condition on a neighbourhood of the singular point. The main objective
of the present work is to extend the analysis done in [1], in order to solve the
J-equation on surfaces 3 with an isolated simple singularity of the exceptional
tetrahedral Eg or octahedral E; type. The central idea is to consider C? as a
branched covering over 2, instead of analysing 3, as a branched covering over
C2. Moreover, we also improve the Holder estimates that we presented in [1]
for the cyclic Ay, type.

The authors recommend the works of Dimca [2] and Slodowy [8, 9] for a
deep analysis on isolated simple (rationally double point) singularities. In
particular, all surfaces ¥ with an isolated simple singularity may be locally
characterised as the quotient space C2/G where G is a finite subgroup of
the special linear group SLy(C); and so we have a natural quotient mapping
(branched covering) 7 from C2 over the singular surface C2/G. We present
below all the non-trivial finite subgroups G of SLo(C), their cardinalities and
the polynomial relations which define, up to biholomorphisms, the singular

2000 Mathematics Subject Classification: 32F20, 32W05, 35N15.
Keywords and phrases: Holder estimates, d-equation, branched covering.
Research supported by Cinvestav (Mexico) and Conacyt (Mexico).
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quotient surface 3 = C2 /G embedded in C3. Forn > 2,

Cyclic, |Zn| = n, X1X2 = X5;

Dihedral, |Dyio| = 4n, x% = x2xs + a5
1.1 Tetrahedral, |Eg| = 24, x3 + x2 = x3;

Octahedral, |E;| = 48, x3x3 + x5 = x3;

Icosahedral, |Es| =120, % = x5+ x3.

There is an abuse of notation in the previous table, because D, o denotes
both the binary dihedral subgroup of SLy(C) with 4n elements and the dual
resolution graph (or Dynkin diagram) of the singular surface C2/G, for G =
D, 2. The symbol Eg (respectively: E; and Eg) denotes as well the binary
tetrahedral (respectively: octahedral and icosahedral) subgroup of SLs(C) and
the corresponding dual resolution graph. We may now state the main result
of this work,

THEOREM (1.2). Let 7 be the quotient mapping from C? over the singular
surface 3 = C2/G embedded in C3, where G < SLy(C) is the subgroup Eg, E,
D,.90r Z,, with n > 2. Fix 0 < § < 1/|G|, with the cardinality |G| presented
in (1.1). Given an open ball Br C C? of radius R > 0 and centre in the origin,
we may find a finite positive constant C1(R, 8) such that: For every continuous
(0, 1)-differential form A defined on the compact set w(Bg) C 3, and 9-closed on
the regular part of w(Bg), there exists a continuous function h on w(Bg) which
satisfies both the equation 0h = A on the regular part of w(Bg) and the Hélder
estimate:

h(x)—h
(13) Wilngy + sup B ZA@)

B Hx_w||5 < Cl(R’ 8)”/\”77(3}3)'
x,wem(Br

This theorem is proved in the second section of this paper. We have al-
ready presented a partial version of Theorem (1.2) for the cyclic and dihedral
groups [1]. Notice that the regular part of m(Bg) is obtained by removing the
isolated singularity of X. A differential form is said to be continuous if all its
coefficients are continuous functions, so the operator 9 is computed in terms
of distributions. Moreover, the notation ||z||z stands for the supremum of |A|
on the set E; and ||x — w|| stands for the Euclidean distance between x and
w; this distance is well defined because the singular surface 3, is embedded in
C3. Thus, since ||x — w|| is less than or equal to the geodesic distance between
x and w measured along the surface X, we can assert that inequality (1.3) is
indeed a Holder estimate on 2, itself.

On the other hand, given a finite subgroup G of SL9(C), Felix Klein has
proved that the algebra of holomorphic polynomials on C? invariant under
the natural action of G has three generators x;,(z) which satisfy the respective
polynomial relation given in (1.1), see Klein [6] and Slodowy [8, 9]. Whence,
the quotient mapping 7 from C? onto the singular surface C?/G is equal to the
polynomial triplet (x1, x2, x3). In particular, the automorphisms z — Hz allow
us to jump between the different branches of 7, for H € G. That is, given
w = m(2), the inverse image 7~ 1(w) is equal to {Hz : H € G}; and so 7~ 1(w)
has the same cardinality as |G| whenever w # 0. Finally, we need to recall that
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the norm ||Hz|| = ||| is invariant under the action of each matrix H € G. We
are going to prove this fact in the last four sections of this paper.

The proof of Theorem (1.2) requires an estimate of the distance ||z — || with
respect to the projections ||7(z) — 7({)|].

THEOREM (1.4). Let  be the polynomial quotient mapping from C2 over the
singular surface 3. = C2? /G embedded in C3, where G < SLy(C) is the subgroup
E¢, E7, D, 9 or Z,, with n > 2. Define B = 1/|G|, with the cardinality |G|
presented in (1.1). Given an open ball By C C? of radius R > 0 and centre at
the origin, there exists a finite positive constant Co(R) such that: For each pair
of points z and { in Bg with ||z — (|| less than or equal to ||z — H{|| for every
matrix H in the group G, the following inequality holds,

(1.5) lm(2) = mO* = 2Co(R)||z = £ (l12]| + £]])-

Notice that 3 is embedded in C3, so the term ||m(z) — 7({)|| is well defined.
The last four sections of this paper are devoted to proving Theorem (1.4),
considering consecutively the cyclic Z,,, binary dihedral D, o, tetrahedral Eg
and octahedral E7 groups.

As we have already stated in [1], the proof of Theorem (1.2) is based on
two main steps: the explicit calculation of the polynomial quotient mapping
o from C2 over the singular surface 3; and the calculation of the estimate
given in (1.5). In the case of the binary icosahedral subgroup Eg < SLy(C), the
polynomial quoting mapping 7 from C2 over C?/Ejs is given by the following
equations:

x1(2) = 230 + 250 + 522(22°25 — 2522°) — 10005(22°23° + 210220),
x9(2) = 220 — 22821°25 + 494219210 4 2282521° 4 22°,
x3(2) = (1728)Y/5 (M 25 + 112825 — z;23h).

It is easy to calculate that the polynomials x,(z) presented above satisfy the
relation x? = x5 + x3, which defines up to biholomorphisms the surface C2/Eg
with an isolated simple singularity of the type Es. We expect that the mapping
7 given by the triplet (x1, xo, x3) satisfies the estimate (1.5) with 8 = 1/120.

The next section of this paper is devoted to the proof of Theorem (1.2); and

finally, Theorem (1.4) is shown in the last four sections of this work.

2. Proof of Theorem (1.2)

This proof of Theorem (1.2) partially follows the ideas presented in [1]. Let 7
be the quotient mapping from C2 over the singular surface 3 = C2/G embedded
in C3, where G < SLy(C) is the subgroup Eg, E;, D, or Z,, with n > 2.
We have that 7 is a polynomial mapping, because, as we have said in the
introduction, 7 is equal to the triplet (x1, x2, x3), with x;(z) the generators
of the algebra of polynomials on C? invariant under the natural action of G.
Recall Klein’s work in [8, 9]. It easy to deduce that the origin in C2 is the
inverse image 7 1(0) of the isolated singularity 0 € 3. Moreover, the mapping
m is locally a biholomorphism from C2\ {0} onto the regular part of 3. We need
the following lemma on d-closed differential forms.
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LEMMA (2.1). Let B any open ball in C2 with centre at the origin, and X be
a continuous (0, 1)-differential form defined on B and 9-closed inside B\ {0}.
The form RN is then 9-closed everywhere in B.

Proof. The differential dX is calculated in terms of distributions, so the given
hypotheses imply that | 5 N A do vanishes for every smooth (2, 0)-differential
form o with compact support in B \ {0}. And we must prove that the same
integral vanishes when the differential form o has compact support on B.
Consider a real smooth function 5(2):/5\(”2”2) defined on C? such that, for
k=12:

0if |2 < 1,
1if 2] > 2,

0&(2)
0z,

0<&z)<1, &@2= { and ‘ < 25.

Notice that [, RAJ[£(rz)p] vanishes for all real numbers r > 0 and smooth
(2, 0)-differential forms p with compact support on B, because dX vanishes in
B\ {0}. Differentiating by parts a[¢(rz)p] yields that,

872
< 507‘73HN ApllB,

/ &rz)N Aap‘ =
B

/ NApAd&(rz)
B

where 9£(rz) vanishes for ||z|| > 2/r and the volume of the ball ||z|] < 2/r in
C? is equal to 872/r*. Moreover, the form X A p has finite norm because it is
continuous and has compact support on B. On the other hand, we also have

that,
/ N A ap‘ <
B

872 - 872
< = IR ATpll + 50— [IX A p||p < o.
r r

/ [1-E&@ra)|N /\ﬂp‘ + ’/f(rz)NAap‘
B B

Finally, when r > 0 converges to infinity, we obtain that || 5 N A dp vanishes
for every (2, 0)-differential form p with compact support on B, and so the form
N is 9-closed everywhere in B. O

We need as well the following Henkin estimates, deduced from Theo-
rems 2.1.5 and 2.2.2 of [5].

THEOREM (2.2). Given an exponent 0 < d < 1 and an open ball Bg C C2 of
radius R > 0 and centre in the origin, there exist two finite positive constants
C3(R) and C4(R, d) such that: For every continuous (0, 1)-differential form X
defined on Bpg, and d-closed on the interior By, the equation dg = N has a
continuous solution g on Bg which also satisfies the following Héolder estimates,

g(2) — g(0)|
2.3 + == < C3(R)|N| g
23 Iellss z,sglelgR lz—¢2 — SNl
(2.4) and l&(2) — ()] < CyR )Nz,

aleBy, 12— ]I

Proof. Theorem 2.2.2 of [5] automatically implies the existence of a continu-
ous function g on Bg which satisfies both the equation dg = X and the inequal-
ity (2.3). Further, analysing the proofs of Lemma 2.2.1 and Theorem 2.2.2, in
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[5], we have that inequality (2.4) holds whenever there exists a finite positive
constant Cy(R) such that:

|E(z) — EQ)|

(2.5)
Z,{EBR/Q “Z_§||

< Co(R)|IN| s

for every function E(z) defined according to equation (2.2.7) of [5, p. 70]. Let Y
be the closed interval which joins z and { inside the ball Bg/3. Then,

1
(2.6) E(z) — EQ)| < / ‘diE(tH(l - t)z)‘ dt
< oE
yeY ayk a.)Tk ’

By equation (2.2.9) in [5], we know there exists a finite constant Cy(R) such
that all partial derivatives | f | and | aE | are less than or equal to COéR) N, for
every y € Bg/; and eachindex k = 1, 2. Notice that D = Bg in equations (2.2.7)
and (2.2.9), but y lies inside the smaller ball Bg,. Thus, equation (2.6)
automatically implies that inequalities (2.5) and (2.4) hold, as desired. O

We are now in position to prove Theorem (1.2), recall Theorem (1.4) and (2.2).

Proof of Theorem (1.2). Let 7 be the quotient mapping from C2 over the
singular surface X = C2/G embedded in C3, where G < SL2(C) is the subgroup
Es, E;, D, or Z,, with n > 2. Consider an open ball By C C? of radius R > 0
and centre in the origin. We have already seen in the introduction that =
is a polynomial mapping, so the partial derivatives of 7 are all continuous
and bounded mappings on the compact closure Bg. Thus, there exists a
finite positive constant C5(R) such that the following inequality holds for any
continuous (0, 1)-differential form A defined on the compact set 7(Bg),

(2.7 ||77*/\HBR < C5(R)H/\H7T(BR)'

On the other hand, suppose that A is 9-closed on the regular part of w(Bg).
The pull-back 77* A is then a continuous (0, 1)-differential form well defined on
Bg, and d-closed in the open set By \ {0}, because 7 is locally a biholomorphism
from Bg\ {0} onto the regular part of m(Bg). Whence, considering Lemma (2.1)
and Theorem (2.2), we automatically have that the equation g = 7*A has a
continuous solution g on Bg which satisfies the pair of Holder estimates stated
in (2.3) and (2.4) for 0 < d < 1 fixed. Define B = 1/|G|, with the cardinality
|G| given in (1.1). The finite sum B8, H*g, added over all matrices H € G, is
constant on the fibres of 7 (it is invariant under every pull-back H*). Hence,
there exists a continuous function 4 defined on 7(Bg) such that 7*h is equal
to B> ; H*g. We assert that 9o = A on 7(Bg) \ {0}. This result follows
automatically because

7 0h =BY goH g =By g H*m*\ = 7"\

Recall that the projection w(Hz) = 7(z) and the norm ||Hz|| = ||z|| are both
invariant under the action of every matrix H in the finite group G. Moreover,

(2.8) 1hllzB = B2 g H*8llp, < l&llBs-
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Now, given x, w € w(Bg), choose the points z, { € Bg such that x = 7(z) and
w = 7({). Since () is equal to w(H{), we may even choose { € Bg so that the
norm ||z — £|| is less than or equal to ||z — H{|| for each matrix H € G. A direct
application of equation (1.5) in Theorem (1.4) yields
[l — w|*
2Cy(R)
Suppose that the points z and { are both inside the ball Bg/;. We may apply
equation (2.4) of Theorem (2.2), with X = 77*A, in order to deduce the following
inequality for 0 < d < 1 fixed,
|h(x) — hw)| _ BYg|8(H2) — g(HO| _ Cy(R, d)|7"Allp,
[x —w[9® = [2C(R)9/2|z— |4 —  [2Ce(R)I4/2
Notice that the norm ||z — || is equal to ||[Hz — H{|| for each matrix H € G.
Suppose now, without lost of generality, that ||z|| > R/2. Inequality (2.9) then

implies that ||x — w||?# is greater than or equal to RC2(R)||z — £||. Therefore,
equation (2.3) of Theorem (2.2) automatically yields the following,

|A(x) — hw)| _ BY g |l§(Hz) — gHY| _ Cs(R)||m*Al5,
lx —w|f — (RCyR)|z—¢PY2 — [RCo(R)IV2 ~
Finally, considering Theorem (2.2) and equations (2.7) to (2.11), we can de-

duce the existence of a bounded positive constant C;(R, §) such that equa-
tion (1.3) in Theorem (1.2) holds, with 6 = dB and 0 < d < 1 fixed. O

(2.9) > llz =2l (=l +1Igll) > Il =]

(2.10)

(2.11)

We close this section with some observations about Theorem (1.2). First,
the procedure presented in this section yields a continuous solution A to the
equation 9k = A. Moreover, we are directly using the estimates given in [5],
but we may use any integration kernel which produces estimates similar to
those presented in equations (2.3) and (2.4) of Theorem (2.2).

3. Proof of theorem (1.4) for the cyclic group

The estimate (1.5) of Theorem (1.4) is one of the main pillars in the proof
of Theorem (1.2), as we have already seen in previous section. Nevertheless,
Theorem (1.4) is quite important on its own. Since the quotient mapping 7
from C? over 3 = C2/G is smooth (polynomial), there exists a finite positive
constant Co(R) such that Co(R)||z — {|| is greater than or equal to ||7(2) — 7(0)|
for all points z and ¢ in the open ball By C C? of radius B > 0 and centre
in the origin. Thus, Theorem (1.4) yields the opposite inequalities with an
appropriate exponent.

On the other hand, a weaker version of Theorem (1.4) has already been pro-
ved in [1] for the cyclic subgroup Z, of SLo(C) with n elements. The inequality
(1.5) has been proved with the exponent 0 < &’ < 1/Euv(n), where n = |Z,| and
Evu(n) is the smallest even integer greater than or equal to n. The central part
of this section is to improve these inequalities for a new exponent 0 < § < 1/n.

Notice that the cyclic subgroup Z, of SLe(C) with n > 2 elements is gener-
ated by the following matrix,

(3.1) H, = (””’ 0), with p, = e27/n,
0,px
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We can easily verify that the norm || Hz|| = ||2| is preserved for every z € C?
and each matrix H in Z". Moreover, the polynomial quotient mapping 7 from
C? over the singular surface 37 = C2/Z, embedded in C? is given by

3.2) (s, t) = (s",¢%, st), for 3y = {x1x9 =5}

The mapping 7 is a natural branched n-covering from C2 over 3, and it
is trivially invariant under the natural action of the cyclic group Z,. The
following lemma is the central part in the calculations for the new exponent

B=1/n.

LEMMA (3.3). Let n > 2 be fixed. There exists a finite constant Cg¢ > 0 such
that: Given two points z = (a, b) and { = (s, t) in C? with ||z — || less than or
equal to ||z — H {"[ || for every natural number k, the following inequality holds

(3.4)

max{|a” — §"|, |b" — t*|, |ab — st|"/?}
n/2 n/2 =z 06’
Iz = ZII*2l2]| + 1IZID

Proof. Let z = (a, b) and ¢ = (s, t) be a pair of points in C?. Notice that the
left term of equation (3.4) does not change if we multiply both z and ¢ by any
complex number A # 0. Therefore, we only need to prove inequality (3.4) on
the compact set ||z]| + ||| = 13; and we may suppose without loss of generality
that |a — s| is greater than or equal to |6 —¢|. We consider three principal cases:

Case I. Suppose that 1/n > |a — s| > |b — t| and |b| > 2|s|. We have that

(3.5) lab—st| > |b|-la—s|—|s| - [b—t] > |a—s]|-|b]/2.

Notice that |a| and |¢| are less than or equal to |s| + 1/n and |b] + 1/n,
respectively. Whence,

13 = [lz] + [lg] < 2[b] +2[s| +2/n < 3[b| + 2/n,

and so |b| > 4. Finally, the norm |z — £|| is less than or equal to |a — s|V2,
because we have set z = (@, b) and { = (s, t), and the absolute value |b — ¢| is
less than or equal to |a — s|. Thus, equation (3.5) implies that inequality (3.4)

holds, for
n/2

lab — st|V? > (llz— §||\/§)

Case II. Suppose that 1/n > |a — s| > |b —¢| and |b] < 2|s|. Recall that |a|
and |¢| are less than or equal to |s| + 1/n and |b| + 1/n, respectively. Thus

13 = [lz| + [IZ] < 2|6+ 2[s| +2/n < 6|s| +2/n,

2mi/n

and so |s| > 2. Consider the n-root of unity p, = e and any natural number

1 < k < n. We can easily deduce that
s — pks| > 2|s|sin(kr/n) > 8/n > 8la —s|.

Hence, the absolute value |a — p”s| is greater than or equal to |a — s| for every
exponent k. It is easy to verify that the set A of all natural numbers 1 < j <n
such that |s — pjs| is greater than or equal to |s| is composed of at least n/2
elements. Thus, recalling that 1/n > |a — s|,

la —pls| > |s| —1/n > 3/2 forall jcA.



80 F. ACOSTA AND E. S. ZERON

Finally, since 3/2 > /2, the cardinality satisfies |A| > n/2 and the norm ||z—{||
is less than or equal to |a —s|v/2, we automatically have that the inequality (3.4)
holds, because

n
" = 5" =] |a~pks
k=1

2
> 3/2)"a—s[" > [lz— "

Case III. Suppose that |@ —s| > 1/n or |b — t| > 1/n, where z = (a, b) and
{ = (s, t). We have that ||z — {|| is greater than or equal to 1/n as well. Define
the compact set K c C* composed of the pairs (z, {) which satisfy the three
conditions: |z|| + [|{|| = 13, the norm ||z — H¥{| is greater than or equal to
|z — ¢|| for every k, and ||z — ¢|| > 1/n, where the matrix H; is defined in (3.1).

It is easy to verify that the left term of (3.4) vanishes if and only if s = pfa
and t = p,*b for some natural number %; that is, if and only if { = H {“z. Thus,
the left term of (3.4) is a continuous and non-vanishing function well defined for
every pair (z, {) in the compact set K C C* described in the paragraph above.
Therefore, this function is bounded from below by a finite positive constant
Cs > 0. In other words, inequality (3.4) holds in this case. O

We may now present the proof of Theorem (1.4) for the particular case of
the cyclic subgroup Z,, of SLo(C) with n elements.

Proof of Theorem (1.4). for the cyclic group Z,. As we have stated at the be-
ginning of this section, the singular surface 37 = C?/Z, embedded in C? is de-
fined by the polynomial relation x;x2 = x§. Further the polynomial quotient
mapping 7 from C2 over ¥ is defined by 7(2) equal to (27, 23, z122). Given any
pair of points z = (a, b) and = (s, t) in C2, we have that |a” — s"| and |b" — t"|
are both less than or equal to ||7(2) — 7({)||. Moreover, if z and { lie inside the
ball Bg of radius R > 0 and centre in the origin, we also have that

lab — st|"? < R"2|ab — st| < R*2||m(2) — ().

Recall that 2|ab| < |a|>+|b|?> < R? and n > 2. Finally, if | z—{|| is less than or
equal to ||z— H{|| for every matrix H € Z,, a direct application of Lemma (3.3)
yields the following version of equation (1.5) for the exponent 8 = 1/n, with n
the cardinality of the group Z,,,

[|7(2) — 7| > C¢min{1, R2"}.

(3.6) =
llz = ZII"2(zll + 1IZ 1> O

4. Proof of theorem (1.4) for the dihedral group

Let Dy, o be the binary dihedral subgroup of SLy(C) with 4d elements, for
d > 2, which is generated by the cyclic group Zs; and the following matrix [8,
p. 731,

0,1
4.1 H, = T
4.1) 2 <_1, 0)
We have already seen in the previous section that the norm ||Hz| = ||z|| is

preserved for every z € C2 and each matrix H in Zyg; and so it is trivial to
deduce that the norm is also preserved for every matrix H in the group Dy .
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The quotient mapping 7r from C2 over the singular surface 3p = C2/Dgy,, is
given by the composition 79 o 11, with

(4.2) mis, t) = (swgtw, SZd;Zd, st) and
na(x1, X2, X3) = (X1, X3%2, X3) -

It is easy to see that M1 is a quotient mapping from C? onto the singular
surface defined by x2 — x? = x3 in C3. By fixing X3 = x2x3 and X3 = x2, we can

easily deduce that the mapping
(4.3) (s, t) = Mg 0 1]1(3’ t) = ( 2 tZd §2 —tZd th)
is a natural branched 4d-covering from C? over
Sp{x3 - x3% =%} in C3
We have already proved in [1] that Theorem (1 4) holds for the mapping 7r,
the finite group G = D, 5 and the exponent 8 = d Nevertheless, we include

the proof for the sake of completeness. We shall use this proof as a model for
showing Theorem (1.4) for the binary tetrahedral and octahedral groups.

Proof of Theorem (1.4) for the binary dihedral group Dg,o. We begin by an-
alysing the mapping 7n; given in (4.2). It is easy to deduce the existence of an
invertible [3 x 3] matrix @ such that @7, is equal to the mapping 7 defined
in (3.2), with n = 2d. Moreover, the norm ||@x|| is less than or equal to 2|/x|| for
every x € C3. Given the open ball Bz C C? of radius R > 0 and centre in the
origin, let z and ¢ be two points in Bg such that ||z — {|| is less than or equal to
||z — H{|| for every matrix H in the group D, o with 4d elements, with d > 2.

We have that the binary dihedral group Dy, ¢ is generated by Zg; and the
matrix Hs in (4.1), so we fix ¢ = Héeg“ with the exponent 2 = 0, 1. Let J, be the
matrix in Zgyy such that ||z — Joé|| is less than or equal to ||z — J¢|| for every
J in Zgy. Notice that ||Joé]| = ||£]|, the mapping 7; is invariant under the
natural action of Jy and ||z— || is less than or equal to ||z — Jyé|| because of the
given hypotheses. Moreover, recall that 7 = @n; and 2||x|| > ||@x||. A direct
application of equation (3.6) with n = 2d yields the following inequality, where
C-(R) is some finite positive constant independent of the arbitrary exponent
k=01,

[m1(2) — mHEFD|? > Cr(R)||z — Jo&|| (2] + [|Soé]|)*
> Cr(R)||z - £)|*(||2]) + [|£D%,

We only need to analyse the mapping 79 given in (4.2). Let w and x be a
pair of points in n1(Bg) C C3, so that

(4.4)

4.5)  [Inew) — ma@)|* = w1 — x1[* + |waws — x5 + w5 — x3|%.

We have by the definition of n; that |x3| < R?, |x1| < R?? and x? + x2¢ is
equal to x2; similar relations are satisfied by w. Hence, the following 1nequahty
holds,

wh — ag| < Jwf — af| + Jwi? — x|
< 2R¥|w; — x1| + dR* 2w} — x|

< R¥(2 + d/R?)||ns(w) — ma()]].
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Let Cg be the finite positive constant calculated in Lemma (3.3). Since 2R2¢
is greater than or equal to |w; — x1|, we can deduce the existence of a finite
positive constant Cg(R) such that

2 2 2
o) = maGoll { 062|w1 ; x1[%, [wy — x5, }
2Cs(R) lws — x5/, lwaws — x2x3]

The right term in the previous inequality can be analysed using equa-
tion (3.4) of Lemma (3.3). We just need to set n = 2, to recall that ||z|| + |||
is greater than or equal to ||z — {|| and to define the points z=(ws, w3) and
{=(x2, x3). Thus, a direct application of Lemma (3.3) into equation (4.6) yields
that the following inequalities hold whenever ||w — x|| is less than or equal to
lw — $(x)||, for the mapping ¢(x) defined by (x1, —x9, —x3),

(4.6)

[m2(w) — na(x)||
Cs(R)Cq

On the other hand, it is easy to verify that n1(Hz{) is equal to ¢(n1(0)) for
the matrix Hj in (4.1). Thus, given z and ¢ in By such that ||z — || is less
than or equal to ||z — H{|| for each H in Dy, 5, we fix the point w = 71(2).
Now, if the distance ||w — 11({)|| is less than or equal to ||w — n1(H3{)||, we may
set x = n1({) and £ = 0 into equations (4.4) and (4.7), in order to deduce the
following version of equation (1.5) for the exponent 8 = ﬁ and the quotient
mapping 7 = 72 o 11 defined in (4.3),

l#(2) — #(Q)]
e — (] + e = SRR

(4.7) > 2max {|w; — x1|% |2 — Z||2} > [jw — x||%.

(4.8)

Finally, if ||w — n1(H2{)|| is less than or equal to ||w — n1({)||, we may set the
point x = n1(Hy!) and the exponent 2 = 1 in equations (4.4) and (4.7), in order
to deduce that equation (4.8) holds as well. O

5. Proof of theorem (1.4) for the tetrahedral group

Let Eg be the binary tetrahedral subgroup of SLo(C) with 24 elements. This
group is generated by the following three matrices [8, p. 74]:

i, 0 0,1 1 /1,1
. (O,—i)’ (-1,0) and H3_1+i<—i,i>'

The first two matrices generate the binary dihedral group D4 with 8 ele-
ments. Further, the cube H. g is equal to minus the identity matrix. We have
already seen, in the previous section, that the norm ||Hz|| = |z|| is preserved
for every z € C? and each matrix H in the group D4. Thus, we only need to
verify that ||Hsz|| = ||z||, in order to deduce that the norm is preserved as well
for every matrix in the binary tetrahedral group Eg. We can directly prove that
|H3z|| is equal to ||z|| by choosing the point z = (s, #) in C? and calculating:

(s+8)s+E)+E—s)t—s
2

)
| Hsz|® = = [s|* + [¢]*.
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On the other hand, the polynomial quotient mapping 4 from C2? over the
singular surface 3¢ = C?/Eg is given by the composition 74 0 13, with § = 2/3,

4 4 4 4 4 4
(5.2) na(s, ) = (22 4 sttt 22 sttt gyl

and  m4(xy, xg, x3) = (22201, [23 — x31/2, x3) .

It is easy to see that 73 is a quotient mapping from C? onto the singular

3 .3
surface defined by % = x2 inside C3. By fixing X1 = x1xp and X3 = 52,
we can easily deduce that 7+ = n4 o 53 is a natural branched 24-covering from
C? over

(5.3) Se = {28 +x5=x5} in C%

Finally, we may verify that ns(H{?) is equal to 13({) for every ¢ in C? and
each matrix H in the group Dy, for we only need to verify that 53 is invariant
under the natural action of the first two matrices presented in (5.1). Moreover,
considering the matrix Hs in (5.1), we may calculate that n3(Hjs¢) is equal to
o(n3(0)) as well, where ¢(x) is defined by (x1, T2, x3) in C? and 7 = ”/gT_l is the
cubic root of the unity. The proof of Theorem (1.4) for the binary tetrahedral
group E; and the exponent 8 = ﬁ follows the same structure than the proof
for Dy, o.

Proof of Theorem (1.4) for the binary tetrahedral group Eg. We begin by an-
alysing the mapping 73 given in (5.2). It is easy to deduce the existence of an
invertible [3 x 3] matrix Q such that QT}3 is equal to the mapping 7 defined
in (4.3), with d = 2. Moreover, the norm HQxH is less than or equal to v/3||x||
for every x € C3. Given the open ball By C C2 of radius R > 0 and centre at
the origin, let z and { be a pair of points in Bg such that ||z — {|| is less than or
equal to |z — H{|| for every matrix H in the group Eg with 24 elements.

We have that the binary tetrahedral group Ejg is generated by D4 and the
matrix Hs in (5.1), so we fix £ = Hg’[ for a given exponent k. Let Jy be a
matrix in Dy such that ||z — Joé|| is less than or equal to ||z — J£|| for every
J in D4. Notice that ||Joé| = ||{||, the mapping 73 is invariant under the
natural action of Jy and ||z— || is less than or equal to ||z — Jy&|| because of the
given hypotheses. Moreover, recall that 7 = @ns and v/3||x| > ||@x||. A direct
application of equation (4.8) with d = 2 yields the following inequality, where
Cy(R) is some finite positive constant independent of the arbitrary exponent £,

Im5(2) — ns(HFQ)|® = Co(R)||z — Jo& | *(|12]] + || Joé|)™

(5.4)
> Co(R)||z = |1 ™*(|l2l| + [I£1D™.

We only need to analyse the mapping 74 given in (5.2). Let w and x be a
pair of points in n3(Bg) C C3, so that

.3 _.3,.3
na() — a2 = ity — x129[2 + |“IZU 55 2 (g — g2,

We have by the definition of n3 that |x3| < RS, |x1x2| < 2R® and @ isequal
to x%; similar relations are satisfied by w. Hence, the following inequality holds,
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< w? +wd — a8 — x5 wd—wd —xd+xd
< 5 , -

< |wi — %3] + [[na@w) — ma())

< (2R + D)|naw) — na()].

3
Wy — X1 Wy — Xg
2 2

HS 3 3

Recall that |ws + x3| and |wiws—x1x2|'/? are less than or equal to 2R®

and 2R*, respectively. Let Cg be the finite positive constant calculated in
Lemma (3.3), we can deduce the existence of a finite positive constant C1¢(R)
such that,

(5.5) M >max{ Celws — x3)3, |w? — 23|, }

23/2C1(R) — w3 — x3|, [wiws — x1x2|3/2

The right term in previous inequality can be analysed using equation (3.4) of
Lemma (3.3). We just need to set n = 3, to recall that ||z|| + ||{|| is greater than
or equal to ||z — {|| and to define the points Z=(w1, wy) and = (x1, x2). Thus, a
direct application of Lemma (3.3) into equation (5.5) yields that the following
inequalities hold whenever |w — x|| is less than or equal to ||w — ¢;(x)||, for
iv3-1

2

every mapping ¢;(x) defined by (t7x1, T/ %9, x3), Where 7 = is the cubic

root of the unity and j is any natural number,

[Ima(@w) — na(x)]]
C11(R)Cg

On the other hand, we have calculated that 7]3(H§§ ) is equal to ¢;(n3({))
for the matrix Hj in (5.1) and every exponent j. Thus, given z and ¢ in Bg
such that ||z — || is less than or equal to ||z — H{| for each H in Eg, we
fix the point w = 73(2) and choose an exponent £ such that ||w — ns(HZ()||
is less than or equal to |lw — n3(H{{)| for every j. We may set the point
x = n3(H§§ ) into equations (5.4) and (5.6), in order to deduce the following
version of equation (1.5) for the exponent 8 = i and the quotient mapping
7 = m4 o m3 defined in (5.2),

| 7(2) — ()|
1z — 222l + |Z]D™2 > C11(R)Co(R)Cs.

(5.6) > 232 max {||2 — Z||?, lws — x3°} > ||lw — x)°.

(5.7)

6. Proof of theorem (1.4) for the octahedral group

Let E7 be the binary octahedral subgroup of SLo(C) with 48 elements, which
is generated by the binary tetrahedral group Eg and the following matrix [8,
p. 741,

, 0 . .

(6.1) Hy = <p8 ), with pg = (1+1)/V2.
0,ps

Recall that pg is the eighth-root of the unity. We have already seen, in

previous section, that the norm ||Hz| = |z|| is preserved for every z € C? and

each matrix H in the group Eg; and so it is trivial to deduce that the norm is
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also preserved for every matrix H in the group E;. The quotient mapping 7
from C2 over the singular surface 3; = C?/E; is given by

(6.2) 7(2) = mg o (2) = Mg oMy 0 M3(2),

where each 7;, has been defined in (4.2) or (5.2). We know that 7 is a quotient
mapping from C? onto the singular surface 3¢ define by x3 + x2 = x4 inside
C3. By fixing xs = x2x3 and X3 = x3, we can easily deduce that the mapping 7

in (6.2) is a natural branched 48-cover from C? over
(6.3) S; = {xixs +x5=%3} in C°

The proof of Theorem (1.4) for the binary octahedral group E; and the
exponent B = 4—18 is essentially the same as the proofs for D;, 5 and Eg, so
we only present a sketch. Given the open ball Br ¢ C? of radius R > 0 and
centre in the origin, let z and ¢ be two points in Bg such that ||z — {|| is less
than or equal to ||z — H{|| for every matrix H in the group E;. Considering
equation (5.7), and working as in the proofs of (4.4) and (5.4), we have that the
following inequality holds for the matrix H4 given in (6.1) and the exponent
k=0,1:

[#7(2) — #(H{O|” 2 2 2

> C11(R)Cy(R)Cs.

Iz = £l + g T

Letting w and x be a pair of points in #(Bg) C C2, we automatically have

that |x1| < 2R®, |x3] < R and x3 is equal to x5 — x3; similar relations are
satisfied by the vector w. Hence, the following inequality holds,

(6.4)

wh — a3 < |wi — «f| + |wg — x3]
< 12R"w; — x1| + 2R™|w3 — x|
< 2R™(6R* + 1)||n2(w) — na(x)]].

Recall equation (4.5) with ng(x) = (x1, x3x9, x%). Let Cg be the finite positive
constant calculated in Lemma (3.3). Since |w; —x1] is less than or equal to 4R,
and working as in the proof of equations (4.6), we can deduce the existence of
a finite positive constant C13 with

1) ) g { O 20

(6.5) >
2C12(R) |w§ - x§|, |w2w3 — x2x3|

Suppose that the norm ||w — x| is less than or equal to |w — ¢(x)||, where
¢(x) is defined by (x1, —x2, —x3). Working as in the proof of (4.7), we have that:

(6.6) [mew) — ne(x)|| > Cra(R)Collw — x|%.

Finally, it is easy to verify that #7(H4{) is equal to ¢(i(¢)) for the matrix Hy
in (6.1) and the mapping 7 = 74 o 113 defined in (5.2). Thus, given z and { in
Bpg, such that ||z — || is less than or equal to ||z — H{|| for H in D9, we fix
the point w = 7(z). Working as in the proof of (4.8) and (5.7), we may set the
point x = 7 (H fg“ ) into equation (6.4) and (6.6), with an appropriate &, in order
to deduce the following version of equation (1.5) for the exponent B = 4—18 and
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the quotient mapping 7 = 7y o i defined in (6.2),

|7 (2) — 7 Q)| > C12(R)C?(R)CZ(R)CS.

6.7
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ON THE COMPLEMENT OF SETS WITH A SYSTEM OF STEIN
NEIGHBOURHOODS

E. S. ZERON

ABSTRACT. Let M be a holomorphic (complex) manifold, and K be a compact
subset of M which has a system of Stein open neighbourhoods. The main
objective of this paper is to show that the complement of K in M is n-connected,
where 1 > 0 is completely defined by the topological properties of M.

1. Introduction

The general class of compact subsets which have a system of Stein open
neighbourhoods plays an extremely important role in complex analysis and
approximation theory. This class contains the polynomially and rationally
convex subsets of C™, for example, as well as the totally real submanifolds of
C™. We refer the reader to Stolzenberg [15] and Alexander and Wermer [2]
for a general review on the subject. Nevertheless, it is usually a very difficult
problem to decide whether a given compact subset has a system of Stein open
neighbourhoods. Therefore, results which provide topological obstructions are
of special interest to complex analysis.

Recently, Forstneri¢ [7] proved via Morse theory that the complement of
a polynomially convex set in C" is (n—1)-connected for n > 2. Let M be a
holomorphic (complex) manifold, and K be a compact subset of M which has
a system of Stein open neighbourhoods. The main objective of this paper is to
show that the complement of K in M is n-connected, where n > 0 is completely
defined by the topological properties of M. We strongly recommend the works
of May[11] and Aguilar, Gitler and Prieto [1] for references on homotopy theory.

THEOREM (1.1). Let M be a holomorphic g-connected manifold of complex
dimension m > 2, where q > 0. Define 1 to be the minimum of q and m—2.
Then, the complement of any compact set K in M with a system of Stein open
neighbourhoods is n-connected.

We must note that previous theorem is a modification of the fairly classical
results of Andreotti and Frankel [3] and Bott [5]. The space C" is the perfect
example of a manifold which satisfies the hypotheses of Theorem (1.1), for it
is contractible. Recall, for the sake of completeness, that the manifold M is
g-connected whenever the homotopy groups 7, (M) vanish for every 0 < k£ < q.
Besides, a compact subset K has a system of Stein open neighbourhoods if for
every open neighbourhood V of K there exists a Stein open subset () such that
KcQacV.
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One of the main applications of Theorem (1.1) is to produce examples of
compact Stein sets which have no system of Stein open neighbourhoods; see
Corollary (3.2). Recall that a compact set K is said to be Stein whenever the
Theorem B of Cartan and Serre is valid on K [8, p. 100]. It was thought for some
time that any compact Stein set has a system of Stein open neighbourhoods, but
an counterexample due to Bjork [4] has shown that this is not the case. More
counterexamples (using topological arcs) have been constructed by Henkin [9].

We close this chapter expressing our deepest gratitude to Professor Samuel
Gitler and to one of the referees, who suggested to us the final version of
Theorem (1.1) and a simplified proof.

The next section of this paper is completely devoted to the proof of Theo-
rem (1.1). Several applications and counterexamples are presented in the final
chapter of this work.

2. Proof of Main Theorem (1.1)

We begin by presenting the following lemma which collects several known
results about Stein manifolds. Recall that the reduced H(-) and singular Hp(-)
homology groups coincide for 2 > 1.

LEMMA (2.1). Let W be a holomorphic manifold of complex dimension m > 2.
Suppose there exist a commutative group G and an index q > 0 such that the
reduced homology groups Hy(W, G) vanish for 0<k<q. Given a compact set
K in W which has a system of Stein open neighbourhoods, the following two
statements hold:

(2.2) HI(K;G) =0 for j>m+1;
(2.3) HW\K;G) =0 for 0<Fk<min{q,m—2}.

Proof. The Cech cohomology groups H’(Q;G) vanish for any m-complex
Stein manifold () and j > m, because () has the homotopy type of a CW-complex
of real dimension less than or equal to m; see [3], [5] or [12]. Thus equation (2.2)
holds, for K has a system of Stein open neighbourhoods partially ordered by
inclusions and H/(-) is invariant under direct limits; see for example [6, p. 348]
or [8]. On the other hand, suppose that £ < m—2. A direct application of the
Duality Theorem for general manifolds, [6, p. 351] or [14], and the long exact
sequence for reduced homology, [6, p. 185] or [14], yields that

0=Hp(WW\K;G) - H,(W\K;G) — HW;G) — .

Thus, equation (2.3) automatically holds because of the hypotheses and the
above sequence. O

We may now present the proof of Theorem (1.1). Let M be a holomorphic g-
connected manifold of complex dimension m > 2, where ¢ > 0, and K be a com-
pact subset of M which has a system of open Stein neighbourhood. Lemma (2.1)
automatically implies that the complement of K in M is arcwise connected, for
a space is 0-connected if and only if its reduced homology group Hy(-) vanishes.

Proof of Theorem (1.1). We only need to show that the compact set K in
M has a system of Stein open neighbourhoods whose complements are all 7-
connected, where 7 is the minimum of ¢ and m—2. Let U C M be any open
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neighbourhood of K. We may suppose that U is a Stein manifold with a finite
number of connected components, for the compact set K C M has a system of
Stein open neighbourhoods.

There is then a biholomorphism / defined from U onto a closed m-complex
submanifold U of C?"*!; see [8, p. 126] or [10, p. 128]. Choose B, an open
ball in C*"*1 with centre at some fixed point x € C*™*! and radius p > 0 large
enough such that: A(K) is contained in U N B, and the boundary 6B, intersects
U transversely. Hence, the set Un B, is a Stein open manifold bounded by

the compact smooth manifold Un 8B,. The works of Andreotti and Frankel
[3] and Bott [5] automatically imply that

(2.4) (UNB,, UNSB,) is (m—1)-connected.

We may also prove (2.4) via Milnor’s work [12]. Let x be a fixed point in
C?m+1 such that the square-distance function L, : U — R has no degenerate
critical points [12, p. 41]. The index of L, is then less than or equal to m at
each one of its critical points, for U has real dimension 2m. On the other hand,
since L,(z) is defined by the norm ||z — x||?, the compact sets U NB, and Un 8B,
are respectively equal to L ([0, p?]) and L 1(p?). A direct application of Morse
Theory [12, §3] yields that U ﬂFp is obtained from U N 6B, by attaching k-cells
of dimension & > m, for the index of — L, is greater than or equal to m at each
one of its critical points [12, p. 41]; and so statement (2.4) holds.

Define () C M to be the inverse image h_l(f]ﬂBp), where £ is the biholo-

morphism from U onto U. We easily have that () is a Stein open set, K C (),
and the boundary 8() is a smooth compact manifold. Moreover, the compact
closure ) C U has a system of Stein open neighbourhoods given by the inverse
images h~1(UNB,), for the radii r > p. We can deduce that the sets M \ Q and
M\ Q) are both arcwise connected because 6() is smooth and Lemma (2.1). The
previous facts and (2.4) also implies that

7,(Q, 8Q) vanishes for every 0 <k < m—1;
(M\Q, E) is O-connected forany E C M\ Q.

Since the boundary () is smooth and compact, we may choose an open set
V in M such that Q C V and the groups 7(V, V\Q) vanish as well for every
kE < m—1. We may fix V to be an e-neighbourhood of ) with € > 0 small enough.
Notice that M is equal to the union of V and the interior of M \ ). Hence, we
may use the excisive triad (M;V, M\), the second statement of (2.5), and the
Homotopy Excision Theorem [11, p. 81], in order to deduce the following result
for m > 2,

(2.6) (M, M\ Q) vanishesfor 0<k<m—1.

We may also prove (2.6) by using the Blakers and Massey’s Theorem pre-
sentedin [1, p. 193]. The inclusions of 8Q) into Q and M \ ) are both cofibrations
because 8() is a compact smooth manifold [1, p. 94]. Therefore, we may use
the triad (M;Q, M\Q), both statements of (2.5), and Blakers and Massey’s
Theorem [1, p. 193], in order to deduce (2.6) for m > 2.

Finally, we demand in the hypotheses that M is g-connected, with ¢ > 0.
Therefore, the group 7, (M\Q) vanishes as well for every & < 7, with 5 equal

(2.5)
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to the minimum of ¢ and m—2, because statement (2.6) and the following long
exact sequence [1, p. 87] or [11, p. 63],

0=mp (M, M\ Q) — mu(M\ Q) — (M) = 0.

We may conclude that the complement of K in M is n-connected, because for
every open neighbourhood U of K, we may find a Stein open set () in M such
that KCQcU and 7, (M\Q) vanishes for 0<k<#. That s, let f be a continuous
mapping defined from the k-dimensional sphere S* into the complement M\ K.
We may find a Stein open set () in M such that K c (), the image f(S*) does not
meet (), the complement of () is 0-connected, and the group (M \(}) vanishes.
The mapping f is then homotopically trivial in M\ Q) and in the larger set M\ K.
We need specify no base point in M \ (), for it is 0-connected. O

3. Applications and Counterexamples

We want to finish this paper by presenting several applications and coun-
terexamples. As we have said in the introduction, the space C”" is the perfect
example of a manifold which satisfies the hypotheses of Theorem (1.1), for it
is contractible. Thus, we have the following result.

COROLLARY (3.1). Let K C C" be a compact set with a system of Stein open
neighbourhoods, for n > 2. The set C" \ K is then (n—2)-connected.

One of the main applications of Theorem (1.1) is the construction of compact
Stein sets which have no system of Stein open neighbourhoods. Recall that a
compact set K is said to be Stein whenever Theorem B of Cartan and Serre
is valid on K, that is, if and only if all the Cech cohomology groups H(K, £)
vanish for every ¢ > 1 and each coherent analytic sheaf £; see [8, p. 100]. In
particular, we may fix £ equal to the sheaf of germs of holomorphic p-forms
defined on K.

Thus, whenever K is a compact Stein set in C*, the Dolbeault theorem yields
that the Dolbeault cohomology groups H2“(K) vanish for p > 0 and ¢ > 1.
That is, given a d-closed (p, ¢)-form A defined on an open neighbourhood V of K,
there exists a second (p, g—1)-form g defined on a smaller neighbourhood W of
K such that dg = A inside W. Recall that all previous cohomology groups are
calculated as direct limits over systems of neighbourhoods of K. The simplest
example of a compact Stein set is a zero-dimensional one, such as a copy of the
Cantor set.

COROLLARY (3.2). Let M be a holomorphic q-connected manifold of complex
dimension m > 3, where q > 1, and K be a (topological) zero-dimensional
compact subset of M whose complement is not simply connected. The set K is
then Stein, but it has no system of Stein open neighbourhoods in M.

We must point out that there always exist zero-dimensional compact sub-
sets in M whose complement is not simply connected. Rushing [13] produces
several examples of Cantor sets in C" such that the first homotopy group of
the complement is non-abelian and infinite.
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Proof. The set K is Stein because all cohomology groups H%(K, £) vanish
whenever g > 1 and K is a zero-dimensional set. Theorem (1.1) easily implies
then that K has no system of Stein open neighbourhoods. O

It is interesting to compare Corollary (3.2) with the original Bjork [4] and
Henkin’s [9] examples of compact Stein sets which have no system of Stein
open neighbourhoods. On the other hand, we may also use Theorem (1.1) for
estimating how large is the intersection of all Stein open neighbourhoods of a
given compact set. We need the following lemma on Stein manifolds.

LEMMA (3.3). Let K be a compact subset of a Stein manifold. The intersection
of all Stein open neighbourhoods of K is a compact set.

Proof. Notice that K has at least one Stein open neighbourhood (), because
the given hypotheses. Define K to be the holomorphically convex hull of K
in its neighbourhood (2, that is,

K = {2€ Q; |h@)| < ||llx, VA € OWQ)}.

Further, let K be the intersection of all Stein open neighbourhoods of K.
We easily have that K contains the intersection Nao K2, where Q runs over
all Stein open neighbourhoods of K. We assert that the reverse containment
holds. Suppose there exists a point y € K and a Stein open neighbourhood U
of K such that y ¢ KU. We have that y € U and that there is a holomorphic
function & € O(U) such that |h(y)| is strictly greater than ||k|x. Thus, the
Stein open set {z€U; h(2)#h(y)} contains K, but it does not contain y. This is
a contradiction of the fact that y € K.

The set K and the intersection No K? are then equal, where () runs over
all Stein open neighbourhoods of K. Moreover, every hull K%is compact, for
Q) is Stein [8] or [10, p. 109], and so K is compact. O

We may deduce that the previous lemma holds as well when K is a compact
subset of any complex manifold, and K has at least one Stein open neigh-
bourhood. Recall that a continuous mapping f defined from the k-dimensional
sphere S* into an open manifold W is homotopically trivial if and only if f has
a continuous extension to the (k+1)-dimensional compact ball bounded by S*.

COROLLARY (3.4). Let M be a holomorphic q-connected manifold of complex
dimension m > 2, where q > 0. Besides, let K be a compact set in M which has
at least one Stein open neighbourhood, and f be a continuous non-homotopi-
cally trivial function defined from the k-dimensional sphere S* into M \ K. If
the dimension k is less than or equal to both q and m—2, then, the image f(S*)
meets every Stein open neighbourhoods of K.

Proof. Define the set K to be the intersection of all Stein open neighbour-
hoods of K. This intersection is well defined because there is at least one Stein
open set () containing K. Lemma (3.3) implies that K is compact. It is easy
to deduce that K has a system of Stein open neighbourhoods in M, for the
intersection of Stein open subsets in () is again Stein. Thus, given any open
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set V.C M which contains K, we just need to pick up enough Stein open neigh-
bourhoods of K (or K) in ) so that the intersection of all of them is contained
inside V. B

We assert that the image f(S*) meets K, and so, it meets every Stein open
neighbourhood of K. Ifthe set /(S k) does not meets K, then, f is homotopically
trivial in the complement of K, after Theorem (1.1). Hence, the function f is
also homotopically trivial in the larger set M \ K, which is a contradiction of
the given hypotheses. O

Finally, we close this paper by giving a pair of counterexamples which show
that the hypotheses of Theorem (1.1) are sharp. Let E be the closed set de-
fined by z; = 0 in C". It is easy to see that E has a system of Stein open
neighbourhoods, but its complement is not simply connected. Therefore, we
cannot relax the hypothesis that K is a compact subset of a complex manifold
in Theorem (1.1).

Moreover, let 72 be the compact torus defined by |x|=|y|=1 in C2. We have
that 72 is rationally convex, so it has a system of Stein open neighbourhoods,
but its complement is not simply connected. The fundamental group of C"\ 72
is indeed isomorphic to the integers. Thus, we cannot relax the hypothesis
that n < m—2 in Theorem (1.1); and it is trivial to see that we cannot relax
the hypothesis that < g either.

Received September 27, 2006

Final version received January 11, 2007

DEPARTAMENTO DE MATEMATICAS
CINVESTAV

ApPDO. POSTAL 14-740

07000 MExico D.F.

MEgxico
eszeron@math.cinvestav.mx

REFERENCES

[1] M. AGUILAR, S. GITLER, C. PRIETO, Algebraic topology from a homotopical viewpoint, Uni-
versitext. Springer-Verlag, New York, 2002.

[2] H. ALEXANDER, J. WERMER, Several complex variables and Banach algebras. Third edition,
Grad. Texts in Math. 35. Springer-Verlag, New York, 1998.

[3] A. ANDREOTTI, T. FRANKEL, The Lefschetz theorem on hyperplane sections. Ann. of Math. (2)
69 (1959), 713-717.

[4] J. E. BJORK, Holomorphic convexity and analytic structures in Banach algebras. Ark. Mat. 9
(1971), 39-54.

[5] R. BotT, On a theorem of Lefschetz, Michigan Math. J. 6 (1959), 211-216.

[6] G.E. BREDON, Topology and geometry, Grad. Texts in Math. 139. Springer-Verlag, New York,
1993.

[7] F. FORSTNERIC, Complements of Runge domains and holomorphic hulls, Michigan Math. J.
41 (2), (1994), 297-308.

[8] H. GRAUERT, R. REMMERT, Theory of Stein spaces, Grundlehren der Mathematischen Wis-
senschaften 236. Springer-Verlag, Berlin, 1979.

[9] G. M. HENKIN, Personal communication.

[10] L. HORMANDER, Complex Analysis in Several Variables, an introduction. Second Edition,

North-Holland, Amsterdam, 1979.



COMPLEMENT OF SETS WITH STEIN NEIGHBOURHOODS 93

[11] J. P. MAy, A concise course in algebraic topology, Chicago Lectures in Mathematics. Univer-
sity of Chicago Press, Chicago, 1999.

[12] J. MILNOR, Morse theory. Based on lecture notes by M. Spivak and R. Wells, Annals of Math-
ematics Studies 51. Princeton University Press, Princeton, 1963.

[13] T. B. RUSHING, Topological embeddings, Pure and Applied Mathematics 52, Academic Press,
New York-London, 1973.

[14] E. H. SPANIER, Algebraic Topology, McGraw-Hill, New York, 1966.

[15] G. STOLZENBERG, Polynomially and rationally convex sets. Acta Math. 109 (1963), 259-289.



Bol. Soc. Mat. Mexicana (3) Vol. 13, 2007

EXISTENCIA DE SOLUCIONES POSITIVAS PARA PROBLEMAS
NO LINEALES CON DISCONTINUIDADES INDEFINIDAS

MARCO CALAHORRANO

RESUMEN. En este articulo presentamos algunos resultados sobre la existen-
cia de soluciones positivas para ecuaciones diferenciales de segundo orden
(1-dimensional) con t/¢rmino no-lineal de la forma Am(x)f(u), donde m es dis-
continua y cambia de signo.

ABSTRACT In this paper we present some results about the existence of positive
solutions for second order differential equations (1-dimensional) with nonlin-
ear term of the form Am(x)f («), where m is discontinuous and sign changing.

A Joaquin Bustoz, entrafiable amigo. In memoriam.

1. Introduccion

Problemas con no linealidades indefinidas han sido estudiados por S. Alama,
M. del Pino, G. Tarantello [1], [2], [3], H. Berestycki, I. Capuzzo-Dolcetta, L.
Nirenberg [10], D. Papini, F. Zanolin [22], [23], [24], K. Chang y M. Jiang [18].
El caso de valores propios para pesos indefinidos fue estudiado por Anane,
Chakrone y Moussa [8], M. Cuesta [19]. Cuando las no linealidades son in-
definidas y discontinuas han contribuido también M. C. y S. Gonzalez [11].
El caso de ecuaciones semilineales elipticas con no linealidades discontinuas
ha sido estudiado extensamente por A. Ambrosetti, C. Stuart, M. Badiale, M.
Struwe, D. Arcoya, etc, mirar por ejemplo [4], [25], [7], [6], [9] para una bib-
liografia mas extensa. Para los casos donde las no linealidades aparecen con
peso observar [12], [20].

Ahora estudiamos la existencia de soluciones positivas para problemas con
valores al borde de la forma:

{—u” = am)f@w), 0<x<1,

(D u(0) = u(1) = 0,

donde A > 0, m € PC([0, 1])!, m cambia signo y f es una funcién no lineal con
condiciones de crecimiento en cero y en el infinito.
Por facilidad vamos a suponer:

(1.2) m:(0,1) - R

2000 Mathematics Subject Classification: 34B15, 34B18, 34B09.

Keywords and phrases: indefinite discontinuous nonlinearities, positive solutions, boundary
value problems; no linealidades discontinuas, soluciones positivas, problemas de valores en la
frontera.

1PC([0,1]) es el conjunto de las funciones reales continuas por tramos definidas en el intervalo
[0,1].
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tal que

1 si0<x<aq,
m(x) = .
-1 sia<zx<]1

con a €]0, 1[. Consideraremos las siguientes hipétesis sobre f € C2

(A) f es tal que:
1.3) f’(s)>0 para s>0,
(1.4) f0)=0,
(1.5) f(s)—sf'(s) <0 para s>0.

(B) f verifica las siguientes hipétesis:

(1.6) f) =0,

(1.7 existe so >0 talque f”’(s)>0 para sc[0,s9) ¥y
(1.8) f"(s)>0 para s € [sg, +00),

(1.9 f(s)—sf'(s)>0 para s>0.

Observacion (1.10). Parala obtencion de nuestros resultados hemos seguido
las ideas desarrolladas por A. Castro, R. Shivaji y A. Kurepa en [13], [16], [17]
y [14] donde estudian la existencia de soluciones no negativas para problemas
de tipo semipositone. Es importante considerar los trabajos de D. Papini y
F. Zanolin [22], [23], [24] donde se estudian ecuaciones (1-dimensional) no
lineales con peso indefinido; dichos autores, sin embargo, consideran pesos al
menos continuos. Tomen en cuenta [23] para un estudio histérico, problemas
relacionados, bibliografia mas extensa y aplicaciones a la ecuacion de Hill.

2. El resultado principal

Antes de enunciar el teorema fundamental del trabajo introduzcamos una
definicién de solucién para (1.1).

Definicién (2.1). Diremos que u € C([0, 1]) es una solucién de (1.1) si u €
C2(10, a[ U Ja, 1]) y verifica (1.1) salvo el punto de discontinuidad.

Observacion (2.2). En general, las soluciones definidas como en (2.1) pueden
ser llamadas soluciones del problema a “k mas dos puntos” si % son los puntos de
discontinuidad de m; en el caso particular que nos ocupa podriamos llamarla
solucién del problema de “tres puntos”, u(0) = w(l) = 0 y lim,_,,- u(t) =
lim;_, o+ u(?).

TEOREMA (2.3). Sea f'(s) > 0 para s > 0,

(a) Si las hipétesis [A] se verifican y limg_, @ = 400 entonces existe A\* > 0
tal que (1.1), tiene al menos una solucién positiva para A € (0, A*).

(b) Si las hipdtesis [B] se verifican y lim;_, @ = C, (C una constante) y
4f'(0) > C, entonces existen constantes 0 < A < A tales que (1.1) tiene al menos

una solucién positiva para A € (A, A) = A.
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Observacion (2.4). Las soluciones obtenidas en el teorema anterior, general-
mente, no son soluciones en el sentido de las distribuciones aunque lo son en
el sentido casi todo punto.

3. Demostracion del Teorema

Para la demostracion del teorema (2.3) nosotros transformamos el problema
(1.1) en:

3.1) { —u" = AM(u), 0<x<a,
w(0) =0, ula) = p;

(3.2) { u’ = A(w), a<x<l,
wa)=p, u(1)=0

con p > 0.

Observacion (3.3). Si permitimos que p > 0, entonces las soluciones seran
no-negativas y si p es simplemente un real la solucién podra cambiar signo.

LEMA (3.4). Si las ecuaciones con condiciones al borde (3.1) y (3.2) tienen
solucion entonces (1.1) también lo tendra (en el sentido de la definicion 2.1).

Estudiaremos ahora las soluciones de los problemas (3.1) y (3.2), para lo
cual primero analizaremos la ecuacion de (3.1).
Si multiplicamos por «’ y luego integramos la ecuacion de (3.1) obtendremos:
12

(3.5) -J%ZAmw+h

donde

(3.6) Flu) - / f(s)ds.
0

Como f(s) > 0 para s > 0, u es concava y por lo tanto buscaré soluciones
positivas de (3.1) tal que u(a) = py t/(a=) = 0.

PROPOSICION (3.7). Si las hipdtesis de la parte a) del teorema se verifican
entonces existe A* > 0 tal que (3.1) tiene al menos una solucién positiva, u,
para todo A €10, A*[. Ademds la solucién u cumple: u(0) = 0, u(a) = p (p =
SUP, ¢ (0,) U(X)) y u(a=)=0.

Demostracién. De (3.5)yu'(a”) =0
(3.8) u'? = 2\[F(p) — F(w)].

De la positividad y concavidad de u en ]0, a[ tenemos que:

(3.9) u'(x) = \/2ALF(p) — F(u)],

(3.10) A fonda,
F(p)— F(u)

que integrando nos produce:

(3.11)

Vi = 1 /" du
V2a Jo /Flp)—Fw)
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Definamos la funcién G como sigue:

(3.12)

Glo) 1 /p du
P=Vaa o VFp) - Fw)

Si en la férmula anterior se hace el cambio de variables u = pv la funcién G
viene transformada en:

1
p dv
(3.13) G =2 | .
V2a Jo +/F(p)— F(pv)
De la hipétesis (1.5), f(s) — sf’(s) < 0, se puede probar facilmente que: % <0
para p > 0.
Por otro lado podemos demostrar que:

L dv
(3.14) Gip) < —2L ,
P a2Fp) Jo Vv
y por lo tanto
(3.15) Glp) < pv2

~ a/Flp)

fs)
s

Y como hemos supuesto limg_. | o, = 400 de la férmula (3.15) nosotros ob-

tendremos que:
(3.16) G(p) — 0, cuando p — +oo.

De esto es claro que la proposicién (3.7) viene inmediatamente. O

Observacion (3.17). La férmula definida en (3.12) esta relacionada con una
dada por los autores Mandasevich y Zanolin denominada Time-mapping, mirar
[21].

PROPOSICION (3.18). Bajo las hipdtesis de la parte a) del teorema, es decir
las mismas de la proposicion (3.7), el problema (3.2) tiene al menos una solucién
positiva para todo A €10, A*[.

Antes de demostrar la proposiciéon notemos lo siguiente:

Observacion (3.19). Buscamos soluciones del problema (1.1) al menos conti-
nuas en [0, 1]; por tanto p = sup,, 1; %(x) y entonces la solucién de (1.1) no es
diferenciable en « pues debe verificar la ecuacion de (3.2). Del razo-namiento
anterior deducimos que cualquier solucién de (1.1) en el sentido de la definicién
2.1 debe verificar (3.2) con u/(a™) < 0.

Demostraciéon. Demostremos la proposicion (3.18). Si tomamos en cuenta
la observacién (3.19) nosotros debemos suponer que existe al menosuna € R~
tal que:

(3.20) u(a™) = ap.
De la ecuacion (3.2) y siguiendo el procedimiento de la demostracién de la
proposicién (3.7) se tiene que:

du

p
(3.21) / -
0 @p? -2\ Fp) - Fw)
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Para que la proposicién (3.18) quede demostrada nos basta probar que efec-
tivamente existe un tal @ € R~ tal que para todo A €]0, A*[ la integral de la

férmula (3.21) alcance el valor 1 — «, con « €]0, 1[ . Definamos la funcién G A(p)
de la forma siguiente:

P du
/o V(@p)? — 2M(F(p) — F(w)
que con el cambio de variables u = pv se transforma en:
1 dv
P /0 V(@p)? — 2M(F(p) — F(pv))’

De la prueba de la proposicién (3.7) se puede deducir que:

(3.22) Gi(p) =

(3.23) Gi(p) =

V2
(3.24) VA< P¥Z
ar/F(p)

En efecto, mirar la desigualdad (3.15) para una prueba.
Tomando en cuenta (3.24) y luego de algunos calculos podemos llegar a:

~ 1
<Gip) € ——.
1/@—%

Por lo tanto para que se verifique la proposicion (3.18) se debe cumplir:
1

1
=<l-a< ——
|al a2 — %

para « €]0, 1.

Y asi a debera cumplir con las desigualdades:

| =

(3.25)

Q)

(3.26)

1 4
2 al < =
(3.27) || < A—aZ T &
(3.28) @ > -t
. al > A-a
y
2
(3.29) la| > —,
(3
que se verifican facilmente. O

PROPOSICION (3.30). Supuestas las hipdtesis de la parte b) del teorema (2.3),
entonces existen constantes 0 < A < Atales que (3.1) tiene al menos una solucién
positiva para A € (A, A) = A.

Demostracién. Se sigue el razonamiento de la demostracion de la propo-
sicion (3.7) hasta llegar a:

(3.31)

Glp) p /1 dv
P~ Vaa Jo JFGp) = Foo)
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De la hipétesis f(s) — sf'(s) > 0 (1.9) se tiene que % > 0, es decir, G es

creciente y por tanto:

1 4
3.32 <A< —.
( ) a2f(0) =~ a2C
Y puesto que 4/'(0) > C entonces existen constantes 0 < A < A tales que para
todo A € (A, A) el problema (3.1) tiene al menos una solucién positiva. O

PROPOSICION (3.33). Bajo las hipétesis de la proposicion (3.30) el problema
(3.2) tiene al menos una solucién positiva para A € (A, A).

Demostracién. Se aplica el razonamiento de la demostraciéon de la propo-
sicién (3.18). O

Ahora estamos en capacidad de probar el teorema ya enunciado:

TEOREMA (3.34). Sea f'(s) > 0 para s > 0,]

(a) Si las hipotesis [A] se verifican y lim_, o @ = 400 entonces existe A* > 0
tal que (1.1), tiene al menos una solucion positiva para A € (0, A*).

(b) Si las hipdtesis [B] se verifican y limsﬂooi@ = C, (C una constante) y
4f'(0) > C, entonces existen constantes 0 < A < A tales que (1.1) tiene al menos

una solucién positiva para A € (A, A) = A.

Demostracién. La parte a) sigue de las proposiciones (3.7) y (3.18), y la b)
viene de las proposiciones (3.30) y (3.33). O

Observacion (3.35). Podran hacerse extensiones del problema al caso del op-
erador p-Laplaciano en una dimension y seguramente se obtendran resultados
similares.
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A NECESSARY AND SUFFICIENT CONDITION FOR THE
EXISTENCE OF POSITIVE PERIODIC SOLUTIONS OF A
NICHOLSON’S BLOWFLIES MODEL

JING-WEN LI, SUI SUN CHENG, ZHI-YUAN JIANG

ABSTRACT. In this paper, we derive a sufficient condition as well as a nec-
essary condition for existence of positive periodic solutions of the Nicholson’s
blowflies model with periodic coefficients

i(#) = —8)x(t) + P@)x(t — 7(t))e” =" ¢ > q,

where 6, P,a € C(R",(0,00)) and 7 € C(R*,R") are T-periodic functions.
When P(¢) = y6(t) with y > 0, a sufficient and necessary condition for the
existence of a positive T-periodic solution follows.

1. Introduction

Nicholson’s blowflies models have been studied by many authors. In partic-
ular, the delay differential equation

(1.1 &) = —8x(t) + Px(t — m)e” =7 ¢t e RT =[0, 00),

where 6, P,a, ™ > 0, is used by Gurney et al. in [3] to describe the dynamics
of Nicholson’s blowflies. For related works, we refer to [1], [3]-[12] and the
references cited therein. In particular, it is known that (1.1) has a unique pos-
itive equilibrium x = 1 In (£) if, and only if, P > §, and in [7]-[9], [12], global
attractivity of the positive equilibrium x of Eq.(1.1) has been investigated. In
[10], the existence of positive T-periodic solutions of (1.1) is considered, and
the following result is obtained: If

(1.2) 1-e T < PT <e(1l—e %),

then (1.1) has at least one positive T-periodic solution.

In this paper, we will derive a necessary and sufficient condition for the
existence of positive T-periodic solutions of (1.1). We will approach our neces-
sary and sufficient condition in a slightly more general setting by studying the
equation

(1.3) i(t) = —6(t)x(t) + P()x(t — 7(t))e~ =) ¢ >,
under the initial condition
(1.4) x(s) = ¢(s), ¢ € C([—7y,0],R") and ¢ # O,

where 8, P,a € C(R™, (0, c0)) and 7 € C(R*, R") are T-periodic functions, and

7y = max 7(¢) > 0.
t€[0,T]

2000 Mathematics Subject Classification: 34D45, 34C25, 92D25.
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It is known that the initial problem (1.3)-(1.4) has a unique nonnegative
solution x(¢) on [0, co) and that x(#) > 0 for ¢ > 7). See e.g. [4]. In the
following, by a solution of (1.4) we will mean a solution of (1.3)-(1.4). Note that
when 6(¢), P(¢), a(t) and 7(¢) are all constants, (1.3) reduces to (1.1).

By means of coincidence degree theory, we first establish a sufficient condi-
tion and a necessary condition so that (1.3) has a positive T' —periodic solu-
tion. Then in the special case when 8(¢), P(¢), a(t) and 7(¢) are constant func-
tions, we obtain our desired necessary and sufficient condition for (1.1). As
a bonus, we may also obtain a necessary and sufficient condition in the case
when P(¢) = y5(t) and y > 0.

Throughout this paper, we always let

a, = min a(t), ay = max a(?),
tel0,T1] t€l0,T1]

and
1T B 1 /T ;
S:T/O 8(s)ds, P:T/O P(s)ds.

2. Sufficient Condition

Let
X=Z={x@®) e CR,R):x(t+T)=x()}
be the Banach space endowed with the usual linear structure as well as the
norm |[|x|| = sup;cop |#(2)]. Let

1 T
Lx=x Px=Qx= / x(t)dt,
0

T

and

Nx = —8t)x(t) + P(t)x(t — (t))e~Oxt—7),
Obviously,

DomL={xeX:x¢ CI(R,R)}, Ker L =R,
T
ImL = {ze Z: / 2)dt = O},
0

and

dim Ker L = codim Im L

since Im L is closed in Z and L: Dom L € X — X is a Fredholm mapping of
index zero. It is easy to show that P and @ are continuous projectors such that

ImP=KerL, Ker@=ImL=Im({-@Q).

In the proof of our existence theorem below, we will use the continuation
theorem from Gaines and Mawhin [2].

LEMMA (2.1) (Continuation Theorem). Let L be a Fredholm mapping of in-
dex zero, and Q be bounded open subset in X such that N is L-compact on €.
Assume further that

(a) For each A € (0, 1), every solution x of Lx = ANx is such that x ¢ €);

(b) @Nx # 0 for each x € 9Q N Ker L and

deg{@N, QO NKerL,0} #0.
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Then the equation Lx = Nx has at least one solution lying in Dom L N Q.
THEOREM (2.2). Assume that

(2.3) P@t) > 6@), for tel0,T].

Then the initial problem (1.3)-(1.4) has at least one positive T-periodic solution.

Proof. Note that P(¢), 6(¢) are T-periodic functions and P(¢) > (¢) > 0. Then
we can choose y > 1 such that

(2.4) P(t) > vyé(t), for teR.

To use Lemma (2.1), we consider the operator equation Lx = ANx for A € (0, 1),
that is,

(2.5) &) = —A8@®)x(t) + APD)x(t — 7(2))e  ®W*E—1®) ¢ > 0,

Assume that x(¢) is a positive T-periodic solution of (2.5), choose ¢, € [0, T'] and
t* € [ty, t, + T] such that

x(¢*) = max x(¢), x(¢.) = min x(2).
t€l0,T1 te[0,T]
From (2.5), we have
¢ 4 ¢
(2.6) (x(t)el\ j(‘) 6(S)d3) _ AP(t)e/\ j(‘) 6(S)dsx(t _ T(t))efa(t)x(tff(t)).
Integrating (2.6) from ¢* — T to t*,

o t* —T
2.7 x(t*)eAf() 8(s)ds _ x(t* — T)e'\fo 3(s)ds
t* ;
= A P(t)e/\fo B(S)dsx(t _ T(t))e_a(t)x(t_T(t))dt,
t*—T

and so,

[T sed r [
x(t*) <1—e Moerd@d) oy [T pye Iy rgyeetst—rongy
t*—T

t* o
< )\/ P(t)e_)‘fz 5<S)dsx(t — T(t))e*amx(tff(t))dt
tx—T

¢ "
< A P(t)ei)\ft 8s)ds g,
etn Jp 1
It follows that
e < I, Pty e 2% g AfS P@)dt
< - < -
ean (1 — eiAfo 5(s)ds) e, (1 — e7A£ a(s)ds)
T _
P@)dt
(2.8) < Jo P®) = PT =B,

ean (1 e B(S)ds> ean (1 - e‘5T>
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where the third inequality follows from the monotonicity of the numerator as
a function of A. Similarly, we have

ts I by
x(t.) (1 - eAfwa(s)ds> — A / Pt)e 0 308 rpy)e—a®xtt—rtn gy
te—

t .
> )\/ P(t)e_)‘j; 5(s>dsx(t — T(t))e*aMx(tff(t))dt

t .
> Amin {x(t*)e*am*), x(t* e~ >} / Ptye )i 30 gy

ty £
> ymm {x(t*)e—aMx(t*)’ x(t*)e—aMx(t )}/ /\3(1,‘)67/\]; B(S)dsdt
te—T

T
= {x(t*)e*aMx(t*)’ x(t*)efaMx(t*)} (1 . e—)\fo S(S)ds) .

Thus we have

(2.9) x(.) > ymin {a(t, =), x(t e~ |

Note that the function xe~%** is increasing on [0, a;,ll] and decreasing on
[a;,", 00). Therefore, if min {x(t,)e~ @), x(¢*)e~m*t) ) = x(¢*)e~w*¢") then

xt) < ay' < xt*) < B, or ay' < x(t) < x(*) < B, and so
x(t*)e~ ) > Be~emB Tt follows from (2.9) that

(2.10) x(t,) > yBe B .= A; > 0.

If
min {x(t*)e‘“Mx“*), x(t*)e‘“Mx“*>} — x(t,)e— L),

then (2.9) yields that
x(t,) > yx(t, e ),
It follows that

(2.11) x(t,) > 1— = Ay > 0.
apm

Set A = min{A;, Ag}. Then
(2.12) A <x(t) < B.

Let O = {x € X : A <x(¢) < B, ¢t € R}. Then () satisfies the requirement (a)
in Lemma (2.1). In the sequel, we will prove that N is L-compact in (). In fact,
the generalized inverse (to L) Kp: Im L — Ker P N Dom L is given by

pr:/ x(s)ds——/ /x(s)dsdt

T
Q@Nx = 1 / [—5(8)36(8) + P(s)x(s — T(s)e_“(S)x(s_T(S))} ds.
T Jo

Clearly,
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And

t
Kp(I — QNx — / [—8(s)x(s) + P(s)ax(s — 7(s))e—a@s—] g
0
1 T t
1 [ a0+ Plorats — st dsa
T 0 0

~(L-1 / ' [78(s)x(s) + P(s)x(s — T(s))e’a(s)x(s’f(s))} ds
T 2 O '

Obviously, @N, Kp(I — Q)N are both continuous and @ N({)) is bounded. Using
the Arzela-Ascoli theorem, it is not difficult to show that Kp(I —@)N is compact.
Hence N is L-compact on (). Note that Ker L N 9Q) = {A, B}, and that

T
QN(A) = 1 / [—5(t)A + P(t)Ae*a“)A} dt
T Jo

> A+ PAe 4 > 5A <I_;e—aMA2 ~ 1)

=5A (I_)e-lnv - 1) =8A <_P — 1) >0,
1) oy

and
1 T
QNB) = ~ / (8B + PyBe~ ") d
T Jo
< _SB+PBe*amB < _i . L + i
eap, 1—e 9T eap
<P <1 . ST) <0
ean 1—e T
Therefore,

deg{@N, QAN Ker L, 0} # 0.

Therefore, ) = {x € X : A < x(¢) < B, t € R} also satisfies the requirement
(b) in Lemma (2.1). Now that we have shown conditions (a) and (b) in Lemma
(2.1), the equation Lx = Nx has at least one solution on ). Thus the definitions
of L and N at the beginning of this section show that Eq.(1.3) has at least one
positive T-periodic solution. The proof is complete. O

3. Necessary Condition

In this section, we first give the condition which guarantees that every pos-
itive solution of Eq.(1.3) tends to zero as ¢ — oo, and then derive a necessary
condition for the existence of positive periodic solutions of Eq.(1.3).

THEOREM (3.1). Assume that
(3.2) P@) <6@), for tel0,T].

Then every positive solution of Eq.(1.3) tends to zero as t — oo.
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Proof. Let x(t) be any positive solution of Eq.(1.3). Then x(¢) > 0, ¢ > 0.

From (1.3), we have
/

t t
[x(t)exp ( / 5(S)d8)] = exp ( / 5(s)ds) P(t)x(t — 7(t))e@O*t=1®) >
0 0

Integrating the above from ¢y > 0 to ¢ > ¢, we obtain

(3.3) . . .

x(t) = x(tp) exp (—/ 8(s) ds) +/exp (—/ 8(&) d§> P(s)x(s—7(s))e” ®*s=m) g,
to to s

It follows from (3.2) and (3.3) that

t t
x(t) < x(tp) exp (/ 6(s)ds) + L [1 — exp </ 8(s)ds)} .
t ean, "

Set v = lim sup,_, . x(¢). Then 0 < v < oo. To complete the proof, we only need
to show that v = 0. In what follows, we shall prove that v = 0 in three possible
cases.

Case 1. x(¢) > 0 eventually. Choose ¢y > 0 sufficiently large that x(¢) > 0
for t > tg. Then 0 < x(t — 7(¢)) < x(¢) for t > to + 7. Hence, by (1.3)
0 < —8(1)x(t) + P)x(t — 7(t))e D=0 <« [P(t) — 6(t)]x(t) <0, t>to+ Ty

This contradiction shows that Case 1 is impossible.

Case 2. x(¢) is oscillatory. In this case, there exists {¢,} with ¢, T oo such
that

x(t,)=0, n=12..., nhjglo x(t,) = v.

Then by (1.3) and (3.2), we have
P(t,)
Bt
< x(tn _ T(tn))efa(tn)x(tnff(tn))

< x(ty, — 7(t,))e wnXn =),

x(t,) = (t, — T(tn))efa(tn)x(tnfr(tn))

Set w = lim sup,,_, . x(¢, — 7(¢,)). Then w < v and from the above, we obtain
v < we %% which implies that v = 0.

Case 3. x(t) < 0 eventually. Choose ¢y > 0 enough large such that x(¢) < 0
fort >ty — 7. Thenv < x(t — 7(¢)) < x(tg — 7(¢9)) for ¢ > ¢, hence, from (3.2)
and (3.3), we have

t t
x(t) < x(ty) exp (—/ 6(s)ds) + x(tg — 7(tg))e Y [1 — exp (—/ 5(s)d3)] .
to to

Let ¢ — oo in the above, we obtain
v < x(tg — 1(tg))e .

Again, let £y — oo in the above, we have v < ve %’ which yields v = 0. The
proof is complete. O

From Theorem (3.1), we have the following necessary condition immediately.

COROLLAY (3.4). If (3.2) holds, then Eq.(1.1) has no positive T-periodic so-
lutions.
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4. Necessary and Sufficient Conditions

Combining Theorem (2.2) and Corollary (3.4), we have the following results
immediately.

THEOREM (4.1). Assume that P(t) = y8(t) with y > 0O, then Eq.(1.3) has at
least one positive T-periodic solution if and only if y > 1.

THEOREM (4.2). Eq.(1.1) has at least one positive T-periodic solution if and
only if P> 4.

We now return to condition (1.2). First note that 1 — e=%T < 8T. When
1— 7% < PT < 8T, every positive solution of Eq.(1.1) tends to zero as ¢ — oo
by Theorem (3.1), and so Eq.(1.1) has no positive T'-periodic solutions. When 1—
e~ < 8T < PT, Eq.(1.1) has a positive T-periodic solution, but the condition
PT < e(1 — e7°T) can be removed by Theorem (2.2). The above discussions
show that (1.2) cannot be a sufficient condition for the existence of positive
T'-periodic solution of (1.1).

In view of our result, we may see that the condition (1.2) is false. The error
can be traced to the incorrect equality (5.3) in [10]:

T p3(s—1) T
(4.3) max / —— Px(s — 1)e”®67ds =
t

PTrge= @
¢el0,T] el —1 edT — 1 ’

where max; (o) x(¢) = ro € (0, %]. In fact, we can only assert that

T 5(s—1) T os—1)
/ —7— Px(s — T)e =T ds < Proe= / ds
¢ el —1 ¢

el — 1
P eST
_ —ary —ary
= —roe < —+——=PTrpe .
) T —1

Finally, we remark that the existence of positive periodic solutions has been
discussed in [1], [10], [11]. In [11], the following differential equation

(4.4) i) = —8@t)x(t) + P)x(t)e~ D, ¢ >0,

is considered, where a is a positive constant, and 6 and P are positive T-periodic
functions. However, the condition of the existence of positive T-periodic solu-
tions of Eq.(4.4) obtained in [11], i.e., P,, > &y, is much stronger than our
condition (2.3). Our results also improve those in [1].
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APPROXIMATE DOUBLE CENTRALIZERS ARE EXACT DOUBLE
CENTRALIZERS

MOHAMMAD SAL MOSLEHIAN, FREYDOON RAHBARNIA AND PRASANNA K. SAHOO

ABSTRACT. We establish the generalized stability of double centralizers as-
sociated with the Cauchy, Jensen, and Trif functional equations in the frame-
work of Banach algebras. We also investigate the superstability of double
centralizers of Banach algebras strongly without order.

1. Introduction and preliminaries

Let A be an algebra. Recall that A;(A) := {a € A: aA = {0}} is the left an-
nihilator ideal and A,(A) := {a € A : Aa = {0}} is the right annihilator ideal
of A. Annihilatorideals are {0} if A is semiprime and a fortiori if A is semisim-
ple. Obviously, these ideals vanish if A is unital or approximately unital. We
say a Banach algebra A is strongly without order if A;(A) = A,(A) = {0}.

Aleft centralizer of A is alinear mapping L : A — Asuchthat L(ab) = L(a)b
for all a, b € A. Similarly, a right centralizer of A is a linear mapping R : A —
A such that R(ab) = aR(d) for all a, b € A. A double centralizer of A is a pair
(L, R) where L is a left centralizer, R is a right centralizer and aL(b) = R(a)b
for all a, b € A. For example, (L., R.) is a double centralizer where L.(a) := ca
and R.(a) := ac. The set D(A) of all double centralizers equipped with the
multiplication (L1, Ry) - (Lo, Re) = (L1Lg, ReRy) is an algebra. The notion of
double centralizer was introduced by Hochschild [9] and (also, independently)
by Johnson [12]. It is not hard to see that D(Cy(X)) = Cp(X), D(K(H)) =
B(H), D(LYG)) = M(G), where X, H, G are a locally compact Hausdorff space,
a Hilbert space, and a locally compact group. The importance of the study of
double centralizers is that it is unital and contains a copy of A as an ideal,
if the annihilator ideal Ann(A) = A;(A) N A,(A) is {0}. Johnson [12] proved
that if A is an algebra satisfying A;(A) = A,(A) = {0}, and L and R are (not
necessarily linear) maps on A fulfilling aL(b) = R(a)b, (a, b € A), then (L, R)
is a double centralizer. In addition, if A is a Banach algebra then L and R are
automatically continuous.

It is easy to see that if A% = A or Ann(A) = {0}, then L = R if and only if
L and R are both left and right centralizers, or equivalently (L, R) belongs to
the center of D(A).

AnoperatorT : A — Aissaid tobe a multiplier (see [17])if aT'(b) = T'(a)b for
all a, b € A. Clearly, if A;(A) = {0} (A,(A) = {0}, respectively) then T is a left
(right, respectively) centralizer. Multipliers were first studied by Helgeson [8]

2000 Mathematics Subject Classification: Primary 39B52; Secondary 39B82, 47B48.
Keywords and phrases: Stability, superstability, double centralizer, -approximate double cen-
tralizer, multiplier, strongly without order.

111



112 M.S. MOSLEHIAN, F. RAHBARNIA, PK. SAHOO

and then investigated on Banach algebras by Wang [28]. One may be referred
to [21] for more information on double centralizers and multipliers.

We say a functional equation is stable if any function satisfying that func-
tional equation “approximately” is near to a true solution of that functional
equation. The functional equation is called superstable if every approximate
solution is an exact solution of it (see [4] for another notion of superstability
which may be called superstability modulo the bounded functions; cf. [11]).

In 1940, Ulam [27] posed the first stability problem concerning the stability
of group homomorphisms. In the next year, Hyers [10] gave a partial affir-
mative answer to the question of Ulam in the context of Banach spaces. In
1950, Aoki [2] generalized Hyers’ theorem for approximate additive mappins.
In 1978, the generalized Hyers’ theorem was independently rediscovered by
Th.M. Rassias [23] by obtaining a unique linear mapping under certain conti-
nuity assumption; see also [20].

THEOREM (1.1) (Rassias’ Theorem). Suppose that E1 and Es are real normed
spaces with Eg complete and f : E1 — Eq is a mapping such that for each fixed
x € Eq the mapping t — [(tx) is continuous on R. Let there exist € > 0 and
p €10,1) such that

IfGx+y) — F) — FO < & (=1 + |l¥]IP)

for all x,y € Eq. Then there exists a unique linear mapping T : E1 — Es such

that
2e

[Edli

for all x € E;.

This result is still valid in the case where p < 0 if we assume that ||0||? =
oco. In 1990, Th. M Rassias during the 27th International Symposium on
Functional Equations asked the question whether the above theorem can be
proved for p > 1. In 1991, Gajda [6] provided an affirmative solution to this
question for p > 1. It is known that there is no analogue of above result for
p = 1 (see [6, 25]). In 1994, further generalization was obtained by Gavruta
[7]. During the last decades several stability problems of functional equations
have been investigated by many mathematicians; cf. [5, 11, 14, 24].

In [18], the stability of multipliers was investigated. In this paper, using
some ideas from [3, 13, 18], we establish the generalized stability of double
centralizers associated with the Cauchy, Jensen, and Trif functional equations.
We introduce the notion of y-approximate double centralizer and prove the
superstability of double centralizers of Banach algebras strongly without order.

Among others, we generalize the results of [18] in several directions. First,
we use a general control function. Second, we investigate double centralizers
as a generalization of multipliers, and finally we prove the additivity of our
mappings without any additional condition such as approximate additivity.

2. Stability of double centralizers associated to the Cauchy equation

Throughout this section, A denotes a Banach algebra. Our aim is to estab-
lish the generalized stability of double centralizers associated to the additive
Cauchy functional equation f(a + b) = f(a) + f(b).
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THEOREM (2.1). Suppose f : A — A is a mapping with f(0) = 0 for which
there exist a mapping g : A — Awith g(0) = 0 and functions ¢; : A x Ax A x
A—[0,0)(1<j<2)and y: Ax A— [0, ) such that

2.2  gj(abecd) = 322*"%(2”% 2"b, 2"¢, 2"d) < 00 (1< j < 2),
n=0

lim 2-"(2"a, 2"b) = O,

n—oo

(2.3) |Ff(Aa + b+ cd) — Af(a) — f(b) — f(e)d|| < ¢1(a, b, ¢, d),
lg(ha + b+ cd) — Agla) — g(b) — cg(d)|| < ¢2(a, b, ¢, d),
(2.4) laf(®) — g(a)b|| < y(a, b)

forall e T:={AeC:|A|=1}and a,b,c,d € A Then there exists a unique
double centralizer (L, R) of A satisfying

(2.5) |f(a) — L(a)|| < ¢1(a, a,0,0),
llg(a) — R(a)|| < ¢2(a, a,0,0)

forall a € A
Proof. Settinga =b,c=d =0and A = 11in (2.3), we have
If2a) — 2f(a)| < ¢i(a, a,0,0)
for all @ € A. One can use induction to show that

f@a)  f@ a)
2 2m

n—

1
1 —k k k
S § I; 2 ()01(2 a, 2 a, 0; 0)

(2.6) ‘

for alln > m > 0 and a € A. It follows from (2.6) and (2.2) that the sequence
{f%—?f')} is Cauchy. Due to the completeness of the Banach algebra A, this
sequence is convergent. Define

2.7) L@ = lim | (Z:“).

n—oo

Putting ¢ = d = 0 and replacing a and b by 2"a and 2"b, respectively, in (2.3),
we get ||[27"f(2"(Aa + b)) — A27"f(2"a) — 27 f(2"D)|| < 27 "¢1(2"q, 2", 0, 0).
Taking the limit as n — oo, we obtain

(2.8) L(xa + b) = AL(a) + L(b)

foralla,b € Aand A € T.

In a similar manner, from (2.3), we deduce that L(ab) = L(a)b.

Next, let y = 6; + i0s € C where 01,09 € R. Let y; = 67 — [61] and
v2 = 6 — [02], where [0] denotes the integer part of 6. Then 0 < y; < 1
(1 <i<2). Onecanrepresenty; asy; = % suchthatA;; e T(1 <14, j < 2).
Since L satisfies (2.8) we infer that
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L(yx) = L(61 x) + 1L(62 x)

= ([01] L(x) + L(y1 x)) + i([ez] L(x) + L(ys x))
= ([01] L(x) + % LAy1x+ i x)> +i ([02] L(x) + % LAy 1x + Ao x)>

- <[91]L(x>+;Al,lL(xH;Al,zL(x) + i([GQJL(xH;Az,lL(m;Amux))

=01 L(x)+1609 L(x)
= yL(x)

for all x € A. Hence L is C-linear and so it is a left centralizer of .A. Moreover,
it follows from (2.6) with m = 0 and (2.7) that ||L(a) — f(a)| < ¢1(a,q,0,0)
for all a € A. It is well known that the additive mapping L satisfying (2.5) is
unique (see [3] or [19]).

A similar argument gives us a unique right centralizer R defined by

g22"a)

2n

R(a) := lim

n—oo

with the required property.
Replacing a and b by 2"a and 2"b, respectively, in (2.4) and dividing the
both sides of the obtained inequality by 4" we get

la27" f(2"b) — 27" g(2" @) b|| < 47" §(2"a, 2"D).
Passing to the limit as n — oo, we conclude that aL(b) = R(a)b for all a,

be A O

Using the same method as in the proof of Theorem (2.1) one can prove the
following theorem.

THEOREM (2.9). Suppose f : A — Ais a mapping with (0) = 0 for which
there exist a mapping g : A — Awith g(0) = 0 and functions ¢j : A x Ax A X
A—=[0,0)1<j<2)and ¢y : Ax A— [0,00) such that

¢jla, b c,d) = % Z 2" @i(27"a, 275,27 "¢, 27"d) < o0 1<j<2),
n=1
lim 2" (27 "a,27"b) = 0,
[f(Aa + b+ cd) — Af(a) — f(b) — f(c)d|| < ¢i1(a, b, ¢, d),
||g()\a + b + Cd) — Ag(a) — g(b) — Cg(d)H S QDZ(GO b} ¢, d):
llaf(®) — gla)b|| < ¥(a, b)
forall A € Tand a,b,c,d € A. Then there exists a unique double centralizer
(L, R) of A satisfying
|f(a) — L(a)| < ¢1(a, a, 0, 0),
g(a) — R(a)|| < ¢2(a, a,0,0)

forall a € A
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COROLLARY (2.10). Suppose [ : A — Ais a mapping for which there exist a
mapping g : A — Aand constants € > 0,and 0 < p #1

[f(Aa + b+ cd) — Af(a) — f(b) — fle)d| < e(flal|” + [|B]|” + [lc[[” + (2],
lgAa + b+ cd) — Ag(a) — g(b) — cg(d)|| < e([|al” + [|b]|P + [Ic[|” + [|d]|P),
laf(b) — g(a)b|| < e([|a||” + ||b]|”)

forall A € T and a,b,c,d € A. Then there exists a unique double centralizer
(L, R) of A satisfying

€lla|”
|f(a) — L(a)|| < =20 1]

ellal”
llg(a) — R(a)| < T2

forall a € A

Proof. For j = 1,2, put ¢j(a,b,c,d) = e(||a|[P + [|b||” + ||c||” + ||d||P) and
Jla, b) = e(||la||P + ||b||p) in Theorems (2.1) and (2.9).

3. Stability of double centralizers associated to the Jensen equation

Stability of the Jensen equation 2f (‘“’b) = f(a) + f(b) has been studied
first by Kominek [16] and then by several other mathematicians; see [13, 15]
and references therein. In this section, we study the generalized stability of
double centralizers associated to the Jensen equation on the punched space A.

THEOREM (3.1). Suppose A is a Banach algebra, f : A — A is a mapping
with f(0) = 0 for which there exist a mapping g : A — A with g(0) = 0 and
functions ¢; : (A—{0})x(A—{0}) — [0,00)(1 < j < 2)and j : Ax A — [0, c0)
(1 < j < 3)such that

(3.2) 9/, b):=) 37"¢j38"a,3"b) <00 (1<j<2),
n=0
lim 37";(3"a,8"0)=0 (1< <3),

Aa + Ab
2

3.3) HZf < ) —Afl@)— /\f(b)H <ead)  (AeTabeA—{0}),

H2g (Aa ; Ab) — rgla) - /\g(b)H <@(@b) (AeT,abeA—{0})

laf®) — gab|| < ya(a,b)  (a,b< A,
[f(ab) — f(@)b| < ¢o(a,b)  (a, b€ A),
llg(ab) — ag®)| < ys(a, b) (a,b € A).
Then there exists a unique double centralizer (L, R) of A satisfying

(3.4) If(@ - L@)| < é (@i(a, —a) + i(—a, 3a))

1 _
llg(a) — R(a)|| < 3 (p2(a, —a) + ¢1(—aq, 3a))
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forall a € A.
Proof. Letting A =1 and b = —a in (3.3), we get
| = fla) - f(=a)|| < ¢1(a, —a)
for all a € A. Letting A = 1 and replacing b by 3a and a by —a in (3.3), we get
12f(a) — f(—a) — fBa)|| < ¢1(~a, 3a)
for all @ € A. Thus

fla) — %f(3a) < 1( If (@) + f(—=a)|| + ||12f(a) — f(—a) — f(3a)|)

< é(qol(a, —a)+ ¢1(—a, 30)

for alla € A. So
(3.5)

‘ @)~ o f3 )

J

L3 - = f(3"a) <’§
T

n—1
1 . o 4 4
< 3 23_J(§01(3Ja, 3 (—a)) + ¢1(3/(—a), 3/(3a))

j=m
for all nonnegative integers m, n with n > m and all a € A. It follows from
(3.2) and (3.5) that the sequence { 3% f (3”a)} is a Cauchy sequence for all a € A.
Since A is complete, the sequence {3% f (S"a)} is convergent. So one can define
the mapping L : A — A by

L(a) := lim 3%}”(3”(1)
for all a € A. By (3.3), we have

oL (a ; b) ~ L(a) - L®)| = lim 3*1n HZf (3”“ ‘g b) — f(3"a) - f(3”b)H
< lim 37" ¢,(3", 3"b)
—0

for all a, b € A. Thus

oL (“‘2”’> ~ L(@)+ L(b)

for all a,b € A. Since f(0) = 0, we have L(0) = 0. Hence 2 L(5) = L(a) for
each a € A and therefore L(a) + L(b) = 2L (%%) = L(a + b) for all a, b € A.
Moreover, letting m = 0 and passing the limit n — oo in (3.5), we get (3.4).
Let A € T, and replacing both a and b in (3.3) by 3"a and dividing the both
sides of the obtained inequality by 37", we get

3; 013", 3"a).

Passing to the limit as n tends to infinity, we get L(Aa) = AL(a). Similarly,
one can find a right centralizer R. Now the same argument as in the proof of

137" f(A3"a) — A3~ f(3"a)]| <
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Theorem (2.1) yields that (L, R) is a double centralizer of the Banach algebra
A. The uniqueness can be proved in a standard fashion. O

Remark (3.6). There is a result similar to Theorem (3.1) in which the con-

trol functions ¢; and ¢; satisfy Z3”goj(3*”a, 37"b) < 00 (1 <j <2 and
n=0
lim 3";(37"a,37"b) =0 (1 < j < 3) (see, e.g. [13)).

COROLLARY (3.7). Suppose A is a Banach algebra, f : A — Ais a mapping
for which there exist a mapping g : A — A, nonnegative constants 8,7y, p, q
with p < land q < % such that

H2f <A“ : ”’) @) Af(b)H <8 a? Bl (A€ T,abe A {0}

HZg (Aa . Ab) — Agla) - /\g(b)H <8llale b (AeT,abe A {0},
laf(b) — g(@)b|| < y(|all” + [|6]["),
If(ab) — af®)]| < ¥(|lal? + [|b]|?),
1g(ab) — gla)b|| < y([la]l” + [|6]|)
for A =1, iand for all a,b € A. Assume that for every fixed a € A, there is a
positive number r, such that the real functions t — ||f(ta)| and ¢t — | g(ta)| are

bounded on the interval [0, r,). Then there exists a unique double centralizer
(L, R) of A satisfying

(1+ 398||a|?e

e
(1 + 39)8|a|?
lg(@) — R(a)|| < 37—3|2|qa||

forall a € A.

Proof. One may use the same argument as in the proof of Theorem (3.1).
The only thing one needs to prove is the homogeneous property of the additive
mappings L and R, namely L(ia) = iL(a) and R(ia) = iR(a).

First fix @ € A and F in the dual A* of A and define the additive function
I': R — RbyI'(¢) = F(L(ta)). Then the function I" is bounded on [0, r,] since

@] < [[F| | LEa)||
<|IF|| (|| Lta) — fGa)| + || f )] )

14 39)d||tal?
< 171 (25 + supdlfea] ¢ € 0,71

(1 + 30ra%8a)|
< ||F||< e

+ sup{||f(ta)| : ¢ € [0, ra]}> .

It follows from Corollary 2.5 of [1] that I'(¢) = I'(1)¢ for all real numbers ¢.
Hence F(L(ta)) = F(¢tL(a)) for all £ € R and F € A*. Therefore L(ta) = tL(a).
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Now, for each complex number A = u + iv and each a € A, we have
L(Aa) = L(ua + iva) = L(ua) + L(iva) = uL(a) + ivL(a) = AL(a).

Similarly, one can prove that R is homogeneous. O

4. Stability of double centralizers associated to the Trif equation

T. Trif [26] proved the generalized stability for the so-called Trif functional
equation

_ al + a -4 a;
sCL_2f <1S> +CL- ;Zf(aj) = > Uf <JZJ>
1<ii<-<ji<s
where C* denotes m This functional equation was derived by Trif [26]
from an inequality of Popoviciu [22] for convex functions. In this section, we
study generalized stability of double centralizers associated to the Trif equa-
tion. Let ¢ = l(s 1) and r = — 5 for positive integers [, s with 2 </ <s — 1.

THEOREM (4.1). Let A be a Banach algebra, f : A — A be a mapping
with f(0) = 0 for which there exist a mapping ¢ : A — A and functions
@ A2 = [0,00) (1 < j < 2)and A x A — [0, co) such that

a‘;(aly s, 0, C d) = Z q_JQD‘](an].; R qjaS, qjc) qjd) < 00 (]— S J S 2)}
Jj=0
lim 27"(2"a, 2"b) =
- Aay+ -+ dag cd 1o
(4.2) 3 ( . + 2 +C-3 Z M(a;))
s— J=1
—l Z /\f (M) _f(c)dH S (pj(aI; » Qs C, d))
. 4 l
1<<<ji<s
_ Aar+---+Aa cd
Cl 2 S A,
et ( d * s- Ci%) Z e
—l ' Z ‘ )\g (‘hl‘H) S (Pj(aly"')as; C:d);
1<ji<<ji<s
and

laf(®) — gla)b]|| < y(a, b)

forall A € Tand ay,---,as,a,b,¢c,d € A Then there exists a unique double
centralizer (L, R) of A satisfying

1
(43) ||f(a) - L(G)H S lcﬁq’(qa} ra,---,ra, O’ O)’
s—1

1
Hg(a) - R(a)H < 1 QD(qa ra,---,ra, O’ O)
1 C

forall a € A
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Proof. Setc=d =0and A = 1in (4.2). It follows from Trif’s Theorem [26]
there exists a unique additive mapping L defined by L(a) := lim q—ln f(q@"a)

such that (4.3) holds for all a € A.
Let A€ T. Puta;=---=a;=aand c=d = 01in (4.2) to obtain

IsC:_5(f(A@) = Af(@)]| < ¢(a, -+, a,0,0)
for all a € A. Therefore
q "IsCIZA(f(Ag"a@) — Af(¢"@)|| < ¢ "¢(q"a, -+, q"a, 0,0)
for all a € A. Since the right hand side tends to zero as n — oo, we have
g7 f(Aq"@) — Ag™"f(q"@)|| — O

asn —ooforall A € T and a € A. Hence

L(Aa) = lim f(qqn)‘“) ~ lim Af;qna) = AL(@)
for all A € T and a € A. Obviously, L(0a) = 0 = 0L(a).

Using the same argument as in the proof of Theorem (2.1), one can conclude
that L is homogeneous.

Putting A = land a; = --- = a5 = 0, and replacing ¢, d by q"c, q"d, respec-
tively, in (4.2), we get
1 _ " 1
— ||sC=3 ( cd) — f(@"0)g"d| < —-¢(0, -+ ,0,9"c, q"d)
2 -2 l— = "9 > > Y, >
| s-Cl=2 q"

for all ¢, d € A. Then

L(cd) = sC' 2L <1 cd>
s—2 -2
S s—2

sCl—2 2n
= lim —-2f (q - cd>
n—oo g2 s Ci_%
— jim 179
n—oo qn
= L(c)d,
for all ¢, d € A. Therefore L is a left centralizer. Similarly, one can find a right

centralizer R. By the same reasoning as the above, one can show that (L, R)
is the required unique double centralizer. O

Remark (4.4). There is a result similar to Theorem (4.1) in which the role
of ¢" and g™ are switched (see, e.g., [26]).

5. Superstability of double centralizers

In this section, we prove the superstability of double centralizers of Banach
algebras which are strongly without order. More precisely, we introduce the
concept of -approximate double centralizer and show that any {-approximate
double centralizer is an exact double centralizer. Thus we generalize the result
of Johnson [12] (see the introduction) and extend the results of [18].
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Definition (5.1). Suppose A is a normed algebra and L,R : A — A are
mappings for which there exist a positive number r and a function ¢ : A x A
satisfying either

(5.2) nlim r-"y(r"a, b) = nlim r~"iyla, r"b) =0 (a,be A
or
(5.3) nlim r*y(r~"a, b) = nlim r*y(a, r"b)=0 (a,bec A)

such that
la L(b) — R(a) b|| < ¢(a, b)

for all @, b € A. Then (L, R) is called a y-approximate double centralizer of A.

THEOREM (5.4). Let A be a Banach algebra strongly without order. Then
any y-approximate double centralizer (L, R) of Ais an exact double centralizer.

Proof. We assume that (5.2) holds. The proof in the case where (5.3) holds
is similar. Let a,b € A and A € C. We have

|b(L(Aa) — AL(a))|| < r~ " ||r*bL(Aa) — Ar"bL(a))||
< r7"|r"*bL(Aa) — R(r"b)Aa|| + r"||ARF"b)a — Ar"bL(a)||
< r *Y(r"b, Aa) + r MY b, a).

By (5.2), the right hand side of the last inequality tends to zero as n — oo,
so b(L(Aa) — AL(a)) = 0. Since A is strongly without order we conclude that
L(la) = AL(a). The additivity of L follows from

le(L(a + b) — L(a) — L(b))|| < r~" [|r"cL(a + b) — R(r"c)(a + b))
+r7"|r"cL(a) — R(r*c)a||
+ 77" ||r"cL(b) — R(r"c)b||
<r ™p(rtc,a + b) + r"Y(r'c, a) + r " (r'c, b).
Finally
le(L(ab) — L(@)b)|| < r~ " ||r*cL(ab) — R(r"c)ab|| + r~"||(r*cL(a) — R(r*c)a)b||
<r "Ylrc, ab) + r" ||b]| Y(r’c, @)

yields that L(ab) = L(a)b for all @, b € A. Thus L is a left centralizer. One
can similarly prove that R is a right centralizer. Since L is homogeneous,
r"L(r*a) = L(a) for all a € A and n € N, therefore

leL(b) — R(a)b|| = r~"||aL(r"b) — R(a)r"b|| < r~"y(a, r*b)

and hence, by (5.2), we infer that aL(b) = R(a)b for all a,b € A. Thus (L, R)
is a double centralizer. O

COROLLARY (5.5). Suppose A is a Banach algebra strongly without order,
L, R: A — Aare mappings for which there exist nonnegative numbers €, § and
real numbers p1, p2, q1, g2 either all of which are greater than 1 or all of which
are less than 1, such that

[aL(b) — R(a)b| < e([|al|”* + [[0[|”*) + 8]|al|”* ||b]|*
forall a,b € A. Then (L, R) is a double centralizer of A.
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Proof. Use Theorem (5.4) with s(a, b) = e(||a||” + ||b]|P2)+ 6 ||a||? ||b]|%2. O

Aknowledgement

The authors would like to thank the referees for their valuable suggestions.
Received February 28, 2006
Final version received January 26, 2007

MoHAMMAD SAL MOSLEHIAN

FREYDOON RAHBARNIA

DEPARTMENT OF MATHEMATICS

FERDOWSI UNIVERSITY OF MASHHAD

P. 0. Box 1159

MASHHAD 91775

IrRAN

moslehian@ferdowsi.um.ac.ir AND moslehian@ams.org
rahbarnia@ferdowsi.um.ac.ir

PRASANNA K. SAHOO
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF LOUISVILLE
LOUISVILLE

KENTUCKY 40292

USA

sahoo@louisville.edu

REFERENCES

[1] J. AczEL AND J. DHOMBRES, Functional Equations in Several Variables, Encyclopedia of
Mathematics and its Applications, 31. Cambridge University Press, Cambridge, 1989.
[2] T. AOKI, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan
2 (1950) 64—66.
[3] C. BAAK AND M. S. MOSLEHIAN, Stability of J*-homomorphisms, Nonlinear Anal.-TMA 63
(2005), 42-48.
[4] J. BAKER, The stability of the cosine equation, Proc. Amer. Math. Soc. 74 (1979), 242-246.
[5] S. CZERWIK (ed.), Stability of Functional Equations of Ulam—Hyers—Rassias Type, Hadronic
Press Inc., Palm Harbor, Florida, 2003.
[6] Z. GAJDA, On stability of additive mappings, Int. J. Math. Math. Sci. 14 (1991), 431-434.
[7] P. GAVRUTA, A generalization of the Hyers—-Ulam-Rassias stability of approximately additive
mappings, J. Math. Anal. Appl. 184 (1994), 431-436.
[8] S. HELGASON, Multipliers of Banach algebras, Ann. of Math. 64 (1956), 240-254.
[9] G. HocHSCHILD, Cohomology and representations of associative algebras, Duke Math. J. 14
(1947). 921-948.
[10] D. H. HYERS, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A.
27 (1941), 222-224.
[11] D. H. HYERS, G. Isac AND TH. M. RASsIAS, Stability of Functional Equations in Several
Variables, Birkhiuser, Basel, 1998.
[12] B. E. JOHNSON, An introduction to the theory of centralizers, Proc. London Math. Soc. 14
(1964), 299-320.
[13] K.-W. JUuN AND H.-M. KiM, Remarks on the stability of additive functional equation, Bull.
Korean Math. Soc. 38 (4), (2001), 679-687.
[14] S.-M. JuNG, Hyers—Ulam-Rassias Stability of Functional Equations in Mathematical Anal-
ysis, Hadronic Press Inc. Palm Harbor, Florida, 2001.



122 M.S. MOSLEHIAN, F. RAHBARNIA, PK. SAHOO

[15] S.-M. JUNG, M. S. MOSLEHIAN AND P. K. SAHOO, Stability of generalized Jensen equation on
restricted domains, preprint.

[16] Z. KOMINEK, On a local stability of the Jensen functional equation, Demonstratio Math. 22
(1989), 499-507.

[17] R. LARSEN, Introduction to the Theory of Multipliers, Springer-Verlag, 1971.

[18] T. MIURA, G. HIRASAWA AND S.-E. TAKAHASI, Stability of multipliers on Banach algebras Int.
J. Math. Math. Sci. (2004), no. 45-48, 2377-2381.

[19] M. S. MOSLEHIAN, Approximately vanishing of topological cohomology groups, J. Math. Anal.
Appl. 318 (2), (2006), 758-771.

[20] M. S. MOSLEHIAN AND TH. M. RASSIAS, Stability of functional equations in non-Archimedean
spaces, Appl. Anal. Disc. Math. 1, (2007) No. 2, 325-334

[21] T. W. PALMER, Banach Algebras and the General Theory of x-Algebras, Vol. I. Algebras and
Banach Algebras, Encyclopedia of Mathematics and its Applications 49, Cambridge Univer-
sity Press, Cambridge, 1994.

[22] T. Popoviciu, Sur certaines inégalités qui caractérisent les fonctions convexes, An. Stiint.
Univ. “Al. I. Cuza” Iasi Sect. I a Mat. 11 (1965) 155G-164.

[23] TH. M. RasSIAS, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.
Soc. 72 (1978), 297-300.

[24] TH. M. RAssIAs (ed.), Functional Equations, Inequalities and Applications, Kluwer Academic
Publishers, Dordrecht, Boston, London, 2003.

[25] TH. M. RASSIAS AND P. SEMRL, On the behavior of mappings which do not satisfy Hyers-Ulam
stability, Proc. Amer. Math. Soc. 114 (1992), 989-993.

[26] T. TRIF, On the stability of a functional equation deriving from an inequality of Popoviciu for
convex functions, J. Math. Anal. Appl. 272 (2002), 604—616.

[27] S. M. UrAaM, Problems in Modern Mathematics, Chapter VI, Science Editions, Wiley, New
York, 1964.

[28] J.-K. WANG, Multipliers of commutative Banach algebras, Pacific J. Math. 11 (1961), 1131~
1149.



Bol. Soc. Mat. Mexicana (3) Vol. 13, 2007

AN ERGODIC PROPERTY OF AMENABLE HYPERGROUPS

LILIANA PAVEL

ABSTRACT. Let K be a hypergroup with Haar measure. It is known that sim-
ilarly to the group case, the left (topological) amenability is equivalent to the
right (topological) stationarity. Based on this fact we give a characterization
of the amenability of hypergroups by an ergodic property which is a variant
of Reiter-Glicksberg properties from the group case.

1. Introduction

Hypergroups are locally compact spaces whose bounded Radon measures
form an algebra which has properties similar to the convolution measure alge-
bra of a locally compact group. A hypergroup can be viewed as a probabilistic
group in the sense that for each pair x, y € K there exists a probability mea-
sure 8, * 8, on K with compact support, such that (x, y) — suppé, * 5, is a
continuous mapping from K x K into the space of compact subsets of K. Un-
like the groups, 8, * 8, is not in general a point measure. The substantial
development of the theory of hypergroups with the works of Dunkl [2], Spector
[14] and Jewett [7] put hypergroups in the right setting for harmonic analysis.
In our approach the hypergroup possesses a Haar measure. We notice that it is
still unknown if an arbitrary hypergroup admits a Haar measure, but all the
known examples, such as commutative hypergroups, compact hypergroups,
discrete hypergroups, central hypergroups do. As hypergroups generalize lo-
cally compact groups, many basic notions from harmonic analysis on groups
carry over to hypergroups. In [13], Skantharajah translating literally the no-
tion of amenabilty from groups to hypergroups, has developed a systematic
study of amenable hypergroups, following the main directions from the group
case.

In this paper we will give a characterization of the amenability of hy-
pergroups by an ergodic property which can be seen as a variant of Reiter-
Glicksberg properties from the locally compact groups case. Our approach is
based on the equivalence between hypergroup amenability and hypergroup
stationarity dicussed in [10] and avoids translating from the group case the
usual techniques connected to this sort of characterizations of the amenabil-
ity (see various approaches of ergodic properties of amenable locally compact
groups for example in [12], [5], [11]).

2. Preliminaries

K always stands for a hypergroup with a fixed left Haar measure m with
modular function A, symbols like [ ...dx will always denote the integration

2000 Mathematics Subject Classification: Primary 43A62; Secondary 43A07.
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with respect to m. The notation generally agrees with [7]. However the
following notations are different from [7]: x — x"denotes the involution on
K and &, the Dirac measure concentrated at x. We recall that M(K) is the
algebra of all bounded regular (complex valued) Borel measures on K. In
addition we use the notation E(K) for the set of Dirac measures on K. For A
a subset in a linear space of functions or measures on K, co A will denote the
convex hull of A.

If f is a Borel function on K and x, y € K the left translate f, and the right
translate f” are defined by

if the integral exists. The function fV is given by fV(x) = f(xV). If u € M(K),
and f is a Borel function, then the convolutions u * f and f * u are defined on
K by

(s F)x) = / FOY s0duy)  and  (frp)x) = / £l sy )duy).

It is immediate that 8,v *x f = f; and f * 5, = f*.
Convolution of two functions f and g on K is given by

(f = g)x) = / flx*y)gly¥)dy.

The spaces (L,(K), || - ||p), p € [1,00] are defined in the usual way with
respect to the Haar measure of K (see for example [3], Ch. 6). If f € L,(K),
1<p<o0,x e K,wedenote f © 5, = fva(xV). If u € co E(K), we naturally
extend, by linearity, the previous notation,

fop= Zaif ©® 8y, where u = Zaiéxi.
i=1 =1
It is known that 6,v = f and f © 8, € L,(K) and that ||6,v * f||, < ||f]l, and
If @ 8xllp < |Ifllp (or, more ||f © ullp, < |Ifllp, if u € co E(K)). As it was noticed
in [7], 3.3, these are in general not isometries. However, as each f € L,(K)
takes only complex values (so is finite) by [7], (3.3F), it follows that

/ fey)dy = / = AV)dy = / f(y)dy.

In our approach we will be interested only in the spaces (L1(K), || - ||1) and
(Loo(K), || - |loo)- Identifying L..(K) to L{(K) (whenever this is possible, for
example, asking to m to be o-finite [3], Theorem 6.15) we will consider also
the weak*-topology, 0* (w* = 0(L(K), Li(K))) on L. (K) = Lj(K). We
will denote by P(K) = {¢ € Li(K)|l¢ > 0, |l¢|l1 = 1}. It is known (see
for example [10], Proposition 3.3) that for f € L. (K), the w*-closure of the
sets co{f*|x € K} and co{fx|x € K} coincides with the w*-closure of the sets
{f *¢¥|p € P(K)} and {¢ * f|¢ € P(K)} respectively.

LEMMA (2.1). Forany f € L1(K), ¢ € P(K)
/ (f * @x)dx = / fo)d.
K K
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Proof. 1t is enough to prove the equality only for f € L1(K), f > 0. Since f,
¢ € L1(K), using ([7], (5.5K) and (6.1E)) we have

/ (f * @x)dx = [(f * @mI(K) = (fm + om)(K)
K

— (Fm)(K) - (em)(K) = ( / f(x)dx> < / cp(x)dx) _ / ).
K K K
O

With the definitions of the operations “x” and “©” and of the modular function
the next result is clear:

LEMMA (2.2). Let 0 € L(K), f, g € Li(K), x € K. Then
/ 0)(f + g)x)dx — / 0+ g )0)f ()dx
K K

and

/ 6(y)f © 5.)(y)dy — / 6(y)f (y)dly.
K K

Let us recapitulate the basic notions and facts regarding the amenability
and stationarity of hypergroups. A hypergroup K is called (left) amenable
if there exists a left invariant mean M on L. (K). It is known that K
is (left) amenable if and only if K is topologically (left) amenable (that is
M(e x f) = M(f), Vo € P(K)). The hypergroup K is (right) stationary if
for each f € L. (K) there exists @ € R such that a1 is in the w*-closure (in
L..(K)) of the set co{f*|x € K} (and topologically (right) stationary if «1 is
in the w*-closure of the set {f * ¢¥|¢ € P(K)}). We denote by 1 the real
function on K, 1(x) = 1, Vx € K. It is known ([10], Theorem 4.4) that just
as in the semigroup and group case (see [9] and [15] respectively) the (left)
(topological) amenability is equivalent to the (right) (topological) stationarity.
It is also proved (see [13], Theorem 4.1) that the amenabilty for hypergroups
is characterized by Reiter’s condition (P;), which can be formulated as follows:
there exists a net (¢,), C P(K) such that ||¢* ¢, — ¢,||1 — 0 for each ¢ € P(K).

3. Results

THEOREM (3.1). Let K be a right stationary hypergroup. Then, for each
f € Li(K),

| / fG)dx| = inf {|f * ells]e € P}
K

Proof. Take f € Li(K). We may suppose that ||f||1 # 0, otherwise, the
equalities are obvious. Let ¢ be arbitrary in P(K). Using Lemma (2.1),

IF = el =/ I(f * @)(x)|dx > I/(f*go)(x)dx\ = \/ flx)dx|.
K K K

Let us denote by a = inf{||f * ¢||1|¢ € P(K)}, so as ||f|l1 # 0 it follows that
a # 0. We have just obtained that

a> |/ f(x)dx|.
K



126 LILIANA PAVEL

Further, our arguments are based on the Hahn-Banach Separation Theorem:
we adapt to our approach techniques which are familiar in the semigroup case
while investigating various kinds of ergodic properties ([4] and [16]). Consider
the norm closure in L;(K) of the convex set Ay = {f * ¢|¢ € P(K)}. By
the Hahn-Banach Separation Theorem ([1], V. 2.8) it results that there exists
F € Li(K)* such that |[F|| = 1 and |F(g)| > a,Vg € Afr. As L1(K)* = Lo(K),
we infer that there exists 6 € L,(K), ||0||cc = 1 such that

| / 0(x)(f = p)x)dx| > a, Vo € P(K).
K
Applying Lemma (2.2),
/ B * o) x)dx — / 0+ o) D)f x)dx, ¥ ¢ € P(K),
K K

consequently,
| / 0% 9 )f)dx| > a, Vo € P(K).
K

Since K is right stationary, K is also topologically right stationary [10],
Proposition 3.3, so there exists a € R, such that

al e {0+ 9]0 € PR .
It follows that
|/ al(x)f(x)dx| > a.
K

Since ||0]« = 1, clearly, |a| < 1.
On the other hand, for any g = f * ¢ € Ay,

/ al(x)g(x)dx = / al(x)(f * e)x)dx = a/ (f * )x)dx
K K K

:a/ fx)dx = / al(x)f (x)dx.
K K
It results that
a< \/ al(x)f(x)dx| = |/ al(x)(f * e)w)dx| < |a|||f * ¢|l1, Ve € PK),
K K

thus a < |af - inf{||f * ¢||1]¢ € P(K)} = |a| - @ and, consequently, || > 1. We
infer that || =1, so

a< |/ f(x)dx|.
K
The theorem is proven. O

Remark. With almost the same proof one can show also that

| / F)dx| = inf {[If © plli | € co B(K)).
K

Indeed, we first notice that for u € co E(K), u = 3 ;6,, and f € L1(K),
i=1

If © w1 =/ I(f © w(x)|dx > |/(f®,u)(x)dx|
K K
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1N [ (o8| = i/d:/()d,
I;a/Kf o) |<;a> [ x| = | feds

and, consequently, inf {||f © u[[1|n € co E(K)} > | [ f(x)dx|. Further, making
the same type of judgement as in the proof of the above theorem for the convex
set {f ©® ulu € coE(K)} instead of the set Ay, we infer that there exists
6 € Loo(K), ||0]|cc = 1 such that

| / 0 © Wx)dx| > a,¥p € co EK).
K

Here a denotes inf {||f ® u||1|n € co E(K)}. Applying the second formula from
Lemma (2.2) it follows that

[ oof @ wiwds = [ (Z aigxi(x)> Fla)dz,
K K i—1

n
where u arbitrary in co E(K), u = Y @;8,,. Consequently we have that
i=1

1=

|/ (Z aiﬂxi(x)> fx)dx| > a.
K \iz1

Since K is right stationary, there exists « € R, such that a1 € co{6*[x € K} .
From this point everything follows identically as in the proof of the Theorem
(3.1).

THEOREM (3.2). Let K be a hypergroup such that
|/ f@)dx| =inf{||f * ¢|l1|l¢ € P(K)}, Vf € Li(K).
K
Then, there exists a net (¢,), C P(K) such that ||¢ x ¢, — ¢,||]1 — 0, for each
¢ € P(K).

Proof. The proof follows the same idea as in the locally compact group
case [5], Theorem 3.7.3, working with functions in P(K) instead of convex
combinations of Dirac measures. The main tool which makes it possible is the
fact that if f € L1(K) and

/ f(x)dx =0,
K

then, as it follows from Lemma (2.1),
/ fxelx)dx =0, Vo € P(K).
K

For the sake of completeness, we give here the complete proof. Let ¢ € P(K)
be arbitary fixed. Consider the family A = {A} where A = (¢, ¢,, ..., ¢n; &),
where ¢, € P(K), n € N and & > 0 partially ordered by A < A’ if and only
if {o, @y ., 0n} € {el, @), ..., ¢} and e < &. By Lemma (2.1) for each
A= (¢, ¢,, ..., n; €) we have that

/((¢k*¢><x)—¢(x))dx:0, VE=12...,n
K
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Using the hypothesis for f = ¢, * ¢ — ¢ we infer that there exists y, € P(K)
such that [|(¢, * ¢ — ¢) * y,||1 < &. One can continue in the same way for
f = (¢, xp—@)*7y,, so there exists y, € P(K) such that ||(¢,x¢—@)*y, xv,||1 < .
Proceeding inductively, there exists y;, € P(K) such that

[(pr* @ — @) xy, xy, % xypl1 <e, withk=1,2,...,n.
Put y), =y, vy, x--- *7y, and define ¢) = ¢ * y,. As we have that

[(pr* @ — @) xYallt = [[(@r ¥ @ — @)y, * vy % - ¥allr
Sepx@—@) sy, xy, % Vil v * Yo * - x¥all1 <e,
Vk=12,...,n,it follows that for each ¢y € P(K), || * ¢ — ¢a|]|1 — O. O

Combining the two above results with the characterization of the amenabil-
ity by stationarity and by Reiter’s condition (P;) we have the next theorem:

THEOREM (3.3). K is (left) amenable if and only if for each f € L1(K),
| feda] = inf{If  elale € PEO).
K

Remark. In [13] various classes of amenable hypergroups were exhibited.
For example all commutative hypergroups, compact hypergroups, central
hypergroups are proven to be amenable. Consequently, all our results hold
for any hypergroup of this kind.
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AN ANALYTIC RADON-NIKODYM PROPERTY RELATED TO
SYSTEMS OF VECTOR-VALUED CONJUGATE HARMONIC
FUNCTIONS AND CLIFFORD ANALYSIS

EMILIO MARMOLEJO-OLEA AND SALVADOR PEREZ-ESTEVA

ABSTRACT. The purpose of this paper is to study the existence of boundary
limits of systems of conjugate harmonic functions defined in the unit ball in
R”™ and with values in a real Banach space E. We approach this problem using
the language of Clifford Analysis and consider Hardy spaces in the unit ball of
R”™ of monogenic functions with values in a Banach Clifford module. In terms
of the so called Monogenic Measures on the sphere, we define a Monogenic
Radon-Nikodym property which is linked with the existence of radial limits
of vector-valued monogenic functions as in the holomorphic case. For Banach
lattices we adapt the proof by A.V. Bukhvalov and A.A. Danilevich to show
that for any real Banach lattice E, the Clifford module X = A, ® E has the
Monogenic Radon-Nikodym property (A, is the Clifford algebra) if and only
¢o is not a subspace of E, which is equivalent to the Analytic Radon-Nikodym
property of Ec.

1. Introduction

An analytic measure with values in a complex Banach space X is an X-
valued Borel measure u of bounded variation in the unit circle with Fourier
coefficients u(n) = [, e " du(9) = 0 for every n < 0. The theorem of F. Riesz
and M. Riesz asserts that every analytic measure is absolutely continuous with
respect to the Lebesgue measure in S. The space X has the Analytic Radon-
Nikodym Property (X € (RN),) if every analytic measure has a density in the
Bochner space LL(S1).

There is a strong relation between the Analytic Radon-Nikodym Property
of X and the existence of boundary limits of X-valued holomorphic functions
belonging to Hardy spaces H%(D) in the disk. These issues have been exten-
sively studied by several authors (see for example [2], [3], [6], [11]). The main
result is that X € (RN), if and only if every function in H% (D) has radial (non
tangential) limits almost everywhere in S! for every p € [1, co] and this is
equivalent to the same statement for a single value of p.

Z.Chen and C. Ouyang extended this resultin [7], to X-valued Hardy spaces
on several complex variables in the unit ball of C".

A natural substitute for holomorphy in harmonic analysis is to consider
Stein-Weiss systems of conjugate harmonic functions. The motivation of this
paper is to explore the boundary limits of these systems of harmonic functions

2000 Mathematics Subject Classification: Primary 46E15, 46E22; Secondary 42B30, 46B42.

Keywords and phrases: Radon-Nikodym property, Hardy spaces, monogenic function, Dirac
operator.
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defined in the unit ball of R” and with values in a real Banach space E. We
will approach this problem using the language of Clifford Analysis. We will
extend the theory of monogenic Hardy spaces in the unit ball of R” (see [12],
[15]) to consider monogenic functions with values in a Banach Clifford module.
This includes the conjugate systems as a particular case. We will state and
prove a version of the theorem of F. Riesz and M. Riesz in this setting. Then
we will define a Monogenic Radon-Nikodym property (RN ),, and we will link
this property with the existence of radial limits of vector-valued monogenic
functions as in the holomorphic case. We present examples of spaces with
and without (RN),,. In Section 4 we study the relation between (RN), and
(RN),, for Banach lattices. We will adapt the proof by A.V. Bukhvalov and
A.A. Danilevich to show that for a Banach lattice E, the module X = A, @ E
€ (RN),, if and only c( is not a subspace of E, which is equivalent to E + iE €
(RN), as proved in [6]. In particular we have for Banach lattices that (RN),,
is independent of the dimension of R™.

2. Preliminaries

Throughout this paper B and S™ will denote respectively the unit ball and
the sphere of radius one in R**!. The normalized Lebesgue measure in the
sphere S™ will be denoted by o. For a real or complex Banach space X, Mx(S™)
will be the space of all the Borel measures on S™ of bounded variation with
values in X . For p > 0, we will denote by L%(S") the space of Bochner
measurable X-valued functions f in S” such that [, ||f(n)||” do(n) < co. If
p > 1 then | g f(mdo(n) will denote the Bochner integral of f (see [10] for
details of vector-valued measures and integration). By ¢y we will denote the
standard space of real vanishing sequences.

Next we mention basic facts of Clifford Analysis used in this paper. For
detailed expositions, the reader is refereed to [1], [9], [12], [15].

We consider the real 2" dimensional Clifford algebra A, which is defined
as the minimal enlargement of R” to a unitary algebra not generated by any
proper subspace of R” with the property that x> = —|x|2, for any x € R*. In

particular if ey, ..., e, is any orthonormal basis for R”. Then A, is defined
by the anti-commutation relationship e;e; = —eje;, i # j and e? = —1, i =
12 ...n.

The elements of the algebra A, have a unique representation of the form
a= Z €aQa,

where a, € R and where we identify e, with ej, ---e;, for & = {j1,..., -} C
{1,2,...,n}, (J; < jir1) and ey with ey = 1. The scalar part of a is defined by
Re(a) = ag. We give the natural Euclidean metric to A, as

la| = (203)1/2-

The Clifford conjugation on A, is defined as the unique real lineal involution
with e, e, = e e, = 1 for all «. Thus for a € A, as above

a= E €qQq;
(o3



AN ANALYTIC RADON-NIKODYM PROPERTY 133

with g, = (~D)lellel+V/2¢, and where the length of & is given by |a| = _, j.

We can also embed R"*! into A, by identifying (x9,x) € R @ R* = R,
x = (x1,...,%,) with xg + x = > (x;e; € A,. It follows that every nonzero
x € R*™1 is invertible with inverse x~! = % Observe that A; = C, and
As = H, the quaternionic division algebra.

Note that for x € R"*! and @, b € A, we have |x|? = xx and |xa| = |x||a|,
but in general |a|? # a@ and |ab| # |a||b|; however |ab| < 27|a||b].

Recall the Dirac operator as the differential operator

S
D == Zeiaixi.
=0

acting on A,-valued functions F' with differentiable components defined in a
domain in R**1,

Definition (2.1). Wesaythat F' =) e,F, isleft monogenic or simply mono-
genic on a region V of R**1 if

n n

oF aF,
DF = ;e"axi = Zze"e“?xi =0

=0 «

An important property of the Dirac operator is that the Laplacian in R"*+!
can be factored as DD = A, hence, each component of a left monogenic function
is a harmonic function. Let us also recall the Cauchy transform C defined for
the boundary of a fixed smooth domain Q) by

Cf(x) = / Gly — vn(y)fyda(y), x € R\ {90},
Q)

where _
X
Glx) = |x[? T
is the Cauchy kernel and f is a Clifford valued function. Here do(y) denotes
the Lebesgue measure on 9{), n(y) stand for the outward unit normal and the
integrands are interpreted in the sense of Clifford algebra multiplication.
We say that X is a left Banach A,-module if X is a left A,, module and X is

also a real Banach space such that for anya € A, and x € X
(2.2) lax|lx < |a|l|lx]x,

for some k > 0. Similarly one can define a right Banach A, -module.
An important example of a left Banach A,-module can be constructed as
follows: if (E, || || ;) is a real Banach space, then

X:An®E:{Zeaxa:xaeE}

is a left Banach A,,-module with norm
2
1Y eaxa I3 = llxalz

and with the natural left product

ax = Zeaeﬁaaxﬁ,
B
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foralla =}, e.as € Ay and x = 5 epxp € X. Clearly we could define with
the obvious modifications a right Banach A,-module X = E ® A,.

X will denote the space of all bounded left A, linear functionals. A function
0: X — A, belongs to X} if itis R—linear and /(ax) = al(x) for alla € A, and
x € X. Notice that X} is a right Banach A,-module when provided with norm
of L(X, A,), namely ||£|| = sup)<1|€(x)|.

It will be convenient to consider the X; —dual norm in X. We have this
useful and simple result.

LEMMA (2.3). Let X be a left Banach A,—module. Consider the dual norm
ofxe X

lxllq = sup{|¢(x)] : £ € X7, [|€]] <1}

Then ||-||; is equivalent to |-|| .

Proof. We clearly have that ||x||; < ||x|| . Let x be a nonzero vector in X and
let £y be in the R-dual space X* of X with norm one such that ¢y(x) = ||x|| . If
we let

1 _
W= — Z eclolesy), y € X,

then ¢ € X; and ||/ < 1 by (2.2). Moreover |/(x)| > |Re {(x)| = (k2")~1 ||x]|| . It
follows that [|x||; > (k2™)~1 ||x]|. O

If X is aleft Banach A,,-module, we can extend the Definition (2.1) to include
monogenic functions F: V ¢ R*! — X.

In the case X = A, ® E, important examples of monogenic functions come
from Stein-Weiss systems of conjugate harmonic functions:

Let V be an open region in R**!. Fori =0, ..., n, letu;: V — E. We say that
{u;}i=o0.n 18 a system of conjugate harmonic functions if

du;  Jdu;

- > L :
0x; 0x; 7
n
ou;
Zioo.
— Jx;

i=0

A family {u;}; 0, . is a system of conjugate harmonic functions in V if and
only if F = —uo + " ; e;u; is a monogenic function in V.

LEMMA (2.4). A function F: V C R**! — X is monogenic if and only if { o F
is @ monogenic function for every { € X;.

Proof. If F is monogenic in V then / o F is clearly a monogenic function for
every ¢ € X;. Conversely, suppose that this last condition holds. Let /y € X*
and ¢ € X; defined by /(y) = K—én Y o aloleay), y € X. Then the fact that ¢ o F
is monogenic implies that ¢y o F € C°°(V) for every £y € X*. Then F € C>°(V)
(see [18] for example). Proceeding as in the proof of Lemma (2.3) we see that
X} separates points from X. Then since 0 = D({o F) = {(DF) for every ( € X},
it follows that DF = 0. O
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With obvious changes we may carry over the theory for right modules and
right monogenic functions. We remark that classical results such as Cauchy
theorems remain valid in the context of X-valued monogenic functions (see
[15] for example).

(2.1) Spaces of surface spherical harmonics 7, ./\/lz, M, . Hj will denote
the space of surface spherical harmonics in S” of degree . with values in A,,.
We can decompose (see [1]) Hj, = MZ © M;,_,, where the spaces Mz and M, ,
called respectively inner and outer spherical monogenics of order % are defined
as follows: M consists of the restrictions to S” of all the monogenic homoge-
neous polynomials of degree &, and M, is defined as the space of restrictions to
S” of all the homogeneous monogenic functions of order —(k +n) in R**1\ {0}.
The spaces are orthogonal in the standard inner product in L2(S”, A,,), namely,

(f,8) = [ [(©)g&)da(@).
Sn

We have orthogonal projections

I,: LX(S™, A,) — Hy,
P,: LA(S", A,) — M,
Qr: LA(S™ A,) — M,
and
M, =P, + Q1.

Let Z,(¢,m), C; (¢, m), C, (£ ) be the kernels of the integral operators IT;, Py,
@, respectively. The Poisson kernel in B can be written as

1 |xf

‘x _ an-kl

Px,&) =) Zyx,&) =) r'Zym & =
k k

Here and throughout this paper we will write x = |x|n = rnpand y = |y|¢ = s¢
for x,y € R"! and n, & € S™.

The functions C,f (¢, m) can be written in terms of Geggenbauer polynomials
and we have the estimates (see [1], 11.12)

(2.5) Cy&m)| < Cr".
The spaces M, and M, have canonical basis {V,} and {W,} (see [9], Ch. 2.1)

where the multi indices « € N* have length |a| = k£ and N are the nonnegative
integers. The following orthogonality relations are valid for «, B € N":

/S WA OEVa(&)doré) = /S Vi OEWHOdo(©) = Sug,

/ VAOEVa(&)do@) = / W)W (E)dor(&) = 0,
Sn Sn
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from which we obtain representations

(2.6) Cré,mm="Y_ Vl&Walm),
la|=F

(2.7) Cr&mm= Y Wa&Valm).
la|=F

Let X be a left Banach A, -module. We can extend the domain of 11, P, and
Q@ to Mx(S™). For instance,

Ponl®) = / CH & mdut).
Sn

We have that on Mx(S"), the projections II;, P, and @, take values on the
X —valued version of Hj, M; and M, respectively. Moreover, for any ¢ €
C°°(S™) and any nonnegative integer N

/S eOPyu(©do() = AiN /S eOAY PyuE)dor(©)
. N Jo

1 /S AN p(@)Pyu(&)do(€),

3N
A

where A, ~ k? is the k — th eigenvalue of the Laplacian on the sphere. Hence
by (2.5) we have

/S Q&) Pr&)do(€)

< CNkn7(2N+1) H:U“”MX(S")
X

ANgDH .
o0

We have the same estimate for II,u and @,u. This implies that the series
> oo Prreand Y57 Qru are convergent in the sense of X-valued distributions,
and u = > Il u as X-valued distributions.

3. The monogenic Hardy space H(B)

Definition (3.1). Let X be a left Banach A, —-module and p > 0. We denote
by H%(B) the space of all left monogenic functions F in the ball with values in
X such that

sup |F(rn)||% do(n) < .
0<r<1J8»

Remark (3.2). a) Let F: B — X be a left monogenic function. If p >
"T’l, then F ¢ H§(B) if and only if the radial maximal function F*(£) =

sup{||[F(ré)| x : 0 < r < 1} belongs to LP(S™). In fact, since £ o F' is monogenic
for every ¢ € X; then |¢ o F(x)|° is subharmonic in B provided ”7*1 <e<1(see
[12] p.106, noticing that the model of Clifford Analysis used in this reference
is slightly different to ours, however the proof of this statement applies in this
case). It follows from Lemma (2.3) that \|F(x)||§ is also subharmonic in B and
the remark can be proved following the proof of the scalar case.

b) If u: B — X is a harmonic function such that

sup |lu(rn)|| x do(n) < oo,
0<r<1Jgr
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we may represent
(3.3) ulx) = [ Px, O)du§)
Sn

for some measure u € Mx(S™). This follows by the standard argument using
Banach-Alouglou theorem and the duality
Cx(S™)* = Mx-(S™)

valid for every Banach space X, (see [19]).

¢) If we take f € L%(S") and we let F(x) = Jsn P(x, n)f (m)do(n), then the
harmonic function F' has radial (even nontangential) limits a.e. in S”, since
almost every point of S™ is a Lebesgue point of f (see [10], Th. 2.9).

Definition (3.4). Let X be a left Banach A,,—-module and u € Mx(S™). We
will say that u is a monogenic measure if

P(nndp =0
Sn

for every P € M, with & > 0.
THEOREM (3.5). Let X be a left Banach A,-module. A measure u € Mx(S™)
is monogenic if and only if the Poisson transform F of u

Fx)= | P(x,&dué)
Sn

belongs to HL(B).

Proof. Let u € Mx(S™) be monogenic. Then by (2.7) we have that @,u =0
for all &, since the spaces M, are self conjugate. We may represent

m= Zﬂku = ZPkM+ZQkM = ZPkM-
k=0 =0 k=1 k=0
Since Z,(&, n) = C}[ (¢, m) + C,_,(£, n), it follows that

[ Pl due) = 3 il = 3 Pest)

k=0 k=0
with uniform convergence on compact subsets of B. Hence F' is monogenic and
by Fubini’s theorem,

L IE @ dotn) < s € 10,1,

To prove the converse suppose that F' above is monogenic. Then for each
Pe M andrel0,1)

/S PEEFGre)do(€) = 0,

by the Cauchy Theorem [1].
Since F(ré)do(€) converges to u as vector-valued distributions conclude that

/ P©¢due) = lim / P@EFGre)do() = 0.
Sn r— Sn
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COROLLARY (3.6). Let X be a left Banach A,-module. A measure u € Mx(S™)
is monogenic if and only if the Cauchy transform C of w in the ball

3.7 Culx) = | Gx — EéduE)
Sn

belongs to Hy(B) and Cu(x) = 0 for |x| > 1.
Proof. For x € B and ¢ € S™ we have ([9] p. 182 (1.9))

GE—x) =) |x*Cy(n, O)E
k=0

Then if u € Mx(S™) is monogenic Cu(x) = Pu(x). Moreover if |x| > 1 and
& € 8" we have ([9] p. 180 (1.7))

= C; &
G~ =y
k=0

it follows that Cu(x) = 0 for |x| > 1.
To prove the converse suppose that Cu(x) = 0 for |x| > 1. then from the above
decomposition of G it follows that @,u = 0 for all %, hence w is monogenic. [

COROLLARY (3.8). Let X be a left Banach A,-module. A function F: B — X
belongs to Hy(B) if and only if there exists a monogenic measure u € Mx(S™)
such that F has the representation (3.3) or (3.7).

THEOREM (3.9) (F. Riesz and M. Riesz). Every monogenic measure pu €
Mx(S™) is absolutely continuous with respect to o.

Proof. Suppose that X = A,,. If u is monogenic and we let

Flx) — / P(x, mdp(n),
Sn

then F ¢ H'(B). But we know in this case (see [15] p. 68) that for almost all
& € 8", F has nontangential limit F(¢) and

Fx)= P(x, n)F(n)do(n).
Sn

Thus F(¢) is a density for w.

In the general case, let w € Mx(S™) be a monogenic measure and G a Borel
set of S” with Lebesgue measure zero. Take ¢ € X;. Since / o u is monogenic
we have that ¢ o w(G) = 0 by the first part of the proof and this implies that
w(G) = 0 since X separates points from X. O

Definition (3.10). We say that a Banach A,-module X has the monogenic
Radon-Nikodym property (X € (RN),,) if every monogenic measure u € Mx(S™)
has a density in LL(S™).

Remark (3.11). Theorem (3.9) implies that X € (RN),, if X has the Radon-
Nikodym property ([10]).

THEOREM (3.12). Let X by a Banach A,-module. Then X € (RN),, if and
only if every function F € Hk(B) has radial boundary limits almost everywhere.

Proof. The proof is a consequence of Remark (3.2)c and Theorem (3.5). [
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THEOREM (3.13). There exists a function F € ij@%(B) without radial
boundary limits on a set of positive measure. In particular A, ® co & (RN )p,.

Proof. We start our construction in the upper half space
Rfl = {(x0, X1, .., x,) € R"™: x, > 0}

and then we pull it to the unit ball through a M6bius transform.

There exists a bounded monogenic function G : R’fl — A, ® ¢y such that

1. lim, .0 G(x) ¢ A, ® ¢y for every x on a set of positive Lebesgue measure

in R”,

2. |G(x)| < W for all x € R™1,

To see this, first consider an atom in R” as follows: let a: R* — R be a
C! function with support in a cube @ in R” such that Jgn a(x)dx = 0 and
el < W%I Then observe that the Hilbert transform of a

Ha(x) = p.v. G(x — ye,a(y)dy
R’L

]
= p.L. /Q Wena(y)dy, X € R™
has zero real part and Ha € L*(R"). In fact, with elementary estimates we
see that |Ha(x)| < %, for large values of |x|, while |[Ha(x)| < C||Va|| s for |x|
small. Hence

3.14 H <

(3.14) |Ha(x)| < EREIT

where C depends on | Va||» and on the size and position of the cube Q.
Consider the Cauchy transform of a,

A(x) = Calx) = G(x — yena(y)dy.
Rn
Then A is a monogenic function on R""! and since A is the Poisson integral of
(a + Ha)/2 we obtain the estimate

C n+1
(3.15) |A(x)| < AT x € Ry,
with the same dependence of the constant C on ¢ and @ as in (3.14). The
function A has boundary values lim,, .o A(x) = %(a + Ha)(x) and in particular
the real part of the boundary function is (1/2)a(x).

Now we proceed to construct G. We can easily find an atom a as before
with @ = [-1/2,1/2]" and such ¢ = 1 in an open rectangle I C (—1/2,0) x
(=1/2,1/2)""1. For any positive integer k, define a;(x) = a(kx) and let A, =
Cay. Since the Hilbert transform H is dilation invariant (it is a combination
of the Riesz transforms) then the sequence (A}) is bounded in L°°(]RT1). Also
supp a, C 7Q and [la;|; — 0. Then we see A, satisfies the estimate (3.15)
uniformly in % since A,(x) = A(kx) and A,(x) — 0 pointwise in RTI.

Finally, translating the atoms a; we can construct an increasing function
¢: N — N and a sequence (g,,) of atoms and with the following properties

a) supp g, C [—2,2]", for all k € N,



140 E. MARMOLEJO-OLEA AND S. PEREZ-ESTEVA

b) Foreach k and every m € {¢(k)+1, .., o(k+ 1)} the atom g,, is a translate
of a;,

¢) The translates of the rectangle %I used to define g, for m € {@(k) +
1,...,¢(k+ 1)} are a covering for [-1/2, 1/2]".

Observe that given any x € [—1/2,1/2]" and for any £ € N there exists
m € {e(k) + 1, .., ¢(k + 1)} such that g,,(x) = 1.

Define on R™!, G(x) = (Gy(x))m, where G, = C(gy). Then G maps R™
into ¢y and it is monogenic by Lemma (2.4). G satisfies (1) and (2) due to the
point (¢) in the construction.

To move from RTI to B let us recall that composition of a monogenic func-
tion with a Mobius transform is not monogenic unless it is multiplied by the
covariance factor of the Mobius transform (see [16] for details). Consider
the Calvin transform ¢(x) = (1 — e,x)(x —e,)" 1, x € Rﬁ“ with covariance
J(P,x) = |xf;j';+1. Notice that ¢ is a bijection of ball B onto R_’ﬁl. Define
F(x) = J(¢, x)G(¢p(x)), x € B. Then F is monogenic in B. The estimate (3.15)
for G implies that |G(¢(x))| < C |x — e,|" for x close to e,. It follows that F is
bounded on B and does not have radial boundary limits on a set of positive
measure in the sphere. O

COROLLARY (3.16). If X = A, ® E € (RN),, then E does not have a subspace
isomorphic to c.

4. The monogenic Radon-Nikodym for Banach lattices

Let (€, 3, u) be ameasure space. We denote be L° the space of all measurable
functions, finite almost everywhere modulo . We will say that a Banach space
(E, ||| is a Banach function space on (), 3, u), BFS for short, if

1. E is a linear subspace of L°,
2. x € L® and y € E, with |x| < |y| implies that x € E (E is an ideal space),
3. |x| < |y| implies that ||x|| < ||y||, for every x, y € E (||-|| is monotone).

Three possible properties for a BF'S that will be relevant in this section are
(see [6, 13])

(A) If (x,), is a sequence in E such that x,, | 0 then ||x,| — 0.

(B) If (x,), is an increasing sequence of functions on E such that sup ||x,|| <
oo then there exists x € E such that x,, T x.

(O) If x, T x, with x,,, x € E then ||x,| — [|x| .

(Here the convergence means convergence almost everywhere).

Definition (4.1). [13]. Let X and Y be BFS on (Q4, 31, u1) and (Qg, 29, ua)
such that Y satisfies the condition (C) above. Denote by X[Y'] the space of all
measurable functions f(s, ¢) on the product space ; x Qo provided with the
product measure such that

1) the function s — f(¢, s) belongs to Y for almost all ¢ € Q4 [u1],

2) the function wy(¢) = ||f(¢, -)||y belongs to X.

We provide X[Y] with the norm |f| y, = |lwr||5 . With this norm X[Y]
becomes a BF'S (see [4], [13] for properties of this space). We will refer to the
standard terminology of Banach lattices (see [13], [17], [14]). We will say that
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a Banach lattice E is a KB-space if for every for every sequence 0 < x, T in E
such that sup ||x,|| < oo, there exists x € E such that x, — x in norm.

THEOREM (4.2). ([13], Th. X.4.9) The following statements are equivalent for
a Banach lattice E

a) E is a KB-space

b) E does not have a copy of cy.

Remark (4.3). Every KB-space has order continuous norm (see [14], Sect.
2.2). If we assume that E is a separable KB-space, then there exists a prob-
ability measure space (€, 3, u) such that we may represent E as a BFS such
that L>(u) C E C L'(u) (see [14], Th. 2.7.8 and [17], Prop. 2.6.2). Keeping in
mind the description of KB-spaces in [13], Chapter X, 4.4, we see that E has
properties (A), (B), (C) above.

THEOREM (4.4). Let E be a real Banach lattice, Ec its complexification and
X = A, ® E. Then the following statements are equivalent

1. Ec € (RN),.

2. E does not has a copy of cy.

3. Every F € HY(B) has radial boundary limits for all 1 < p < oo and every
neN.

4. Every F € H%(B) has radial boundary limits for some 1 < p < co and
some n € N.

5. Foreveryn € N, X € (RN),,.

Proof. The equivalence of (1) and (2) was proved in [6]. Suppose that (2)
holds. To prove (3) will let F' € Hx(B) and show that it can be represented as
a Poisson integral of a function in L%(B). Since the image of F is separable
we can assume by Remark (4.3) that X is a BFS on a finite measure space
(Q, 3, w).

As a first step we prove that we can find a measurable function f on () x B
such that F(x) = f(, x) and f(¢, -) is monogenic for almost all ¢ € (:

Represent F' as a Taylor series and as a spherical harmonic expansion

F@) =) (Y Val@x) =Y Yz,
k=1 |a|=F k.j

where x,, x;,; € X. We have

(4.5) > RM ||z < o0
k.j
for 0 < R < 1. Then for each k we have
dp,
D Ve =Y Y@y,
la|=F j=1

We can choose a set A; € 2 with complete measure such that

dp,
(4.6) D Va@xalt) = Y (t)

la|=F J=1
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foreveryt € Ay, x € Band k > 0. To see this we find A; such that (4.6) holds for
x in a countable dense subset of B, then extend this by continuity in B. Fix any
0 < R < 1. Since X is a KB-space then (4.5) implies that 3, . R* |x; ;| € X.
Hence for almost all ¢, say ¢ € A,

ZRk ’xk,j(t)‘ < 0

kJj

and Y7, Z‘ji y Y}x;,;(¢) defines a harmonic function on 0 < r < R. Then
ift €¢ A = A; N Ay it follows that Zk“;l Z|a\:k V.()x,(f) is monogenic on
0 <r < R < 1. The number R € [0, 1) is arbitrary, so it is clear that for almost
all ¢ € ) the function above is monogenic on B. Also the function

[0 = (> Val)xa(@)).

k=1 |a|=k

is measurable on the product () x B and F(x) = f(-, x). Remark (3.2) implies
the existence of a set G C S™ of complete Lebesgue measure such that

4.7 IfC,ré)lx < F* () < oo,
for all r € [0, 1) and ¢ € G. Observe that for fixed r, the function

t— If (¢, ré)| do(€)
Sn
belongs to X. In fact,
/ FCroldo@ <Y rtdy x| @) < Cr*E =2 x| @).
Sn

k.j

Then by (4.5) [, |f(,, ré)|do(é) € X and we can estimate its norm using the
Banach function dual E’ of E:

4.8) [S ()| do@)

< sup/ f(t, 7é)| do(E)x'(H)du(t)
X x'€E, JQJS"
[[¢'[]<1

(4.9) < sup / £, )| ¥ ©)du@t)do(©)
QJSse

(4.10) < [ F(§do(§) < oo,
N
where E’, consists of all measurable functions x’ > 0 such that
sup / x()x' ) dult) < oo.
lxllp<1./0

Consider the function

xo() = sup [ [f(,rE)|do(@).

0<r<1.J8»

For ¢ € A as above, x(¢) = lim,_. |, g0 |f G, maé) do(§), being r,, any sequence
r, 7 1. Then the fact the X is a KB-space and (4.10) implies that xy € X. It
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follows that xy(¢) < oo for almost all ¢, then for almost all ¢, the function f(¢, -)
belongs to the Clifford H'(B). By the scalar theory, we know that for almost
all £ € Q) there exists the limit

f(t,) = lim f(t,ré)

for almost all £ € S™ and in the L! norm.
Note that
|f(1 rf) - f(’ 7"§)| dO’(f) S 2xO-
Sn
Then

‘ [itero-reredse| —o
Sn X

as r,r’ — 1—, that is, the family {f(,, r-)}, is a Cauchy net on X[L(S")] as
r — 1. In fact, assume that

H/ IfC ) — (., 828 da(§)
Sn

>e>0,
X

with r,,s, — 1. Let g, = fs,, [f(, &) — f(, 8,8€)| do(é). We have g, < 2xp and

gn(t) — 0 for almost all ¢. Then (see [13], Ch X.1.4) g, = 0, that is, there exist
a sequence ¢, | 0 in E such that g, < ¢,. We have that g, — 0 in norm ([13],
Ch X.4.1), since E satisfies (A), and this is impossible.

The space X[L'(S™)] is a Banach space, then the limit f = lim,_;_ f(;, )
exists in X[L(S™)]. To conclude the proof we will show that for almost all
§e 8" Fo§) = f(, &) =lim, ., F(ré) on X.

By a variation of the argument used in the case of the classical Lebesgue
spaces we can prove that since f = lim,_;_ f(;, 7-) in X[L'(S™)], there exists a
sequence {f(t, r,&)} converging a.e. [ux o]to f(¢, £). Note that for almost all ¢ €
Q, ft, &) = f(¢, &) for almost all &. Also for almost all £ € 8™, f(¢, r,&) — f(t, &)
a.e. [u] and by the estimate (4.7) and the Lemma X.3.5 of [13] we conclude
that (¢ € X ae. [o] and w(§) = ||f(, £)||x belongs to L1(S™), that is, f €
LY(S™[X]. By Lemma XI.1.2 of [13] we can easily see that f(-, ¢) is Bochner
a measurable function of £, hence F, above belongs to L}((S”). To prove (3) it
is enough to prove that F' is the Poisson integral of Fy. Let A € X such that
f(t,-) € HY(B) forevery t € A. Thenift € A

£t ) = /S PGt midotn) = /S P 6 midot).
But (see [4], Lemma 2.1) for almost all # € A we have
/S PG, mft, mdotn) = ( /S PG mfC o)),
This completes the part (2) —> (3).

By Theorem (3.12) and Theorem (3.13) we have (4) = (2) and this com-
pletes the proof. O

COROLLARY (4.11). A, ® L'[0, 1] € (RN),, for all n.
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COINCIDENCE AND FIXED POINTS OF NONLINEAR HYBRID
MAPPINGS

YISHENG LAI

ABSTRACT. The concepts of harmonic for single-valued and multi-valued map-
pings are defined. Some common fixed and coincidence point theorems for
single-valued and multi-valued mappings satisfying a class of conditions are
obtained by an iteration scheme. The conditions are not assumed to be a
contractive type.

1. Introduction

In recent years there have appeared various papers concerning common
fixed and coincidence point theory for single-valued and multi-valued map-
pings, see, for example, [1-8]. Some authors (see, [1-8]) carried their work out
in a framework in which the underlying metric space is a complete , and the
single-valued and multi-valued mappings satisfy a contractive type condition.
In this case, fixed and coincidence points can be found by a technique from
Nadler [9] [also cf. [5, 6, 7, 8]]. However, the method can’t be employed if the
mappings are not assumed to be a contractive type, and such case also has
been seldom discussed.

In this paper, the notion of harmonic for single-valued and multi-valued
mappings is given and the concept of compatibility is extended [1, 2]. An it-
eration scheme for finding coincidence and common fixed point of the hybrid
mappings satisfying a ®-type condition is established. Using the technique, we
get several coincidence and common fixed point theorems for a class of hybrid
mappings without assuming to be a contractive type. In our theorems, replac-
ing the completeness of the space by a set of weaker conditions, we also drop
the compatibility requirement and the assumptions of continuity of mappings
in Theorem (3.20).

2. Preliminaries

Let (X, d) be ametric space and R* the set of nonnegative real numbers. Let
(CB(X), H) and (CL(X), H) denote respectively the hyperspaces of nonempty
closed bounded subsets of X, and nonempty closed subsets of X, where H is
the Hausdorff-Pompei metric induced by d, i.e.,

H(A, B) = max {supd(x, B), supd(x, A)}
x€EA x€EB

2000 Mathematics Subject Classification: 47TH10, 54H25, 54C60.
Keywords and phrases: Hausdorff-Pompei metric; fixed and coincidence point; compatible and
harmonic mappings.
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for all A, B € CB(X) (or CL(X)), where d(x, A) = inf,c 4 d(x, y). A set-valued
mapping [ : X — CB(X) (or CL(X)) is called Hausdorff-Pompei continuous at
x0 if lim,_,, H(fx, fxo) = 0.

Itis well known that (CB(X), H) and (CL(X), H) are complete metric spaces,
whenever (X, d) is complete. Of course, (CB(X), H) and (CL(X), H) are metric
spaces.

Definition (2.1). The mappings /: X — X and T: X — CL(X) are said
to be compatible if d(fy,, Tfx,) — 0 whenever {x,}, {y,} are sequences in X
such that Tx, — M € CL(X) and lim,, ., fx, = lim, ...y, =t € M, where
Yo €Tx, forn=1,2,....

Definition (2.1) slightly extends Kaneko’s and Cho’s definitions [1, 2].
Definition (2.2). Let y: R — R™ be a function. The mappings f: X — X

and T: X — CL(X) are said to be y»-harmonic if the following conditions are
satisfied:

(@) ft € M whenever there exists some sequence {x,} in X such that Tx, —
M e CL(X) and fx, — t € M;
(b) for t and M above, H(M, Tt) > (d(ft, t)) if ft # ¢.

Example (2.3). Let X = {x: 0 < x < 1,x € @} U {2} be endowed with the
usual metric. Define

Yy =3y +siny, y€l[0,+00),

1
10° x=0 i

fr=q1-% x#02xcX; Tx:{{%z}’ x#0, xeX
0 x = 9. {5}, x=0

We will show that f and T' are y-harmonic.

(@) If {x,} is a sequence in X such that Tx, — M € CL(X) and fx, -t € M,
then x, — 1 or % by definitions of mappings f and T'. Obviously, ft € M
when x, — 1 or %

(b) Assume that x, — 1, then ¢ = 0,M = {0, %} Since d(ft, t) = 1—10,
H(M, Tt) = 2, we have H(M, Tt) > y(d(ft,t)). If x, — 1, thent = 3, M =
{0,2}andso ft =t = 1.

H(Tx, Ty) — {(2), xy#0orx=y=0, x,ye X
5 x=0,y#0o0rx#0,y=0

PROPOSITION (2.4). Suppose that the function ®(t1, to, ts, ts, t5): (RY)? — RT
satisfies the following conditions ¢1 and da:

P1: D(t4, o, t3, L4, t5) is a nondecreasing continuous function in each coordi-
nate variable;

¢do: Let () = P, ¢, ¢, at, bt), where a,b € {0,2} with a + b = 2. The
series Z:f’l Y"(¢) converges for each t € R*, where *(¢) is the nth iterate of our
original value t.

Then

(a) ¥(¢) is an increasing function;

(b) (t) < tforallt € R™ and (0) = 0.
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Proof. Itiseasy to see from condition (¢1) that ¢(¢) is an increasing function.
If () > t for some ¢t € (0, +00), then (¢) > "~ X(¢) > ... > (¢) > t. This
contradicts condition (¢p2), hence ¥(¢) < ¢ for all ¢ € (0, +00). Similarly, we have
(0) = 0. This completes the proof. O

Definition (2.5). ¢1 and ¢9 in Proposition (2.4) are called a ®-type condition.
Example (2.6). Let
(2.7) Dy, ta, t3, L, t5) = hlaL(ty, to, t3, t4, t5) + (1 — )N (t1, 2, t3, La, t5)]

where 0 < h<1,0<a<1,
1
L(¢1, ta, ts, ta, t5) = max {t1, Lo, t3, §(t4 +t5)},

1 1
N(ty, ta, b3, ta, t5) = max {83, tats, tats, 5tats, Htata}]*.
We show that the ®(¢1, to, t3, t4, t5) satisfies a ®-type condition.
¢1: Obviously.
bo: Y(t) = P, t,t, at,bt) = ht and so y™(t) = h"t. This implies that the
series > °7 /"(¢) converges for each ¢ € R*.

The following implicit relations are due to V. Popa [3].

Let Cg be the set of all real continuous functions F(t1, to, ..., t): (RT)® — R
satisfying the following conditions G; and Gq:

G1: F is non-increasing in the variable ¢, . . ., g and non-decreasing in vari-
able ¢q;

Gs: There exists o € (0,1) and £ > 1 with Ak < 1 such that u < kt and
F(t,v,v,u,u+v,0) < 0implies ¢ < hv.

Remark (2.8). The ®-type condition is different from the implicit relations
above. Infact, let I'(¢1, o, .. ., tg) := t1 — D(to, t3, t4, t5, tg), Where ® satisfies a O-
type condition, but I' € C; is not assured. For instance, let ®(zo, 3, t4, t5, ts) =
153;;3 + tytsts. It is easy to see that the ® satisfies a ®-type condition, but I’
does not satisfy condition Gs.

PROPOSITION (2.9). Let A, B € CL(X)and B > 0. Then for each a € A, there
exists an element b € B such that d(a, b) < H(A, B) + B, where

2.10) g = {0, for H(A, B) > d(a, B) or H(A,B)=0

B, for HA,B)=d(a,B) > 0.

Proof. By the definition of Hausdorff-Pompei metric, it is clear that d(a, B) <
supd(x, B) < H(A;B). If H(A, B) = 0, then A = B, and so d(a, b) = H(A; B)
x€EA
by taking b = a. If H(A, B) # 0, since there exists &’ € B such that d(a, b') <
d(a, B) + ¢ for any given ¢ > 0, there exists b € B such that d(a, b) < H(A; B)
if H(A, B) > d(a, B) and d(a,b) < H(A;B) + B if H(A, B) = d(a, B). This
completes the proof. O
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3. Coincidence Theorems

In this section we give some coincidence point theorems for nonlinear hybrid
mappings satisfying a ®-type condition by an iteration scheme.

THEOREM (3.1). Let (X, d) be a metric space, f,g: X — X be continuous
mappings and S, T: X — CL(X) be H-continuous mappings such that T(X) C
f(X), S(X) Cc g(X). Suppose that there exists a function ® satisfying P-type
condition such that for all x,y € X,

(3.2) H(Sx, Ty) < ®(d(fx, gy), d(fx, Sx), d(gy, Ty), d(fx, Ty), d(gy, Sx)).

If one of S(X), T(X), f(X) and g(X) is a complete subspace of X and the pair
(f; S) and (g, T) are compatible. Then there exists a sequence {x,} in X, such
that

(a) for every n, fxon_1 € Txon_2, 8Xon € SXon_1;

(b) lim,, o gx9, = lim,, . fxo,_1 = z for some z € X;

(¢) fz€ Sz, gz¢c Tz

Proof. Let xq be an arbitrary point of X. Since 7'(X) C f(X), there exists
x1 € X such that fx; € Txy, and so there exists a point u; € Sx; such that

d(uy, fx1) < H(Sx1, Txo) + B7,

where 1 = 1 and ] has the same meaning as (2.10), which is possible by
Proposition (2.9).

Moreover, since S(X) C g(X), there exists a point x2 in X such that u; = gxs
and

d(gxs, fx1) < H(Sx1, Txo) + B .

Proceeding in this way, we can obtain a sequence {x,} in X such that for each
n>1,

(3.3) by, = d(gxon, fXon—1) < H(Sxon_1, Tx2,—2) + By, 1
and
(34) a, = d(fx2n+1, gxgn) < H(Txgn, Sx2n_1) —+ ,Bérn,
where
(3.5) 8Xon € Sxon—1, fxon—1 € Toon_o,
(3.6)
0 for H(Sx9,—1, Txon—2) > d(Sxan_1, fxon—1) or
Bon_1 = H(Sx2n—1, Tx0n—2) =0

Bon—1 for H(Sxon_1, Txon—2) = d(Sxgn_1, fxen—1) > 0,n > 2,

(3.7) B2n—1 _ m%n{ﬂ'hnfl, Ti_l) |¢(an71) - lp(bnfl)‘} for An—1 7{ bnfl
min{ngn—1, 3,7} for an—1 = bn-1,
(3.8)

1 .
flan—1 = 5 Tin {t — @) : t € [H(Sx2n—1, Txon—2), H(Sx9,_1, Tx9,—2) + 11}
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and
3.9
. JO0  for H(Txon, Sx2n—1) > d(Tx2y, gx2,) or H(Tx2,, Sxg,—1) =0
Pon =\ 8oy for HTxon, Sxan_1) = d(Titz, gran) > 0,

min{ng,, 5, |¥(by) — Plan—1)|} for b, # an_1

. 1
min{nzn, 5} for b, = a,_1,

(8.11) mg, = %min {t —(t): t € [H(Txgn, Sxon_1), H(Txoy, Sxon_1) + 11}.
Ban—1 and Bg, above are positive by proposition (2.4). It follows from (3.2) and
(3.4) that
an = d(fxani1, §xon) < H(Tx9y, Sx2n—1) + By,
< D(d(gxan, fxon—1), d(fxn—1, Sxon—1), d(gxan, Txon), d(fxgn—1, Txon),
d(gxon, Sx2n—1)) + By,
< D(d(gxan, fxon—1), d(fxon—1, 8Xon), A(fX2n 11, 8%2n), A(fXon i1, %2n)
+ d(fxon—1, 8%on), 0) + Bg,,-
That is,
(3.12) an < H(Txgp, Sxon—1) + B, < P(by, by, an, @n + by, 0) + B3,
Applying the same argument as above, we have
(8.13) b, < H(Sx9n—1, Txon—2)+B5, 1 < Pl@n_1, by, @n—1,0, an_1+b,)+ PB4, 1

by (3.2) and (3.3).
We shall verify that
(314) ap < bn <ap-1, n= 2
where a,, = b,(resp. b, = a,_1)ifand onlyifa, = b, = O(resp. b, = a,_1 = 0).

In fact, if there exists some n such that a, > b,, then it is easily seen from
(3.12) and conditions ¢; and ¢5 that

(3.15) an < D(an, an, an, 2a,, 0) + B3, = Play) + By,
which along with Proposition (2.4) implies that B3, = B2, > 0. Hence, from
(3.4)-(3.5) and (3.9)-(3.11), we have
0 < H(Tx2y, Sxgn—1) = d(Txgn, 8%2n) < an < H(Txon, Sx2n—1) + By,
< H(Tx2p, Sx2n—1) +1

and s0 12, < (a, —¥(a,)) by (3.11). This together with again (3.9)-(3.10),
(3.15) and Proposition (2.4) yields that

an < l)[f(an) + B;n = l,lf(an) + Bon < d’(an) + Non
(3.16) 1 1
S l,[f(an) + E(an - d/(an)) S i(an + l,[f(an)) < Qn,

which is a contradiction. Therefore, a, < b,. If a, = b, > 0, then it is not
difficult to see from an argument as above that (3.16) still holds, that is, a,, = b,
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if and only if a, = b, = 0. Applying the same argument as above, we have
b, <a,_1,and b, = a,_1 if and only if b, = a,,_1; = 0. Hence (3.14) is proven.

We now show that the series >~ a, and ) ° b, are convergent. Obvi-
ously, the conclusion is true by (3.14) if there exists an integer n > 2 such
that a,_1 = 0 or b, = 0. Now assume that a,_1, b, # 0 for all n > 2. Then
a,_1 > b, by (3.14), and so B2, < ¢(a,_1) — P(b,) by (3.10), which together
with (3.9)<(3.10), (3.12) and (3.14) implies that
(3.17)

bn+1 <a,< w(bn) + B;n < ‘l/(bn) + Bon < l!’(bn) + ll/(an—l) - w(bn) = l,b(an—l)-

It follows that
(8.18)  buy1 < an < Ylan_1) < PWlan_2) = PHan_2) < --- <P Hay).

The series Z:fl "™(a1) converges by condition ¢2, Therefore, the series ZZ;"I’ an
and 37 b, also converge, that is, the series > ; d(gxan, fx2,—1) and

> d(gxan, fxoni1)
n=0

are convergent.
It is easily obtained from (3.12)-(3.13) that

(319) H(Sxanl: Tx2n72) S w(anfl), H(Tx2n: Sx2n71) S d/(bn)

This implies that the series Y ; H(Sxo,_1, Tx2,—2) and Y ; H(Tx2,, Sxg,_1)
are also convergent. We thus see that {fxg,_1} and {gxs,} are two Cauchy se-
quences in f(X) and g(X) respectively, and the sequences {Sxs,_1} and {Txs,}
also are in S(X) and T(X) respectively.

Suppose that f(X) is a complete subspace of X, then {fx2,_1} has a limit in
f(X), callit z, and it is easily seen by the convergent series >~ ; d(gXon, fx2,—1)
that z = lim,, . fxo,_1 = lim, ., gx2,. Since T(X) C f(X), this must imply
that {Tx2,} — M for some M € CL(X) and so {Sx2,_1} — M by the convergent
series Y, H(Txop,, Sx2,—1). Thus

d(z, M) < d(z, fxgn—1) + d(fxon—1, M)
< d(z, fxon—1) + H(Tx2,—2, M) — 0 as n — oc.
Since M is closed, z € M and the compatibility of f and S implies that

d(fgxon, Sfxon_1) — 0 as n — oo. This along with the continuity of f and
the H-continuity of S yields that

d(fz, Sz) < d(fz, fgxan) + d(fgxas, Sz)
< d(fz, fgxon) + d(fgxan, Sfxan—1) + H(Sfx9,-1,Sz) — 0

as n — oo, that is, fz € Sz since Sz is closed. Similarly, we can show that
gze Tz

When one of T(X), S(X) and g(X) is a complete subspace of X, by noting the
fact that T(X) C f(X) and S(X) C g(X), this case essentially pertains to the
previous case. This completes the proof. O
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THEOREM (3.20). Let Y be an arbitrary non-empty set, (X, d) a metric space.
Let mappings [:Y — X and T: Y — CL(X) be such that T(Y) C f(Y) and
there exists a function ® satisfying ®-type condition such that for all x,y € X,

(3.21)  H(Tx, Ty) < ®(d(fx, fy), d(fx, Tx), d(fy, Ty), d(fx, Ty), d(fy, Tx)).

If either T(Y) or f(Y) is a complete subspace of X, then there exists a pointt € Y
such that ft € Tt.

Proof. Assuming that f = gand S = T on Y as in Theorem (3.1). By
a similar argument to that in the proof of Theorem (3.1), we can obtain a
sequence {x,} in Y such that fx, ; € Tx, for integersn = 1,2, ---, and {fx,}
is a Cauchy sequence in f(Y).

If f(Y) is a complete subspace of X, then {fx,} has a limit in f(Y). Call it
w. Let t € f~'u, then ft = . By (3.21), fxn41 € Tx, yields that

d(fxpi1, T) < H(Txy, Tt)
< O(d(fxn, ft), d(fxn, Txy), d(ft, Tt), d(fx,, Tt), d(ft, Tx,))
< O(d(fxn, ft), d(fxn, f2ni1), d(ft, Tt), d(fxy, Tt), d(ft, f2n 1)

Passing to the limits as n — o0, it then follows from conditions ¢; and ¢9
that

d(ft, Tt) < (0, 0, d(ft, Tt), d(ft, T¢), 0) < Y(d(f¢, T¢)),

which together with Proposition (2.4) implies that d(ft, T¢t) = 0, that is, ft € Tt.

When T(Y) is a complete subspace of X, by noting the fact that T(Y) C
f(Y), this case essentially pertains to the previous case. This completes the
proof. O

Remark (3.22). Assuming that the function ®(¢4, to, t3, f4, {5) in Theorem
(3.20) is the same as the function ® in Example (2.6), then we get the main
result of Pathak, Kang and Cho in [7] by Theorem (3.20) and Example (2.6).

Remark (3.23). Theorem (3.20) is different from the main results in the
literature [3, 4]. First, in [3, 4] (X, d) is assumed to be a complete metric

space. Secondly ®-type condition is also dissimilar from implicit relations in
[3, 4] by Remark (2.8).

THEOREM (3.24). Let (X, d) be a metric space, f,g: X — X be continuous
mappings and S,T: X — CL(X) be H-continuous mappings such that T(X) C
f(X), S(X) c g(X). Suppose that there exist functions a;: X x X — [0, 1) with
Z?:l a;(x,y) < 1, ®; satisfying ®-type condition for i = 1,2,3, and I': R x
R* — R* with I'(u, v) = 0 whenever uv = 0 such that for all x,y € X,

(3.25)
3

HP(Sx, Ty) <Y ailx, )PP (d(fx, gy), d(fx, Sx), d(gy, Ty), d(fx, Ty), d(gy, Sx))
i=1
+ I'(d(fx, Ty), d(gy, Sx)),
where p > 1. If one of S(X), T(X), f(X) and g(X) is a complete subspace of
X and the pair (f, S) and (g, T') are compatible, then there exists a point z € X
such that fz € Sz, gz € Tz



152 YISHENG LAI

The proof of Theorem (3.24) is similar to that of Theorem (3.1). We omit it
here.

Remark (3.26). Theorem (3.24) generalizes many fixed and coincidence point
theorems (cf. [1, 2, 8]).

Example (3.27). Let X = [1, co) be with the Euclidean metric and define
fx=2x*—1, gx =2x% — 1and Sx = [1, x%], Tx = [x, x*] for all x < 1.

Obviously, f and g (resp. S and T') are continuous (resp. H-continuous)
mappings and f(X) = g(X) = S(X) = T(X) = X. We claim that f and S
are compatible. In fact, If {x,} and {y,} are sequences in X such that Sx, =
[1,x2] - M € CL(X) and lim,, .. fx, = lim,,_.,(2x* — 1) =lim,, ooy, =t €
M, where y, € [1,x2]forn =1,2,..., then x, — 1.

On the other hand, we can show that H(fSx,, Sfx,) = 2(x — 1)> — 0 if and
only if x, — 1 as n — oo and so, since d(fy,, Sfx,) < H(fSx,, Sfx,), we have

nlim d(fyn, Sfx,) = 0.

Therefore, f and S are compatible. By a similar argument as above, we have
that g and T are also compatible.
By the definitions of mappings f, g, S and T', we have

H(Sz, Ty) = max{ly — 1, |** — y*[};
d(fx, gy) = 2|y° — 2% > 4]y° — 2%| > 4(* — &%) as y > x;
d(fx,Sx) = 22> + D(x? — 1) > 3(x%2 — 1) > 3«2 — y?) as y < x;
d(gy, Ty) = 2y° — y* — 1> 10(y - 1).
Set

1 1
D(ty, to, t3, 14, t5) == 5 max {t1, ta, L3, Q(t4 +t5)}.
It is easily to see that H(Sx, Ty) < ®(¢y, to, t3, t4, t5). Then it follows Theorem

(3.1) that there exists z € X such that fz € Sz, gz € T=.

Example (3.28). LetY = X = {x : 0 < x < 1,x € @} be endowed with
the usual metric. Let fx = 1 — x, Tx = {0,1},x € X, and the function
(¢4, to, t3, t4, t5) the same as the function ® in Example (2.6). It is easy to
see that all the hypotheses of Theorem (3.20) are satisfied and ft € T¢, ¢ = 0, 1.

4. Fixed point theorems

In this section, using Theorems (3.1) and Theorem (3.20), we prove sev-
eral fixed point theorems for nonlinear hybrid mappings satisfying a ®-type
condition.

THEOREM (4.1). Let (X, d) be a metric space and let f : X — X be continuous
mapping and T': X — CL(X) be H-continuous mapping such that T(X) C f(X)
and there exists a function ® satisfying a ®-type condition such that for all
x,y € X, (3.21) is satisfied. Assume that the following conditions are satisfied:

(1) T(X) or f(X) is a complete subspace of X and the pair (f, T') is compatible;

(ii) for each x € X, fx € Tx implies that f"x — z for some z € X.

Then f and T have a common fixed point in X.
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Proof. By Theorem (3.20), ft € Tt for some ¢t € X and so f"¢ — z for some
z € X by condition (ii). We now verify that f2¢ = fft € Tft. In fact, set for each
integer n > 1, x,, = ¢t and y,, = ft; it then follows that

lim fx, = lim y, = ft € Tt, Tx, — T¢t, y, € Tx,

n—oo

which along with the compatibility of f and T implies that d(fy,, Tfx,) = 0
and so 2t € Tft. Repeating this argument, we obtain f"¢ € Tf"~'t for each n
and the continuity of T' yields that

d(z, T2) < d(z, ft) + d(f"t, T2) < d(z, f*t) + H(Tf""t, T2) — 0,

that is, z € Tz since Tz is closed. It is clear that fz = z by the continuity of f.
Hence z is a common fixed point of f and T'. This completes the proof. O

THEOREM (4.2). Let (X, d) be a metric space, f[: X — Xand T: X — CL(X)
be y-harmonic mappings such that T(X) C f(X) and there exists a function ®
satisfying ®-type condition such that for all x,y € X, (3.21) is satisfied, where
the function §(t) has the same meanings as in proposition (2.4). If either T(X)
or f(X) is a complete subspaces of X, then [ and T have a common fixed point
in X.

Proof. By a similar argument to that in the proof of Theorem (3.1), we can
obtain a sequence {x,} in X such that Tx, — M € CL(X), fx, — t € M and
d(fxn, fxpi1) < H(Tx,, Tx,_1) + &, for each n > 1, where &, — 0 with g, > 0
and g, = 0 if H(Tx,, Tx,_1) = 0. ft € M because f and T are y-harmonic
mappings. It then follows the definition of the Hausdorff-Pompei metric that

(4.3) d(fe, Tt) < HM, Ty), d(t, Tt) < H(M, Tt).
Using (3.21), we have that
H(Txy, Tt) < ®(d(fxn, 1), d(fxxn, Txn), d(ft, T8), d(fxn, T), d(ft, Txy)).
Passing the limits as n — +o00 we get
(4.4) H(M, Tt) < &, f1), d(t, M), d(ft, T¢), d(t, Tt), d(ft, M)),
which together with ft € M, ¢ € M and (4.3) implies that
(4.5) H(M, Tt) < ®(d(, f¥), 0, HM, Tt), H(M, Tt), 0).
We now show that
(4.6) HM,Tt) > d(, ft)
In fact, if H(M, Tt) < d(¢, ft), then ft # ¢ and it follows from (4.5) that
4.7 H(M, Tr) < O, f1), 0, d(t, ft), d(, ft), 0) < Y(d(, f1)).

On the other hand, since f and T are {-harmonic mappings, ft # ¢ yields that
H(M, Tt) > (d(¢, ft)). This contradicts (4.7). Hence (4.6) is proven.
It follows from (4.5) and (4.6) that

(4.8) H(M,Tt) < ®(H(M, Tt), 0, H(M, Tt), HM, Tt), 0) < y(H(M, Tt)),

which together with the Proposition (2.4) implies that H(M, T¢) = 0, that is,
M = Tt. Now by (4.6) and noting that ¢ € M, we get ft = ¢ € T¢t. Therefore ¢ is
a common fixed point of f and T in X. This completes the proof. O
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THEOREM (4.9). Let (X, d) be a metric space and let f,g,Sand T: X — X
be continuous mappings such that T(X) C f(X), S(X) C g(X) and there exists
a function ® satisfying ®-type condition such that for all x,y € X,

(4.10) d(Sx, Ty) < ®(d(fx, gy), d(fx, Sx), d(gy, Ty), d(fx, Ty), d(gy, Sx)).

If one of S(X), T(X), f(X) and g(X) is a complete subspaces of X and the
pair (f,S) and (g, T) are compatible. Assume also that for any given t > 0,
®(t,0,0,¢,t) <t. Then f, g Sand T have a common fixed point zin X. Further,
z is the unique common fixed point of f, S and of g, T.

Proof. The existence of a point ¢ with ft = St and g¢ = T¢ follows from
Theorem (3.1). By the condition (4.10), we have

d(ft, gt) = d(St, Tt) < O(d(ft, gt), d(ft, St), d(gt, T¢), d(ft, Tt), d(gt, St))
= O(d(ft, gt), 0,0, d(ft, gt), d(ft, gt)),

which together with ®(¢, 0,0, ¢, ) < ¢ whenever ¢ > 0 yields that d(ft, gt) = 0
and so ft = St = gt = Tt. By [2], since f and S are compatible mappings and
ft = St, we deduce that

(4.11) Sft = SSt = St = fft,

which along with condition (4.10) implies that

(4.12) d(SSt, Tt) < ®(d(SSt, T¢), 0, 0, d(SSt, Tt), d(SSt, Tt)).

It yields d(SSt, Tt) = 0, i.e., SSt = Tt. We thus have

(4.13) Sft=SSt=Tt==gt =t

and so ft = z is a fixed point of S. Further, (4.11) and (4.13) imply that
Sz=8St=fz=z2

Similarly, we conclude from the compatibility of g and T that Tz = gz = =.
Therefore the point z is a common fixed point of f, g, S and T'.

We now show the uniqueness of the common fixed point z. Let 2z’ be another
common fixed point of f and S. It follows from condition (4.10) that

d(Z,z) = d(SZ, Tz) < ®(d(fZ, g2), d(fZ, SZ), d(gz, Tz), d(fZ, Tz), d(gz, Sz')
=d(d(Z, 2),0,0,d(Z, 2),d(Z, 2)),
which together with the condition ®(z, 0, 0, £, ¢) < ¢ whenever ¢ > 0 implies that
d(Z/, z) = 0 and so z = z’. This completes the proof. O

COROLLARY (4.14). Let (X, d) be a metric space and let mappings S, T: X —
X be such that one of S(X), T(X) is a complete subspace of X. Suppose that
there exists a function ® satisfying ®-type condition such that for all x,y € X,

(4.15) d(Sx, Ty) < ®(d(x, y), d(x, Sx), d(y, Ty), d(x, Ty), d(y, Sx))

Assume that for any givent > 0, ®(¢,0,0,¢,¢) < t. Then S and T have a common
fixed point zin X. Further, z is the unique common fixed point of S and of T.
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Proof. Let fx = gx = x in Theorem (3.1), then it follows from Theorem (3.1)
that there exists a sequence {x,} in X such that x9, 1 = Txg,,_2, x2, = Sx2,_1
for every n and lim,, . x9, = lim,,_,, x2,_1 = z for some z € X. We show that
z is a common fixed point of S and T'.

Since

d(SZ: TxZn) S (I)(d(z; xZn); d(Z, SZ), d(x2n; TxZn); d(Z, TxZn)) d(xZn) SZ)),

taking the limit as n — oo, we obtain d(Sz, z) < ®(0, d(z, Sz),0, 0, d(z, Sz)) <
d(Sz, z), a contradiction, unless z = Sz. A similar argument applied to
d(Sxg,_1, Tz) yields z = Tz.

As in the proof of Theorem (4.9), we have the uniqueness. This completes
the proof. O

Remark (4.16). It is easy to see from the proofs of Theorem (3.1) and Corol-
lary (4.14) and the proof of Theorem 1 in [10] that in Corollary (4.14) ®-type
condition is replaced by ®(¢, ¢, ¢, at, bt) < t for any ¢t > 0, where a, b € {0, 1, 2}
with a+b = 2, the Corollary (4.14) is also true. Thus we improve a main result
of Husain and Sehgal [10] by replacing the completeness of the space X by one
of S(X), T(X) being a complete subspace of X.

Example (4.17). Let Y = X = {x : 0 < x < 1,x € @} U {2} be endowed
with the usual metric, and let the mappings f and T be the same as f and T
in Example (2.3), respectively. Define

9
D(ty, to, t3, t4, t5) = 0 max{ty, ty, t3} + 3t4ts.
Then (t) = %t. By a similar argument as in Examples (2.6) and (3.27),
we have that f and T are -harmonic and ®(¢1, to, t3, t4, t5) satisfies a ®-type
condition.

On the other hand, since d(fx, Tx) = % when x = 0 and

H(Tx, Ty) = 2, vy7Oenx=y=0 nyeX

5 x=0,y#00rx#0,y=0,

it is easy to see that the inequality (3.21) is satisfied. Note that T(X) =
{0, %, 1%} is complete. Thus all the hypothesis of Theorems (4.2) and (3.20)

are satisfied, and ft =t € T¢, t = %, fzeTz,z=1.

Remark (4.18). The continuity of mappings in Theorems (3.20) and (4.2) is
not assumed, and one can replace the completeness of the space by a set of
weaker conditions. For instance, see Example (4.17) above.
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REAL HESSIAN CURVES

ADRIANA ORTIZ-RODRIGUEZ AND FRANK SOTTILE

ABSTRACT. We give some real polynomials in two variables of degrees 4, 5,
and 6 whose hessian curves have more connected components than had been
known previously. In particular, we give a quartic polynomial whose hessian
curve has 4 compact connected components (ovals), a quintic whose hessian
curve has 8 ovals, and a sextic whose hessian curve has 11 ovals.

1. Introduction

The parabolic curve on a generic smooth surface S embedded in three-dimen-
sional Euclidean space consists of the points where S has zero Gaussian curva-
ture. It separates elliptic points (where the curvature is positive) from hyper-
bolic points (where the curvature is negative). These notions are well-defined
for surfaces embedded in affine or even projective space, as the sign of Gaussian
curvature is invariant under affine transformations.

If the surface S is expressed locally as the graph z = f(x, y) of a smooth
function f, then the sign of its hessian determinant

fxx fx _ _fr2
fyx fyi - f xxf vy xy’

equals the sign of its curvature at the corresponding point. Thus the parabolic
curve is the image under f of its hessian curve, which is defined by Hess(f) =
0. When the surface S is the graph of a polynomial f € Rl[x, y], this local
description is global, and so questions about the disposition of the parabolic
curve on S are equivalent to the same questions about the hessian curve in R2.

Suppose that d is even. Harnack proved [3] that a smooth plane curve of
degree d has at most 1 + (dgl) connected components in RP2. This is also
the bound for the number of components of a compact curve in R2? of degree
d. A non-compact curve in R? of degree d can have at most (;') bounded
components (ovals) and d unbounded components. These unbounded compo-
nents come from the intersection of the corresponding curve in RP? with the
line at infinity. Harnack constructed a curve in RP? of degree d with 1+ (%3 %)
components which has one component meeting the line at infinity in d points.
This Harnack curve shows that the bound for non-compact curves in R? is
attained, and choosing a different line at infinity shows that the bound for
compact curves in R? is also attained.

Hess(f) :=
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We are interested in the possible number and disposition of the components
of the hessian curve in R? of a polynomial f € Rlx, y] of degree n. This is
problem 2001-1 in the list of Arnold’s problems [1], attributed to A. Ortiz-
Rodriguez. See also the discussion of related problems 2000-1, 2000-2, 2001-
1, and 2002-1. The hessian of f has degree at most 2n — 4. By Harnack’s
Theorem, a compact hessian curve has at most (2n—5)(n—3)+1 ovals and a non-
compact hessian curve has at most (2n—5)(n—3) ovals and 2n—4 unbounded
components.

While we know of no additional restrictions on hessian curves, we are not
assured that all possible configurations are acheived by hessians. When n is
at least 4, simple parameter counting shows that not all polynomials of degree
2n — 4 arise as hessians of polynomials of degree n. The placement of the set
of hessian curves among all curves of degree 2n — 4 may restrict the possible
configurations of hessian curves in R2. For example, a simple calculation shows

that
2 2
Hess(f) = <fxx ;_ fyy) - <fxx ; fyy) - fy.

Thus the hessian of a polynomial is a linear combination of 3 squares, which
shows that the hessians lie in the second secant variety to the veronese em-
bedding of polynomials of degree n — 2 in polynomials of degree 2n — 4 (the
veronese consists of the perfect squares).

We also know of no general techniques for constructing hessian curves with
a prescribed configuration. One of us (Ortiz-Rodriguez) investigated this ques-
tion [4, 5] and constructed polynomials [ € R[x, y] of degree n whose hessians
had (";1) ovals in R2. When 7 is 4, 5, and 6, these numbers are 3, 6, and 10,
respectively. We do not know if it is possible for a hessian curve to achieve
the Harnack bound, or more generally, which configurations are possible for
hessian curves.

Here, we present a quartic polynomial f whose hessian achieves the Har-
nack bound of 4 ovals, a quintic whose hessian has 8 ovals, a sextic whose
hessian has 11 ovals, as well as examples of non-compact hessian curves of
quartics, quintics, and sextics. These examples show that hessian curves can
have more ovals than was previously known. They were found in a computer
search, using the software Maple.

Our method was to generate a random polynomial, compute its hessian,
and then compute an upper bound on its number of ovals in RP?, sometimes
also screening for the number of unbounded components in R?. This upper
bound was one-half the minimum number of real critical points of a projection
to one of the axes, as each oval in RP? contributes at least two critical points
to the projection. We separately investigated compact hessian curves of sex-
tics. Polynomials whose upper bound for ovals was at least 4, 8, and 11 (for
quartics, quintics, and sextics, respectively) were saved for further study. The
further investigation largely involved viewing pictures in R? of these poten-
tially interesting hessians. In all, only a few hundred polynomials warranted
such further scrutiny.

We examined the hessians of 150 million quartics, 40 million each of quintics
and sextics, and over 200 million sextics with compact hessians (the different
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protocol of pre-screening for compactness allowed a greater number to be ex-
amined). This required 628 days of CPU time on several computers, most of
which were running Linux on Intel Pentium processors with speeds between
1.8 and 3 gigaHertz. We did not find a quartic whose hessian had 3 ovals and 4
unbounded components, nor a quintic whose hessian had more than 8 ovals in
RP?, nor a sextic whose hessian had more than 11 ovals in RP2. (The examples
we give at the end with 12 ovals in RP? are pertubations of a curve we found
with 11 ovals.) This suggests that it may not be possible for hessian curves in
R? to achieve the Harnack bounds. Further pictures and computer code are at
the web page!.

Tables 1 and 2 summarize this discussion concerning the number of compo-
nents of hessian curves. The pairs (o, ) in Table 2 refer to ovals and unbounded
components, respectively.

| Degree of f I n [3[/4]5]6]7]
Degree of hessian 2n—4 21416 | 8|10
Harnack bound for hessian || (2n—5)(n—3)+ 1| 1|4 | 11 | 22 | 37
Ortiz hessians [4, 5] (n-1(n—2)/2 ||1]3| 6 |10]|15
New examples 4| 8 |11 | —
Table I. Ovals of compact hessian curves.
| Degree of f I n Il 31 4] 5 | 6 |
Degree of hessian 2n—4 2 4 6 8
Harnack bound ((2n—5)(n—3), 2n—4) || (0,2) | (3,4) | (10,6) | (21,8)

(2,4) | (6,4) | (10,4)
3,2) | (7,2) [ (11,2)

Table 2. Configurations of non-compact hessians.

New examples

2. Hessian curves with many ovals
We begin with the following observation about hessian polynomials.

PROPOSITION (2.1). A polynomial h(x, y) is a hessian of some polynomial f

if and only if there exist polynomials p, q,r such that p, = qx, qy = ry, and

h=pr—q%

Proof. If h is the hessian of f, then & = f,.f,, — ffy, and fyy, fxy, and f),
satisfy these conditions. Conversely, if p, q, and r satisfy the conditions, then
elementary integral calculus gives polynomials s and ¢ such that s, = p, s, = q,
ty =q,and?, = r. Since s, = ¢, there is a polynomial f with f, = sand f, = ¢,
and thus 4 is the hessian of f. O

THEOREM (2.2). There exists a real polynomial of degree 4 in two variables
whose hessian curve is smooth, compact, and consists of exactly four ovals.

lyww.math.tamu.edu/ " sottile/stories/Hessian/index.html.
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Proof. Let f be the polynomial
—2y24+2xy+12x2 + 10> +3xy? —10x%y —13x% — 11y* +6xy° +9x2y% —2x3y —x*.
If we divide its hessian by —4, we obtain the polynomial
h =25 — 134x — 374y + 91x? + 948xy + 1137y + 429x° + 612x%y
— 2313xy? — 876y° + 63x* + 54y — 99x2y% — 234xy° + 675y,

We claim that the hessian curve, h(x,y) = 0, is a compact smooth curve in
R? with exactly 4 connected components. We provide a picture of the hessian
curve in Figure 1. This was drawn by Maple using its implicitplot function

2

Oy l5

Figure |. Quartic hessian curve with 4 compact components

with 200 x 200 grid. We give ad hoc arguments that verify our claim about the
hessian curve.

We compute the values of the hessian at the four points inside each oval of
Figure 1,

h(—2,0)=-7068, h(0, )= —%, h(2,2)=-8508, and h(2, —1)=—-6828.
Next, we shall prove that A is positive on three lines of Figure 1,

leyzg—g, &:yz%—%, and £3zx:—§,
and that it is positive on a neighborhood N of infinity.

The complement of the lines /1, /5, and /3 divide R? into 7 components.
Since £ is positive on these lines and on N but is negative at the four points
(—=2,0), (0, 1), (2,2), and (2, —1), which lie in different regions, the hessian
curve h = 0 is compact and has at least one 1-dimensional component in each
region surrounding one of the four points. Since 4 is the maximum number
of one-dimensional connected components of a quartic, and such quartics are
smooth, we deduce that the hessian curve is smooth, compact, and consists of
exactly four ovals.

Note that A contains the monomial term 63x*, and so it is positive near
infinity along the x-axis. We show that /& does not vanish on any of the three
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lines and that its homogenization does not vanish on the line /., at infinity in
RP?2, which implies our claims about the positivity of A. For this, we invoke
a classical characterization of when a univariate quartic has no real zeroes.
References may be found, for example in [2, §71].

Given a univariate quartic polynomial of the form

24+ 402 + B2+ vz + 8,
linear substitution of (z — @) for z gives the reduced quartic
2 t+a+bz+ec,

where a = B — 60, b =y — 2aB + 8a®, and d = § — ay + o?B — 3a*. The
discriminant of this reduced quartic is

A = —4a®b® — 27b* + 16a*c — 128a®c® + 144ab’c + 256¢° .
This criterion also uses the polynomial
L := 2a(a® — 4c) + 9b2.
Then the quartic has no real zeroes if and only if
(2.3) A>0 andeither ¢a>0 or L>0.

Homogenizing A, restricting it to the line at infinity, substituting y = 1, and
dividing by 9 gives the quartic

Qoo = Tx* +6x% — 1122 — 26x + 75.

(This is just the top-degree homogeneous piece of A.)
Restricting & to the lines /¢4, {2, and /35 and clearing denominators gives

q1 = 21168x* — 157632x> + 592264x> — 337648x + 58387,
go = 20016x* + 4608x> + 377320x% — 278112x + 52707, and
qs := 421875y* — 489000y + 1278975y — 411710y + 42073 .

These satisfy the criterion (2.3) to have no real zeroes, as may be seen from
Table 3, where we give the values of A, L, and a, for each of these polynomials.

O
Polynomial A L a
5025022208 564896 —181

Qoo 16807 2401 98
105415059013155058653376 | 3692894126604316 | 931453
q1 198607342807439307 340405734249 129654
34807374069358185363904 | 4123100447100116 | 6549023
qz2 141964610099247963 272136458889 347778
10042565821320692218681168 | 1376823939540422 | 1066423
a3 855261504650115966796875 40045166015625 | 421875

Table 3. Values of A, L, and a.

Each of the remaining curves we discuss is smooth, each oval has exactly
two vertical and two horizontal tangents, and each unbounded component has
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exactly one vertical and one horizontal tangent. These claims are best verified
symbolically. For each, we give the polynomial f and display a picture of the
hessian curve, drawn with the implicitplot function of Maple. These were
rendered, at least locally, with a grid size sufficiently small to separate the
tangents, and therefore provide a faithful picture of the hessian curves as
curves in R2,

Figure 2(a) displays the hessian curve of the quartic

22x2 + 36xy + 24y% — 80x3 — 10x%y + Tlxy? + 39y% + 152 + 443y — 3x2y?
21xy® — 17y4,

which has 3 ovals and 2 unbounded components. Figure 2(b) displays the
hessian curve of the quartic

— 70x% — 35xy — 2y? — 93x® — 14x%y + 41xy® — 70y% 4 31x* + 7x®y — 30x%y?
+ 37xy% + 91y,

which has 2 ovals and 4 unbounded components. While we have generated and

~NoL
RN TV

a
Figure 2. Hessians of quartics

checked 150 million quartics, we did not find one whose hessian curve achieves
the Harnack bound of 3 ovals and 4 unbounded components.
Figure 3(a) displays the hessian curve of the quintic

4y? 4+ xy — 6x% — 25y% + 24xy? + 1522y — 3323 + y* — 3xy3 + 15x2y?
—19x3y — 26x* + 33y° — 2xy* — 23x2y3 — 30x%y? — 26x*y + 315,

which is compact with 8 ovals.
Figure 3(b) displays the hessian curve of the quintic

— 54y? — 103xy — 26x% — 88y> + 45xy% + 91x%y — 964> — 12y* + 43xy3
+ 6x%y? + 11x%y 4 49x* + 2295 — 20xy* — 38x%y® — 14x>y? + 45xy + 7645,

which has 7 ovals and 2 unbounded components.



REAL HESSIAN CURVES 163

V

D —
g~

(a)

>

Figure 3. Hessians of quintics

Figure 4 displays the hessian curve of the quintic

60y? + 21xy + 76x% + 95y% — 18xy® — T9x%y + 88x° — 25y* — 22xy°
+ 50x2y% — 9x3y — 5axt — 57y® — 50xy* + 21x2y® 4 87x3y% + 35x%y — 5645,

which has 6 ovals and 4 unbounded components. The boxed region on the left
has been expanded in the picture on the right.

\ S
) O N
)

s

Figure 4. Hessian of a quintic with 6 ovals and 4 unbounded components

These quintics all have 8 ovals in RP2. While we have generated and checked
40 million quintics, we did not find any with more ovals.
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Figure 5 displays the hessian curve of the sextic
45y% — 47xy — 30x> + 96y° — xy? + 8x%y + 54x®
— 96y* — 64xy® — 50x%y? — 33x%y + 91x*
— 100y® + 84xy* — 43x%y? + 66x'y — 58x°
+ 70y% + 90xy® — 28x%y* — 53x%y3 + 43x*y? + 36x°y — 38x°,
which has 11 ovals. The boxed region on the left has been expanded in the

picture on the right.
o ("

7 O 0

&y — U

4

Figure 5. Hessian of a sextic with | | ovals.

Figure 6(a) displays the hessian curve of the sextic
— 53y? —31xy +59x% — 79y3 + 82xy% — 52x2y + 22x3
+ 75y* — 27xy® + 63x%y? — 85x3y — 89x*
+ 80y° + 27xy* — 69x%y + 17x3y? — Tty — 4345
— 25y8 + 17xy° + 27x2y* — 55x°y3 — 37x*y? + 59x°y + 4548,
which has 11 ovals and 2 unbounded components.
Figure 6(b) displays the hessian curve of the sextic
— 80y% — 46xy + 89x% — 118y% + 123xy? — T8x2y + 3343
+ 113y* — 40xy3 + 94x%y? — 1282y — 133x*
+ 12095 + 40xy* — 104x2y3 + 25x3y% — 10xty — 644°
— 37y5 + 25xy° + 40x2y* — 82x3y% — 56x%y? + 89x°y + 6745,
which has 10 ovals and 4 unbounded components. Both hessian curves have
12 ovals in RP2.
Despite examining over 240 million sextics, we did not find any sextics whose
hessian curves had more than 11 ovals in RP?. These last two examples, which

have 12 ovals in RP?, are perturbations of a sextic found in the search whose
hessian curve had 11 ovals in RP2,
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ON L,-BRUNN-MINKOWSKI TYPE INEQUALITIES OF CONVEX
BODIES

FENGHONG LU AND GANGSONG LENG

ABSTRACT. In this paper Lp-Brunn-Minkowski type inequalities for Lj-pro-
jection bodies, Ly-centroid bodies, Lp-curvature images and Lp-polar projec-
tion bodies are established.

1. Introduction and main results

The classical Brunn-Minkowski inequality (see [4], [17]) states that if K, L
are convex bodies in R”, then

(1.1) V(K + L)Y* > V(K)Y" + V(L)Y/",

with equality if and only if K and L are homothetic.

In [10], [11] Lutwak showed how Firey L,-combination (see [3]) leads to
the L,-Brunn-Minkowski theory for p > 1. Lutwak established the exten-
sion of the classical Brunn-Minkowski inequality —the L,-Brunn-Minkowski
inequality—in [10], [11], which states that if K, L are convex bodies containing
the origin in their interiors in R”, and p > 1, then

(1.2) V(K +, L™ > V(KPP + V(LP",

with equality if and only if K and L are dilates.

The Brunn-Minkowski inequality and its generalizations have in recent
decades dramatically extended their influence in many areas of mathematics.
Various applications have surfaced, for example, to probability and multivari-
ate statistics, shapes of crystals, geometric tomography, elliptic partial differ-
ential equations, and combinatorics, see [1], [2], [4], [5], [17]. An excellent
survey on this inequality is provided by Gardner [6].

In recent years, many authors devoted their attention to the L,-Brunn-
Minkowski theory, as a central part of convexity. For a detailed list of ref-
erences on this subject, see, for instance, [14]. There are natural extensions
of centroid bodies, projection bodies, curvatures, and John ellipsoids in the
L,-Brunn-Minkowski theory, see [11]-[15]. The purpose of this paper is to
establish some new generalizations of the Brunn-Minkowski inequality to L,-
projection bodies [13], L,-centroid bodies [12], [13], L,-curvature images [11],
and L,-polar projection bodies [15], [16]. Our main results are the following
theorems.

2000 Mathematics Subject Classification: 52A40, 52A39.

Keywords and phrases: Lp-Brunn-Minkowski inequality, L,-projection body, Ly-centroid body,
Lj-curvature image, Ly-polar projection body, polar.
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THEOREM (1.3). If K, L € K? and n # p > 1, then
(1.4) VAI,(K+,L)P" > VIT,KP™ + VAL, LP/™,
(15) VALK +,L) P > VAL K)P/" + VAT, L) ?/",
with equality in (1.4) and (1.5) if and only if I1,K and 11,L are dilates.

Remark (1.6). If p = 1, K+ L is just the Blaschke linear combination of K
and L [8].

THEOREM (1.7). If K, L € S} and p > 1, then
(1.8) V(I (K¥,L)P/" > VI, K" + V(T,L)»",
(1.9) V(K F,L) P > VI, K)™P" + V(T L) 2",
with equality in (1.8) and (1.9) if and only if I' ;K and I', L are dilates.

Remark (1.10). If p = 1, K11 L is just the harmonic Blaschke linear combi-
nation of K and L [8].

THEOREM (1.11). If K, L € K? and n # p > 1, then
(1.12)

V(K T,L)P" > VIK)

V(KT,L)

V(L)

—p/n
VI B Gt D)

V({T_,L)"?",
(1.13)

Ve (K3, Lypln > - L)

V(EF,L) V(E+,L)

with equality in (1.12) and (1.13) if and only if I' _,K and I'_,L are dilates.
THEOREM (1.14). If K,L € F? and n # p > 1, then

(1.15) VALK T,L)P" > VA KP™ + V(A,LP",

with equality if and only if ApK and A,L are dilates.

VI KP4+ Vs, Lym,

In Section 2, we give the necessary notation, definitions and background
material. For reference see Gardner [4] and

Schneider [17]. We shall prove Theorems (1.3), (1.7), (1.11), and (1.14) in
Section 3.

2. Notation and preliminaries

Let K™ denote the set of convex bodies (compact, convex subsets with non-
empty interiors) in Euclidean space R”, for the set of convex bodies containing
the origin in their interiors in R”, write K. The subset of K consisting of the
centered convex bodies will be denoted by K. Let S”~! denote the unit sphere
in R”,

If K € K", then its support function, hx = h(K, -): R® — R, is defined by
(2.1) KK, x) =max{x-y:y € K}, x € R",

where x - y denotes the standard inner product of x and y. The Hausdorff
distance, 8(K, L), between K, L € K", can be defined by 6(K, L) = |hg — h1|co,
where | - |, is the sup-norm on the space of continuous functions, C(S"1).
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Associated with a compact subset K of R"” which is star-shaped (about the
origin), is its radial function, pgx = p(K, -): R" \ {0} — R, defined by

(2.2) p(K, x) = max{Ar > 0: \x € K}, x e R*\ {0}.

If pk is positive and continuous, K will be called a star body (about the origin).
Let SI denote the set of star bodies (about the origin) in R*. Two star bodies K
and L are said to be dilations (of each other) if p(K, u)/p(L, u) is independent
ofallu € S 1.

If K € K7, the polar body of K, K*, is defined by
(2.3) K'={xeR':x-y<1lxeK}.
It is easy to verify that (K*)* = K. If K € K7, then the support and radial
function of K* satisfy

1 1

(2.4) hg- = — and PK+ = —.
PK hk

L,-mixed volume. Forp > 1, K, L € K and € > 0, the Firey L,-combination
K +, & L is defined as the convex body whose support function is given by
(2.5) hK +pe-L, )’ = h(K, - + eh(L, -)’.

Firey combinations of convex bodies were defined and studied by Firey [3] (who
called them p-means of convex bodies).
For p > 1, the L,-mixed volume, V,(K, L), of K, L € K} can be defined by

V(K +,&- L) V(K)

]

V. (K, L) = lim
P e—0*

That this limit exists was demonstrated in [10].
It was shown in [10] that, corresponding to each convex body K in K7, there
is a positive Borel measure, S,(K, -), for p > 1, on S"~1 such that

2.6) V(K Q) — % /S  h(@ updS, (K, u),

for all @ € K. The measure S;(K, ) is just the classical surface area measure
of K and usually denoted by S(K, -) or Sk.

For p > 1, a convex body K € K7 is said to have a p-curvature function,
fo(K,): St — R, if S,(K, -) is absolutely continuous with respect to spher-
ical Lebesgue measure, S, and
2.7 dSp(K, )/dS = fr(K, ).

Let 7 denote set of all convex bodies in K that have a positive continuous
p-curvature function, for p > 1. The subset of F} consisting of the centered
convex bodies will be denoted by F7.

From the definition of the L,—mixed volume, it follows immediately that
for each K € K7,

(2.8) V,(K, K) = V(K).

We shall require a basic inequality for the L,-mixed volume. The L,-Min-
kowski inequality states that for K, L € K and p > 1 (see [10, 11])

(2.9) Vo(K, L) > V(K)"PI"V(Ly'",
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with equality if and only if K and L are dilates.

In [10], a solution to the even L,-Minkowski Problem in R” was given for all
p > land p # n. From this, the L,-Blaschke addition was defined by Lutwak
in [10]. For n # p > 1 and K, L € K7, the L,-Blaschke addition K+,L € K}
was defined in [10] by

(2.10) Sp(K‘T‘pL, ) — Sp(K: ) + Sp(Lﬁ ');
From definition (2.7) and (2.10), if n # p > 1, K, L € F!', we have
(2.11) fo(K+pL, ) = fp(K, ) + fp(L, ),

L,-dual mixed volume. For star bodies K, L and p > 1, ¢ > 0, the L,-
harmonic radial combination K+_p,& ¢ L is defined as the star body whose
radial function is given (see [11]) by

(2.12) p(K+_peo L, )P =p(K, )P +ep(L,)"P.

For p > 1, the L,-dual mixed volume V_,(K, L) of the star bodies K, L is
defined (see [11]) by
VIK+_p,e0L)—V(K)

&€

(2.13) 2 V_,(K L)= lim
—D e—0t

The definition above and the polar coordinate formula for volume give the
following integral representation of the L,-dual mixed volume V_,(K, L) of
the star bodies K, L (see [11])

2.14) V_,(K, L) = % / PP P)AS W)
Sn—l

where the integration is with respect to spherical Lebesgue measure S on S*~1.
From the definition of the L,-dual mixed volumes, it follows immediately
that for each K € S7,

(2.15) V_,(K, K)=V(K).

We shall also require a basic inequality for the L,-dual mixed volume. The
L,-Minkowski inequality for the L,-dual mixed volumes states that for K,
L € S and p > 1 (see [11])

(2.16) V_,(K, L) > V(K)"P/ny(L)=P/n,

with equality if and only if K and L are dilates.
Suppose K, L € S}, we introduce the L,-harmonic Blaschke addition of K
and L, K+ ,L. First define ¢ > 0 by

(2.17) £Y/m+p) — % / [V(K) L p(K, w)"*P 4+ V(L) p(L, w)" P/ ™ P dS(u).
Snfl

The body K+,L € S? is defined as the body whose radial function is given by
(2.18) Ep(K+,L, )P = V(K) 'p(K, )"*P + V(L) 'p(L, - )"*P.

By equalities (2.17), (2.18) and the polar coordinate formula for volume, we
can get ¢ = V(K+,L). Hence from equality (2.18), we obtain
V(K+,L) V(K+,L)

Y Atp
(2.19) p(K¥,L, )"*? T D)

p(K, )P+ p(L, "7
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L,-geometric bodies. Let K € K], for p > 1, the L,-projection body of K,
II,K, is the origin-symmetric convex body whose support function, for u <
S7~1 is defined (see [13]) by

1
2.2 IL,K = .vlP K
@20 ALKy = [ alfdS K ),
where
¢ _ wn+p
e wgwnwp_l’

and w,, denotes the n-dimensional volume of the unit ball B in R”, namely
wp =2 JT(1 + g).

If K € S}, and p > 1, then the L,-centroid body I',K of K is the origin-
symmetric convex body whose support function, for u € S*1, is given (see
[12], [13]) by

1
— . p
(2.21) AT, K, u)p = oV /K |u-x|P dx,

where the integration is with respect to Lebesgue measure.

If K € K and p > 0, then the L,-polar projection body I'_,K is an origin-
symmetric star body whose radial function, for u € S"1, is given (see [15],
[16]) by

1

(2.22) pT_ K, u)™? = VK Jos lu - v|PdS,(K,v).

For p > 1 the body I'_,K is a convex body [15].

Forp > 1, K € 7}, Lutwak [11] defined the L,-curvature image, A, K € S},
of K, by
V(ALK)

Wy,

(2.23) p(ALK, )P = oK, ).

It should be noted that for p = 1, this definition of curvature image differs
from the definition used by Lutwak in ([7, 8, 9]).

3. Proof of the results
In order to prove these theorems we need the following lemmas.
LEmMMA (3.1). If K, L € K? and p > 1, then
(3.2) (K+,L)=11,K +,1I,L.

Proof. From definition (2.20), definition (2.10) and definition (2.20) again,
definition (2.5), it follows that

_ 1 i
K p— P
h(Hp( +pL), uf = (ner)Cn,pwn /an |u U| dSp(K—i—pL’ v)
1
= P
TS /S - vlP(dSp(K, v) + dSy(L,v)

= h(IL,K, u) + h(IL,L, ) = h(I1,K +, I, L, w)P.
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LEMMA (3.3). If K, L € S and p > 1, then
(3.4) Iy(K+,L)=T,K +,T,L.

Proof. From definition (2.21), definition (2.19) and definition (2.21) again,
definition (2.5), it follows that
B S
Cn,pV(K‘T‘pL) KJvrpL
B 1
~ (n+plenpVIKT,L) Jgna

1 p(K,v)"*P  p(L,v)**P

= -v|P ’ 2 dS

n+ P /S T SRR i A R
=h(T,K, u)? + h(T'pL, uw)? = h(T'pK +, T, L, w)?. 0

h(Tp(K¥,L), u) = lu-x[Pdx

lu - vPp(K 1, L, v)"PdS ()

LEMMA (3.5). If K, L € K and p > 1, then

V(K) V(L)

(36) I‘fp(K‘i’pL) = m <& F,pKﬁ’f})m <&

r_,L.

Proof. From definition (2.22), definition (2.10) and definition (2.22) again,
definition (2.12), it follows that
B 1
- V(K+,L) Jgn
1
= -vlP K L
V&L Jor |lu - v|P(dSp(K, v) + dS,(L, v))

_ V(K) _ V(L) —p
= 7V(K_T_pL)p(F_pK, u) P+ 7V(K—T—pL)p(r_pL’ u)
V(K) V(L)

kT, oK R, D

p(I'_p(K+,L), u)™"P lu-vPdSy,(K+,L,v)

ol_pL,u)""?.

LEmMMA 8.7). If K, L € F!'and p > 1, then

V(A,KF,L)

1/(n+p)
A EART). AKIpA,L).
V(ApK+pApL)) (ApKTpApL)

(3.8) Ap(KF,L) = (

Proof. From definition (2.23), equality (2.11), and definition (2.23) again,
definition (2.19), it follows that

V(A(KF,L)
VALK F,L)
- HHED
 VA(KF,L))
T VALK

_ V(A(K+,L) Y ntp
= VKT DK AL ). -

p(Ap(K'T_pL), u)ner - fp(K_T_pL; u)

(fp(K, W) + fp(L, w)

V(A,(KF,L))

n—+p
PR, W)™+ =

p(A,L, u)™+P
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Proof of Theorem (1.3). Let K, L € K and n # p > 1. From definition (2.6),
Lemma (3.1) and the L,-Minkowski inequality (2.9), for any M € K7, it follows
that

Vo(M, I1,(K+,L)) = V,(M,I11,K +,I1,L)
=V,(M,I1,K) + V,(M,11,L)
> V(M) P/"(VATL,KP™ + V(I,L)P™),

with equality if and only if M, I1,K and II,L are dilates.
Let M = II,(K+,L), we get

V(IT,(KF,L)P" > V(IL,K»™ + V(I L™,

with equality if and only if I, K and II, L are dilates.

Therefore we have proved inequality (1.4).

Let K,L € K and n # p > 1. From the polar coordinate formula for
volume, Lemma (3.1) and the Minkowski integral inequality (see [4], [17]), it
follows that

—p/n
VALK F,D) 7" = (2 [ T, wp) " rdsw)
p n Jgn-1
= n?/" |1, K, w)P + h(pL, u)|| _n)p
S [ A R UG A
= VAT, K) ™" 4 V(T,Ly /",

with equality if and only if II, K and II, L are dilates.
Therefore we have proved inequality (1.5). O

Proof of Theorem (1.7). Let K,L € S§" and p > 1. From definition (2.6),
Lemma (3.3) and the L,-Minkowski inequality (2.9), for any M € K7, it follows
that

V,(M, FP(KJ—pL)) =V,(M,T,K+,1T,L)
= V,(M,T,K) +V,(M,T,L)
> V(M)"=P/MV(T,K)P/" + V(T ,LP™),

with equality if and only if M, I' ;K and I', L are dilates.
Let M =T',(K+,L), we get

V(I(K+,L)P" > VI, KPP + VI, LP/",

with equality if and only if I', K and I', L are dilates.

Therefore we have proved inequality (1.8).

Let K, L € S} and p > 1. From the polar coordinate formula for volume,
Lemma (3.3) and the Minkowski integral inequality (see [4], [17]), it follows
that
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—p/n
V(K L) P = (; / (WK 1L, u)p)”/PdS<u>>
Sn—1

= nP/"|h(T K, wP + R, L, w)P||_pp
> [ K, WP+ 0[BT Ly P
= VK" 4 VL,

with equality if and only if ', K and I', L are dilates.
Therefore we have proved inequality (1.9). O

Proof of Theorem (1.11). Let K, L € K! and n # p > 1. From definition
(2.14), Lemma (3.5) and the L,-Minkowski inequality (2.16), for any M € S}
it follows that

o V(K) V(L)
pr(M, I‘fp(K‘FpL)) = pr(M, m <o FipK—’—ip‘](Ki:‘-pl,) <& Fpr)
V) V(L)
R e AR e S A
V(K) _ V(L) _
(n+p)/n p/n p/n
= VaD (V(KJLPL)V(F"’K) v, )

with equality if and only if M, I'_,K and I'_,L are dilates.
Let M =T_,(K+,L), we get
V(K) V(L)
V(K+,L) V(K+,L)
with equality if and only if I'_,K and I'_, L are dilates.
Therefore we have proved inequality (1.12).

Let K, L € K and n # p > 1. From definition (2.6), Lemma (3.5) and the
L ,-Minkowski inequality (2.9), for any M € K7, it follows that

- 1 -
V(M I (K +pL)) = ~ R (K+pL), wdSy(M, u)
Sn—1

VI _p(KT,L) P > VI_,K)P" ¢ V(_,L)y~?/",

1 -
== / p(T_ (KT, L), u)PdS,(M, w)
Sn—1

1 / (V(K)p(F_pK, w™?  V@LpT_,L,u)~?
n )\ VEF,L) V(K¥,L)
V(K) ) V(L)

= VKT, P MRt v,

) dS,(M, u)

Vo(M,T* L)

n-pyn_ VE) * n, V(L)
> V(M)( D)/ (V(K—T—pL)V(F_pK)p/ +m
with equality if and only if M, I'* )K and I'* ,L are dilates.
Let M =17 (K+,L), we get
V(I (K T,L)P"m > %V(F;KW - V(‘I]{(ij)
with equality if and only if I'_,K and I'_, L are dilates.
Therefore we have proved inequality (1.13). O

V(ripL)p/”),

Ve, Lyn,
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Proof of Theorem (1.14). For K, L € F} and n # p > 1. From Lemma (3.7),
definition (2.14), definition (2.19) and the L,-Minkowski inequality (2.16), for
any M € S}, it follows that

V(ANKTpL)

V(A,K¥,A,L)

_ V(ASKF,L)
V(A,K)

1/(n+p)
V_(AS(KF,L), M) = V_p(< ) (ApKFpA,L), M)

V_p(A,K, M)

V(A(K+,L)

AW ARG

N (V(AP(K;,,L)) VA K

V(A,K)
VALK F,L)
V(A,L)

with equality if and only if M, A,K and A,L are dilates.
Let M = A,(K+,L), we get

V(APL)(n+p)/n> V(M)fp/n’

V(ALK F,L)P" > V(AL KPP/ + V(A,LYP",

with equality if and only if A, K and A, L are dilates.
Therefore we have proved inequality (1.15). O
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CURVES WITH CONSTANT CURVATURE RATIOS

J. MONTERDE

ABSTRACT. Curves in R” for which the ratios between two consecutive curva-
tures are constant are characterized by the fact that their tangent indicatrix
is a geodesic in a flat torus. For n = 3, 4, spherical curves of this kind are also
studied and compared with intrinsic helices in the sphere.

1. Introduction

The notion of a generalized helix in R?, a curve making a constant angle
with a fixed direction, can be generalized to higher dimensions in many ways.
In [7] the same definition is proposed but in R”. In [4] the definition is more
restrictive: the fixed direction makes a constant angle with all the vectors of
the Frenet frame. It is easy to check that this definition only works in the odd
dimensional case. Moreover, in the same reference, it is proven that the defini-
tion is equivalent to the fact that the ratios %, ',:—;, ..., k; being the curvatures,
are constant. This statement is related with the Lancret Theorem for gen-
eralized helices in R? (the ratio of torsion to curvature is constant). Finally,
in [1] the author proposes a definition of a general helix in a 3-dimensional
real-space-form substituting the fixed direction in the usual definition of gen-
eralized helix by a Killing vector field along the curve.

In this paper we study the curves in R” for which all the ratios %, %’ %, ...
are constant. We call them curves with constant curvature ratios or ccr-curves.
The main result is that, in the even dimensional case, a curve has constant
curvature ratios if and only if its tangent indicatrix is a geodesic in the flat
torus. Inthe odd case, a constant must be added as the new coordinate function.

In the last section we show that a ccr-curve in S is a general helix in the
sense of [1] if and only if it has constant curvatures. To achieve this result,
we have obtained the characterization of spherical curves in R* in terms of
the curvatures. Moreover, we have also found explicit examples of spherical
cer-curves with non-constant curvatures.

2. Frenet’s elements for a curve in R”

Let us recall from [5] the definition of the Frenet frame and curvatures.
For C"~! curves, a, which have linearly independent derivatives up to order
n — 1, the moving Frenet frame is constructed as if it were in usual space
using the Gram-Schmidt process. Orthonormal vectors {e_f, e, ..., en—_1) are
obtained and the last vector is added as the unit vector in R” such that {ej,
— — . . . oy . .
€z, ..., €y} is an orthonormal basis with positive orientation.

2000 Mathematics Subject Classification: Primary 53A04; Secondary 53C40, 53A05.
Keywords and phrases: spherical curves, generalized helices, theorem of Lancret.
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The ith curvature is defined as
- —
b — (i, €it1)
(2 H
[[e']]

fori=1,...,n—1.
Frenet’s formulae in n-space can be written as

(i(s) 0 % 0 0 0 0 eils)
ex(s) ~k 0 kO 0 0 es(s)
es(s) 0 —ky O ks 0 0 es(s)
2.1) . = ) )
) 0 0 0 0 ... 0 hy|ens®
2(s) 0 O 0 0 ... —Fkpq1 O en(s)

In accordance with [7] we will say that a curve is twisted if its last curvature
k,_1 is not zero. Sometimes we will also say that the curve is not regular.

3. cecr-curves

Instead of looking for curves making a constant angle with a fixed direction
as in [4] or [7], we will study another way of generalizing the notion of helix.

Definition (3.1). Acurve a: I — R"is said to have constant curvature ratios
(that is to say, it is a cer-curve) if all the quotients % are constant.

As is well known, generalized helices in R? are characterized by the fact
that the quotient 7 is constant (Lancret’s theorem). It is in this sense that
cer-curves are a generalization to R” of generalized helices in R3.

In [4] the author defines a generalized helix in the n-dimensional space (n
odd) as a curve satisfying that the ratios %, %, ... are constant. It is also
proven that a curve is a generalized helix if and only if there exists a fixed
direction which makes constant angles with all the vectors of the Frenet frame.

Obviously, ccr-curves are a subset of generalized helices in the sense of [4].
(3.2) Examples.
3.2.1. Example with constant curvatures. The subset of R?” parametrized by
XUy, ug, ..., Uy
= (r1cos(uy), r1 sin(uq), re cos(us), ro sin(us), . . ., r, cos(u,), r, sin(u,))

where u; € R is called a flat torus in R?".
By analogy, the subset of R2**! parametrized by
;(ulJ uz’ MR un)
= (rycos(uy), ri sin(uy), ro cos(us), re sin(us), . . ., rn cos(uy), r, sin(u,), a)
where u; € R and «a is a real constant, will be called a flat torus in R?**!.
It is just a matter of computation to show that any curve in a flat torus of

the kind
at) = X (mat, mat, . .., mut)
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has all its curvatures constant (see [6]).
These curves are the geodesics of the flat tori, and it is proven in the cited
paper that they are twisted curves if and only if the constants m; # m; for all

i J.

3.2.2. Example with non-constant curvatures. Now, let k(s) be a positive func-
tion. Let us define g(s) = fos k(u)du. If a is a curve parametrized by its arc-
length and with constant curvatures, a1, as, ..., a,_1, then the curve B(s) =
fos e1%(g(w))du is a curve whose curvatures are k;(s) = a;k(s).

Note that B(s) = e1*(g(s)). This implies that e;f(s) = e;%(g(s)). Taking
derivatives k£(s)ezf(s) = k$(g(s))ez*(g(s)k(s). Therefore,

esP(s) = e3%(g(s)), and  E[(s) = a1k(s).

By similar arguments it is possible to show that kLB (s) = a;k(s) for any
i=1,...,n— 1. Therefore, B is a ccr-curve with non-constant curvatures.
In the next section we will show that every ccr-curve is of this kind.

4. Solving the natural equations for ccr-curves

The Frenet formulae can be explicitly integrated only for some particular
cases. Ccr-curves are one of these. In fact, Frenet’s formulae are

o —
3(8) 0 1 0 O 0 0 ei(s)
ez(s) -1 0 ¢ O 0 0 es(s)
es(s) 0 —co 0 c3 0 0 es(s)
= ki(s) : ,
e i(s) 0 0 0 0 ... 0  cp1 e—>51(s)
e?,(s) 0 0O 0 0 ... —cp1 0 en(s)

for some constants cs, . .., Cp_1.
Reparametrization of the curve allows that system to be reduced to an easier
one. The reparametrization is given by the inverse function of

g(s):/ ki1(w)du.
0

Note that ¢ = g(s) is a reparametrization because #; is a positive function. The
reparametrization we need is the inverse function s = g~1(¢). It is a simple
matter to verify that, with respect to parameter ¢, the Frenet formulae are
reduced to a linear system of first order differential equations with constant
coefficients

e'(®) 0 1 0 0 0 0 e:®)
es'(?) -1 0 ¢ O 0 0 es(t)
es'(t) 0 —c2 0 c3 0 0 es(t)
4.1 . = . . .
en1(®) 0o 0 0 0 ... 0 ¢l leaa®
e, (t) 0 0 0 0 ... —¢,1 O en(d)



180 J. MONTERDE

We can apply the well-known methods of integration of systems of linear
equations with constant coefficients. Let F; be the matrix of constant coeffi-
cients of this system.

(4.2) Eigenvalues and their multiplicity. The first thing we have to do is
to compute the eigenvalues of the coefficient matrix.

Due to the skew symmetry of the matrix, it can have not real eigenvalues
other than zero. Due to the fact that the determinant of F; vanishes only for
odd n, we can say that for odd dimensions, 0 is an eigenvalue, whereas for even
dimensions, 0 is an eigenvalue only if 2, 1 = 0.

By definition, we have that the constants co, cs, . .., ¢,_2 are not zero. If the
last constant, ¢,,_1, vanishes, then the same happens with the last curvature
function %,_1. In this case the curve is included in a hyperspace, so we can
consider it to be a curve in an n — 1 dimensional space.

Therefore, from now on, we shall consider that all the curvatures, and then
all the constants c;, are not zero.

Note that, in this case, for any x € C, the rank (in C) of the matrix

x 1 0 0 ... 0 0
-1 x ¢ 0 ... 0 0
0 —cg x c¢3 ... 0 0
0 0 o o0 ... X Cn_1
0 0 0 0 ... —cp_1 X

is at least n — 1. Therefore, their eigenvalues are all of multiplicity 1.

(4.3) Canonical Jordan form. Let a; +ib,, £ = 1,...,[5], with a;, b, € R,
be the non-zero eigenvalues of the coefficient matrix. Therefore, for n = 2k,
the associated canonical Jordan form is of the form

J 0 ... O
0 Jy ... O
0 0 ... J;

where J, = (ZZ _abé .
i ‘

The matrix can be diagonalized because all the eigenvalues are of multiplic-
ity one. Therefore, there is a orthogonal matrix, S, such that if C is the matrix
of constant coefficients, then

C=S"1JS.

Therefore, the general solution of the system for the first vector is

— G o .
e1(u) = Z Ay e cos(by u) + By e** sin(by u),
(=1

—_— — . .
where {Ay, B, }le is a family of orthogonal vectors.
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For n = 2k + 1, the associated canonical Jordan form is of the form

o o0 o0 ... O
0 J; 0 ... O
0 0 Jo ... O
0 0 0 ... Jp

Now, the general solution of the system for the first vector is

N — k — —
e1(u):= A+ Z Ay e cos(by u) + By e** sin(by w),
=1

where {E)} u {Xé, E}le is a family of orthogonal vectors.

(4.4) The eigenvalues are pure imaginaries. The condition ||€1(x)|| = 1

for all u implies that all the real parts of the eigenvalues are zero. Indeed, if,
—

for example, a; # 0, then let m be a non-zero coordinate of A;. Bearing in

mind that

|m| e“¥ | cos(biu)| < |\?1(u)||,

and that the left-hand member is an unbounded function, then ||€1(x)|| # 1.
Therefore, all the real parts of the eigenvalues are zero and the general
solution (in the even case) of the system for the first vector is

k
€1(u) =Y Aqcos(b, u)+ Bysin(by w).
(=1

Analogously for the odd case.

Moreover, let us recall that the vectors {Z;, E:} f”zl are an orthogonal base of
R™ associated to the canonical Jordan form.

(4.5) The main result. Finally, an isometry of R” allows us to state the next
result.

THEOREM (4.5.1). A curve has constant curvature ratios if and only if its
tangent indicatrix is a twisted geodesic on a flat torus.

Note that in the odd dimensional case this result implies that the last co-
ordinate of the tangent indicatrix is a constant. Therefore there is a direction
making a constant angle with the curve. Nevertheless, this is not the case in
the even dimensional case. There are no fixed directions making a constant
angle with the tangent vector.

When all the curvatures are constant, then the curve is also a ccr-curve
and its tangent indicatrix is of the kind described in the previous statement.
Moreover, the reparametrization g(s) = f(f k1(u)du is just the product by a
constant.

Since the integration of a geodesic on a flat torus in R?* with respect to its
parameter is again a curve of the same kind, we get the following corollary:
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COROLLARY (4.5.2). A curve has constant curvatures if and only if it is

1. a twisted geodesic on a flat torus, in the even dimensional case, or
2. a twisted geodesic on a flat torus times a linear function of the parameter,
in the odd dimensional case.

(4.6) n = 3. The eigenvalues of the matrix of coefficients are 0 and ++/1 + ¢2 i
(c = c9, to simplify).
Therefore, the general solution of the system for the first vector is

e1(w) = A, + Ay cos(v/1+ c2u) + A sin(v/1 + c2u),

N
where A;, i = 1, 2, 3 are constant vectors.

Once we have the tangent vector, we only have to undo the reparametriza-
tion and to integrate to obtain the curve

a(s) = xg+ 1S+ o / cos(v/ 1+ c2g(v))dv + ¢3 / sin(v/1 + ¢2g(v))dv.

0 0

(4.7) n = 4. The eigenvalues are

i
i\/g\/l—&—c% +c2+ \/(l—i—cg +¢2)2 — 4c2.
Therefore, the general solution of the system for the first vector is

€1(u) = 1?1) cos(m, u) + El) sin(m, u) + 1?2) cos(m_u) + E; sin(m_u),

where

1 \/
mL=— 1+02+02i\/(1+02+cz)2—402
+ V2 2 3 2 3 3
— =
and where A;, B;, i = 1, 2 are constant vectors.

5. Spherical ccr-curves

In order to compare ccr-curves with the definition of generalized helices
given in [1], we will try to determine which ccr-curves are included in a sphere.

LEMMA (5.1). A curve a: I — R* is spherical, i.e., it is contained in a sphere
of radius R, if and only if

N} ) : 2
1 kl 1 kl kZ 2
(5.2) -t + 55 — | — = R~
k2 <k§k2> k2 <k§k2> k1

Proof. The proof here is similar to that for spherical curves in R?. It consists
in obtaining information thanks to successive derivatives of the expression
< a(s) —m, a(s) —m >= R? where m is the center of the sphere. In particular,
what can be proven is that spherical curves can be decomposed as

. R-) kl — 1 kl . k2 —
(5.3) als) =m 7 ez(s) + Rk%kg es(s) + Rk3 ((k%l@) + k1> e4(s).

O
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As a corollary we obtain the classical result for spherical three-dimensional
curves:

COROLLARY (5.4). A curve a: I — R3 is spherical, i.e., it is contained in a
sphere of radius R, if and only if

. 2
5.5 — —— | =R"
(5.5) k%+<k%k2>

From now on, we shall suppose that m = 0and R = 1.

(5.6) Spherical ccr-curves in R3. In this case, we can rewrite Eq. (5.5) in
terms of curvature, k; = k, and torsion k3 = 7 = ck, ¢ being a constant.

Kk

K2VKk?2 -1

Let us consider just the positive sign. This differential equation can be
integrated and the solution is

= *c.

1

V1= (cs+ s

Thanks to a shift of the parameter we get that the curvature and torsion of
a spherical generalized helix are given by

1 (s) = c

Ny Vi

We now need to compute the reparametrization

k(s) =

k(s) =

u=g(s) = / k(t)dt = % arcsin(cs).
0

With the appropriate initial conditions, the generalized spherical helix is

1 2 : 2 1 2 :
ae(s) = ( \/1—7czszcos (\/ +ec ircsm(cs))+ c’s sin (\/ +c arcsm(cs))’

1
1+c2 ¢
5 5... (V14 c?arcsin(cs) c2s V1 + c2 arcsin(cs)
—vV1-c szsm( ) + cos( ),
c V14 c? c
cs >
V1+c?

Note that the curve o, is defined in the interval ]— %, %[. If we change the pa-

rameter in accordance with s = % sin ¢, the spherical helix is now parametrized
as

V14¢c? ., (V14
( t) SinZ sin (7t>
c c

L_¢ (\/1+c2t) sint )

V1+c? “V1te?

Now, it is clear that the projection of these curves on the plane xy are arcs
of epicycloids. This result was known by W. Blaschke, as is mentioned in [8],
where it is also proven by different methods.

>

C

c
+
V1+c?

— costsin sin ¢ cos
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(5.7) Spherical ccr-curves in R%.

5.7.1. The constant curvatures case. The curve

1 rio. r rg
a(s) = 7(—1 sin(ms), — 1 cos(mls) s1n(mgs) ——= cos(mgs))
mi mesy megy

Jri+rg ™
is a spherical curve (with radius 1), if and only if

2
r%mg + r%m% = m%mg(r% +r3).

5.7.2. The non-constant case. In this case, we can rewrite Eq. (5.2) in terms
of curvature, k1, ks = cok1 and ks = c3k1, where ¢y, c3 are constants.

2

. 2 . .
1 kl 1 kl
(5.8) — + + +ec| =1
k2 <cZk§> 2k? <<C2k§> 2)

By changing f = 171% the equation is reduced to

Ao 1. 1y 2 _
(5.9) f+4c§f +c§f( 2czf+CQ) =1

Computation of the general solution seems to be a difficult task. Instead, we
can try to compute some particular solutions.

For instance, the constant solution f(s) = c;fcg or the polynomial solutions
2 3
of degree 2,
—2¢% 4¢3 —c3\/—8c2+c2 1
fls)= AE 1 D) +3 <2c§ - c2 03\/8c§+c§) s
2 TC3

1
f(s) =2cos + = | 2¢2 — c2 — c31/—8¢2 + 2 | s
g | 2¢ — ¢ 2 03

For these three particular solutions the reparametrization g, where g(s) =
fo lr)dt = [ \/ﬁdt, can be computed explicitly. We can thus obtain explicit
examples of ccr-curves in S with non-constant curvatures.

1, 3, my = % and
ry=rg= i The function f (s) = 1 — 25? is a solution of Eq. (5.9). Therefore,

A particular case. With ¢ = 3, ¢c3 = f , then m; =

ki(s) = \/7 and g(s) = fo dt—arcs1n(23)
If
&) = \/15<cos( gt), sin<\/§t), cos(éw, sin(ét)),
then
o VB 1 11
a(S)—(O,—7, O’§)+/O e;(arcsin(2u))du, 861—5,5[

is a spherical ccr-curve with center at the origin of coordinates, with radius 1
and with non-constant curvatures.
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6. Intrinsic generalized helices

In [1] the author proposes a definition of general helix on a 3-dimensional
real-space-form substituting the fixed direction in the usual definition of gen-
eralized helix by a Killing vector field along the curve.

Let @: I — M be an immersed curve in a 3-dimensional real-space-form M.
Let us denote the intrinsic Frenet frame by {T, n, K} The intrinsic Frenet’s
formulae are

V—g? =k,
(6.1 VTH -kt + TK,
—
Vb =—7nm,

where V is the Levi-Civita connection of M and where k and 7 are called the
intrinsic curvature and torsion functions of curve «, respectively.

From now on we shall suppose that M = S3. Therefore, any curve on S3
can also be considered to be a curve in R*. We shall try to obtain the rela-
tionship between the Frenet elements, {(?{, €3, €3, €4, k1, ko, k3}, of the curve
as a curve in 4-dimensional Euclidian space and the intrinsic Frenet elements
{T, n, ﬁ, K, 7}. Note first that T = €;. Then

where we have used as the Gauss map of the sphere the identity map.
Therefore

—
Vot 1 — —
(62) ﬁ) = t = (e2 - <e2: a>a);
IVl VI (esa)?
and

k= (Vo 0. 0) = kiy/1- (@,a)2 = /B2 1,
which were obtained using Eq. (5.3).

N
The intrinsic binormal vector is the only vector such that {T, n, b, a} is
an orthonormal basis of R* with positive orientation. Then

— —
b=aAt AT.

Now, by replacing the intrinsic tangent and normal with t = e; and (6.2), we
get

— k 1
b:——L—aAaA@:———T—aAaAa.
/23,2 / 2
ki —1 1- (,71)
Therefore
= 1 1
b=|——— | aneirnes+ ——— anejAkses.
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s —
A consequence of this computationisthat < b, a >= 0, and therefore, Vo b =

SN
b . Finally,

T=—(V-b,n)= —<a/\e1/\k2e3, e2>
‘ NERERE J1-GEe
- k2 — = k2 7k%k2
7771—(%1)2<a/\e1/\e3’62>71_(k711)27 2

PROPOSITION (6.3). The only 4-dimensional spherical non-trivial ccr-curves
which are also intrinsic generalized helices of S® are helices, i.e., curves with
all curvatures constant.

Proof. As it is proven in [1], a curve in S? is an intrinsic helix if and only if
7 = 0 or there exists a constant b such that 7 = bk £ 1.
The case 7 = 0 implies that £k, = 0 and we get a non-regular curve.
In the other case, if the curve is also a cer-curve (with ky = ckq), then
3
% =bk=+1.
K
Equivalently
ck3
o1
That is, the function %, is the solution of a polynomial equation with constant
coefficients; and, therefore, the function %; is constant, and so the other two
curvatures kg and k3 are also constant. The same happens with k and 7. We
are then in the presence of a helix according to the designation in [1], or a
geodesic in a flat torus in R* according to [6]. O
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FOX’S SPREADS ON NEARNESS SPACES

HLENGANI SIWEYA

ABSTRACT. Hunt’s uniform spreads, which are generalizations of Fox’s
spreads, are extended to the category of nearness spaces and uniformly con-
tinuous functions. We prove that there is a bijective correspondence between
Hunt’s spread points in (X, §), f, (Z, u)) and Herrlich’s ¢-clusters in (X, €),
where X and Z are nearness spaces.

1. Historical Background

As a basic concept, Fox’s spreads are used in the “uniform sense” of Hunt,
thus defined as triples (f, X, Z), where f is a continuous function from a topo-
logical T;-space X into a topological complete space Z with defining completely
regular topology and which carries a complete uniformity U compatible with
the topology. The induced X-component uniformity  is then compatible with
the given topology on X (explained in Section 2). If we denote by {20,} the
collection of all open coverings of Z (it is a uniformity base of the existing uni-
formity) then {4, = c[f~1(20,), Rx]1}, is a collection of open coverings of X
generating the X-component uniformity ${. We recall that c([f ~1(20,), Rx] is
defined as the set of all components of f~1[W] for some W < 20,. We note
further that f is uniformly continuous.

In this article, Hunt’s bijective correspondence between “spread points”
in (f, X, Z) and minimal Cauchy filters in (X, {) (in [10]) is extended to one
between spread points in (X, 1) and Herrlich’s £-clusters in nearness spaces.
In fact, a simple consequence of these ideas assures that the definitions of
“complete spread” and “completion of a spread” that Hunt formulated in terms
of the uniform concepts are topologically invariant.

The main result of this article is then the following.

THEOREM (1.1). The correspondence between the collection of all spread
points in (X, &), f, (Z, n) with Z carrying a complete nearness u compatible
with its topology and the collection of all &,-clusters in (X, &) defined by

x— A
is a bijection, where A = (Im y)*. O

Spreads (commonly known as Fox’s spreads [6], [10]) owe their origin to
Fox’s paper [5]. For completeness, a continuous function f: X — Z between
T1-spaces is called a spread if the collection of all the components of all inverse
images f~1(V) of open sets V in Z form a base for a topology on X. In this note
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we denote a spread so defined by (X, f, Z). It is immediate from this definition
that X is locally connected. Now given a spread (X, f, Z) with z € Z, denote by
N, the filter base of open neighbourhoods of z, and let

¢y = {K c X | K is a component of f ~1(V)}
for open V in Z. A spread point is then a function
x: N, — {K cX|3V'cZopeninZ K is a component of f~1(V')}
that satisfies
SP;: V € N, implies x(V) € ¢,
SPy: U VeN,andU CV

imply x(U) C x(V).

Remark. (a) Note that SP; is equivalent to each of the following:
(1) Im y is a filter base (and the resulting filter will be denoted by (Im y)™).
(i1) Imy has the finite intersection property.

(b) The point z € Z is necessarily unique (see [10] and [16]). The introduction
of the term spread point by Hunt was necessary in so far as it simplified
Fox’s canonical spread completion as well as provided for the leap from
this completion to Hunt’s uniform spread completion — a completion never
published but subsequently quoted and extensively used in several results
of Hunt [10] after his result on the bijective correspondence between spread
points and minimal Cauchy filters. For that reason, another objective is also
to present Hunt’s uniform spread completion.

We recall a few nearness concepts necessary for this note. (We follow Herlich
[7] and Preup [15].)
A nearness space is a pair (X, u) where X is a non-empty set and w is a set of
covers of X satisfying

Ni: {X} e .

Ny: U<V,UE€E pimply V € pu.

Ns: U,V € pimpliesU AV ={UNV |Ue€l,V €V} € pn.

Ny: U € pimplies intif = {intU | U € U} € p, where
ntU ={xeX|{X—{x},U} € u}.

(The relation ¢/ < V is the usual refinement; thus for each U € U there exists
aVeVwithUcV.)
A nearness space (X, u) is an Ni-space if, in addition, u satisfies

N5 : For any x # y in X,

(X {1, X - {y}} en.
A collection wp of covers on X is a base for a nearness structure on X if it
satisfies the following axioms:
NB;: U,V € up imply there exists a W € ug such that W <U AV,
NBy: U € up implies {int, U | U € U} € up.
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Moreover, each nearness space (X, u) induces up to bijection a system &, of
so called “near collections” on X as follows:

Aeé, VU epndUecel, UeSecA,
where
SecA={TCX|VAe A TNA#0D}.
In addition, there also can be established a corresponding system vy,, of so
called “Cauchy systems” as follows:
Acy, eVUecpndUclUTIAcA ACU.

A filter is called a Cauchy filter iff it is a Cauchy system. Consequently, a
simple bijection between the set of all Cauchy filters and the set of all “near
grills” on X will be realized by the “Sec-operator” (as defined above). This
induces an isomorphism between the categories of filter merotopic spaces in
the sense of Katetov (Katetov [11]) and grill determined prenearness spaces
(see also [1]) if we omit Axiom (Ny). (Note that the neighborhood filter A, of
z € Z referred to above is a minimal Cauchy filter.)

For a nearness space (X, £), the maximal elements of the set ¢ — {@}, when
ordered by inclusion, are called ¢-clusters. Thus an §,-cluster in (X, §) is a
non-empty maximal &-near collection in X.

Unless specified otherwise, we propose to work in N;j-spaces — those
nearness spaces in which the underlying topological space is T;. Given a
nearness space (X, &), we set

E={ACPX)|VBecédAec AIBec B, ANB =0},
where B € ¢ (read B is far) means B € P(P(X)) — &.

LEMMA (1.2). A Cauchy filter ¢ in a nearness space (X, w) is a u-cluster if
and only if, for each A € & there is some U € u and some U € U such that

st(U,U) C A.

Proof. Let A € &. By definition there is a i/ in & and therefore a U € U such
that U N A # @ which is all we need. O

Following the calculations in Preug [15], namely, that
int(UNV)=intU NintV,
for U ceU, V € Vwhereld,V C P(X), we deduce that

COROLLAY (1.3). For any nearness base {i, | A € A} of (X, ), if éis a
u-cluster in (X, w), then the collection

EnlYm
A
is a nearness base for &. O

Definition (1.4). [Herrlich [7], [8]] For a subcollection A C P(X), we set
A={BCX|VAc ABNA+o}=SeA
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In consequence, we have corresponding minimal Cauchy filters by the set
v, When ordered by inclusion. In fact, our main result hinges on the following
result.

ProposiTION (1.5) (Herrlich [7/1, Remark 5.6 (2)). For a nearness space
(X, ¢), if Ais an &,-cluster; then A = SecA is a minimal Cauchy filter (and

so A = A). Conversely, if (X, ) is especially “regular”, then C is a minimal
Cauchy filter iff there exists a £,-cluster A with C = A. The correspondence

A A

then induces a bijection between the set of all &,-clusters and the set of all
minimal vy,-Cauchy filters on X. O

Remark. Anearness space (X, w)is called regular iff it satisfies the following
condition (see Herrlich [7]):

(R) For each U € w there is some (refinement) V € w such that for each
V €V, there exists some U € U with {X — V,U} € p.

Then, every uniform nearness space is regular and every topological near-
ness space which is regular as a topological space is regular as a nearness
space. Moreover, for a regular nearness space it holds that its induced topol-
ogy is regular in the original sense. See Preulf [15].

2. Hunt’s uniform spread completion

When Hunt introduced uniform spreads, he did not show how a uniform
spread completion could be constructed save to relate spread points (used,
implicitly, in Fox’s canonical spread completion) to minimal Cauchy filters.
Moreover, it will follow from our construction presented here that Fox’s spread
completion is a special case of Hunt’s uniform spread completion.

In this section, therefore, we present a uniform spread completion (which
we name after Hunt). Such a completion has been shown by Hunt to be unique.
In fact, Hunt has taught us many results associated with a uniform spread —
most of which have been drawn from algebraic topology. In this connection,
motivated by Fox’s founding article on spreads, Montesinos-Amilibia [14] gave
and studied modified topological definitions of a branched folded covering and
a singular covering. Contrary to Fox spread completion constructed in the
presence of local connectedness, Michael [13] showed how to complete a spread
without local connectedness. A decade ago, Bunge and Funk [3], also showed
that Fox’s (complete) spreads have a natural definition in topos theory. A few
other topologists (see e.g. [6]) have investigated Fox’s spreads in other contexts
which we believe are worth noting.

A space X is said to be locally connected in a topological space Y if there
exists a base B of Y such that X N B is connected for each B € B (see [5]). An
example of a subspace locally connected but not locally connected in another
space is the following: The space R — {0} is a locally connected subspace which
fails to be locally connected in R.

We say that a spread (X, f, Z) is complete if

Im () #0.
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In[16], it was shown that for a spread f : X — Z to be complete it is necessary
and sufficient that whenever j: X — Y is a dense embedding, j(X) is locally
connected in Y and g: Y — Z is a spread such that f = go j, then jis a
homeomorphism.

A completion of a spread (X, f, Z) is a complete spread (X, g, Z) for which
there is a dense embedding j: X — X; of X into X, such that j(X) is locally
connected in X, where X; is the locally connected space whose elements are
the spread points. See also [9].

Construction: Hunt’s uniform spread completion. We recall that a com-
pletely regular space is topologically complete if some uniformity compatible
with its topology is complete — where the uniformity compatible with its topol-
ogy is one whose neighborhood basis is the set

{St(p, Uy | @ € Al

Hunt’s uniform spreads (in [10]) arise as follows: Given a spread (X, f, Z) in
which 7x is a topology on X and Z is topologically complete, say Z carries a
complete uniformity W compatible with its topology, we know that f~1(W) is
a base for a uniformity on X. Now the uniformity generated by the collection

clf o), 7x1

of all components of all sets in f~1(20) is the r-component uniformity relative
to W on the space X. We then call the spread f a uniform spread. See also [9].

Now suppose that (X, f, Z) is a uniform spread from a uniform space X
carrying the uniformity 4 induced by inverse images f~1(W) of W from a
uniformity 20 compatible with the topology on Z. To arrive at a uniform
spread completion, consider the uniform completion X;; whose uniformity is
that generated by minimal Cauchy filters of X. Then X is densely imbedded
in Xy by say, ju: X — Xy which maps each x € X to the minimal Cauchy
filter (Imy)" for which y is the spread point in (X, f, Z) taking each uniform
cover W containing f(x) to the component of f~1()V) that contains x.

Define fy: Xy — Z by associating with each x € Xy the unique point
f(x) € Z for which y is the spread point.

(1) ju(X) is locally connected in Xy : By definition of the induced uniformity
i1 on X, we know that X is uniformly locally connected. But then jy(X)
is uniformly locally connected and, accordingly (from Hunt [9]) it is locally
connected in Xy.

(i1) fu is a complete uniform spread: Consider a uniform cover W in 20 and
the collection {c[f~1(W), U] | W € 20} of all components of f~1(WW). Then
frtow) = Jdmx)*.

W

(iii) fy o j = f: Take x € X. Then one easily shows that
fu o jux) = fuImy)" = f(x). O

Remark. Recall (see e.g. Preup [15]) that a topological space X is an Ry-
space iff x € {y} implies that y € {x} for every x,y € X. Since the category
T-Near of topological nearness spaces and uniformly continuous functions is
isomorphic to the category Ry-Top of topological Ry-spaces and continuous
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functions, it is clear that for an Ry-space X Hunt’s uniform spread completion
so described reduces to Fox’s spread completion.

3. What are nearness spreads?

Hunt’s uniform spreads can be extended to the category of nearness spaces
and uniformly continuous functions as follows: For a topological space (X, 7)
and a collection A C P(X), we denote by

AT ={KC. A|Ac A

the collection of all components of all sets in A (C, denotes component).
Now consider a nearness structure

pm={pr| A €A}
on X. We then have

PRrROPOSITION (3.1). The collection

{c(ur, w) | A € A}

is a base for a regular nearness on X, and the resulting nearness structure on
X is called the T-component nearness relative to p. O

Proof. This follows from Hunt [9], Proposition 3.1. O

Proof of Theorem (1.1). In view of Proposition (3.1), we assume that X is a
regular nearness space and then generalize Hunt’s proof to the nearness case
as follows:

The following is a generalization of the original proof of Hunt for uniform
spreads.

(1) Suppose that y is a spread point in (X, f, Z). Then the filter (Im y)"
(generated by the filter base Im y) is a Cauchy filter.

We claim that (Im y)* is a minimal Cauchy filter in (X, £)): Given z € Z
and an open neighborhood W > zin Z, set U = y(W). Since the neighborhood
filter of z is a minimal Cauchy filter in (X, &), we pick W, and some open
neighborhood V 5 z with V € W, such that

St(V, W,) C W.
We set S = (V). Then (by SP;)
V C SV, Wa) CW = x(V) C x(W)
Then St(S,U)) C U: For, if SNT # () for a component T of f~1(M) with
MeW,thenVNM#Q,andsoM CW. ButTNnU # 0, soT C U and then
st(S,U,) C U, ensuring that (Im y)* is a minimal Cauchy filter.

We now invoke Proposition (1.5); set A to be the ¢-cluster for which A =
(Im y)*.

(ii) The correspondence is surjective: For, if A is an &-cluster then Ais a
minimal Cauchy filter in (X, y). It follows from the uniform continuity of
f: (X, x) — (Z, ) that the filter [f(A)]" generated by f(A) is a Cauchy filter
in (Z, w) which is complete by assumption. Accordingly, [f(A)]* converges to a
point z € Z. To arrive at a spread point we proceed as follows: Take an open
nhood W > 2z, and note that f (A) > W. Now Corollary (1.3) ensures that a
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V € & AU, ma exists such that f(V) C W. Find a component G of f~1(W) such
that V. C G C f~Y(W). Such a component U of f~1(W) is unique in A. This
then ensures that we define y(W) = U. Then Im y has the finite intersection
property because Imy C /T, and therefore, y is a spread point in (X, f, Z).

(iii) The correspondence is injective: Take two spread points y # x' in
(X, f, Z), say,
X: N, —¢C x:N.—Cl,
for z, 2/ € Z. We find that

(iiia) If z # 2’ then there are disjoint neighborhoods V, W of z and 2/,
respectively, and so (V) N x(W) = () making (W) ¢ (Im /)" since (Im x')* is
a filter. This means that (Im y)* # (Imy’)*.

(iiib) On the other hand, if z # 2’ in Z it follows from the choice of y, x/ that
a neighborhood V of z = 2/ exists for which x(V) # x/(V). Since these are
components, we must have y(V) N x/(V) = §; thus y(V) ¢ (Im y")". O

There are other generalizations of results on Hunt’s uniform spreads to the
realm of nearness spaces, which are a subject of further investigation.
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A COMMON FIXED POINT THEOREM FOR WEAKLY
COMPATIBLE MAPPINGS IN SYMMETRIC SPACES SATISFYING
AN IMPLICIT RELATION

DURAN TURKOGLU AND ISHAK ALTUN

ABSTRACT. In this paper, we prove a common fixed point theorem for weakly
compatible mappings in symmetric spaces satisfying an implicit relation and a
property (E.A) introduced in [M. Aamri, D. El Moutawakil, Some new common
fixed point thorems under strict contractive conditions, J. Math. Anal. Appl.
270 (2002) 181-188]. Our theorem generalizes Theorem 1 of [A. Aliouche, A
common fixed point theorem for weakly compatible mappings in symmetric
spaces satisfying a contractive condition of integral typel, Theorem 2.2 of [M.
Aamri, D. E1 Moutawakil, Common fixed points under contractive conditions
in symmetric spaces, Appl. Math. E-Notes 3 (2003) 156-162] and Theorem 2
of [M. Aamri, D. El Moutawakil, Some new common fixed point thorems under
strict contractive conditions, J. Math. Anal. Appl. 270 (2002) 181-188].

1. Introduction and preliminaries

It is well known that the Banach contraction principle is a fundamental re-
sult in fixed point theory, which has been used and extended in many different
directions. However, it has been observed in [6] that some of the defining prop-
erties of the metric are not needed in the proofs of certain metric theorems.
Motivated by this fact, Hicks and Rhoades [6] established some common fixed
point theorems in symmetric spaces and proved that very general probabilistic
structures admit a compatible symmetric or semi-metric.

Recall that a symmetric on a set X is a nonnegative real valued function d
on X x X such that

(i) d(x,y) = 0if and only if x = y,

(i) d(x, y) = d(y, x).

Let d be a symmetric on a set X and for r > 0 and any x € X, let B(x, r) =
{y € X : d(x,y) < r}. Atopology t(d) on X is given by U € #(d) if and only if
for each x € U, B(x,r) C U for some r > 0. A symmetric d is a semi-metric if
for each x € X and each r > 0, B(x, r) is a neighborhood of x in the topology
t(d). Note that lim,, .. d(x,, x) = 0 if and only if x,, — x in the topology #(d).
The following two axioms were given by Wilson [19]. Let (X, d) be a symmetric
space.

(W.3) Given {x,}, x and y in X, lim,,_, o, d(x,, x) = 0 and lim,,_,, d(x,, y) = 0
imply x = y.

2000 Mathematics Subject Classification: Primary 54H25; Secondary 47H10.
Keywords and phrases: common fixed point, weakly compatible mappings, symmetric space,
implicit relation.
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(W4) Given {x,},{yn}andxin X, lim, . d(x,, x) = 0and lim,,_,, d(x,, y,) =
0 imply that lim,, ., d(y,, x) = 0.

It is easy to see that for a semi-metric d, if #(d) is Hausdorff, then (W.3)
holds. On the other hand, the notion of the weak commutativity is introduced
by Sessa [16] as follows:

Two selfmappings S and T of a metric space (X, d) are said to be weakly
commuting if
d(STx, TSx) < d(Sx, Tx), for all x € X.

Jungck [8] extended this concept in the following way: Let S and T be two
selfmappings of a metric space (X, d). S and T are said to be compatible if
lim d(STx,, TSx,) =0

n—oo

whenever {x,} is a sequence in X such that lim,_. ., Sx, = lim,,_,, Tx,, = ¢ for
some ¢t € X.

Obviously, two weakly commuting mappings are compatible but the con-
verse is not true as is shown in [8]. Recently, Jungck [9] introduced the con-
cept of weakly compatible maps as follows: Two selfmappings S and T of a
metric space (X, d) are said to be weakly compatible if they commute at their
coincidence points; i.e., if Su = Tu for some u € X, then STu = T'Su.

It is easy to see that two compatible maps are weakly compatible but the
converse is not true. All these concepts have been frequently used to prove
existence theorems in common fixed point theory.

However, the study of common fixed points of non-compatible maps is also
very interesting [10], [11].

On the other hand, Aamri and El Moutawakil [2] have established some new
common fixed point theorems under strict contractive conditions on a metric
space for mappings satisfying property (E.A) defined as follows: Let S and
T be two selfmappings of a metric space (X, d). We say that S and T satisfy
property (E.A) if there exists a sequence {x,} such that

lim Sx, = lim Tx, = ¢ for some ¢ € X.

n—oo n—oo
The main purpose of this paper is to give a common fixed point theorem
for selfmappings of a symmetric space. These self mappings are assumed to
satisfy an implicit relation and a new property introduced recently in [2] on
a metric space, which generalizes the notion of non-compatible maps in the
setting of a symmetric space.

Definition (1.1). [3] Let S and T be two selfmappings of a symmetric space
(X, d). S and T are said to be compatible if

lim d(STx,, TSx,) =0

n—oo

whenever {x,} is a sequence in X such that

lim d(Sxp,¢) = lim d(Tx,,t) =0

n—oo n—oo

for some ¢ € X.
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Definition (1.2). [3] Two selfmappings S and T of a symmetric space (X, d)
are said to be weakly compatible if they commute at their coincidence points.

Definition (1.3). [3] Let S and T be two selfmappings of a symmetric space
(X, d). We say that S and T satisfy the property (E.A) if there exists a sequence
{x,} such that

lim d(Sx,,¢) = lim d(Tx,,t) =0

n—oo n—oo

for some ¢ € X.

Example (1.4). Let X = [0, +ool. Let d be a symmetric on X defined by
d(x,y) = el*Y —1forallx, yin X. Define S, T: X — X as follows: Sx = 2x+1
and Tx = x+ 2, for all x € X. Note that the function d is not a metric. Consider
the sequence x, = 1+%, n=12....

Clearly

nlg]g@ d(Sx,,3) = nlgl;o d(Tx,, 3) = 0.

Then S and T satisfy property (E.A), but S and T' are not weakly compatible.

Example (1.5). Let X = R with the above symmetric function d. It is easy
to see that the condition (W.3) holds. Define S,T: X — X by Sx = x+ 1 and
Tx =x+2,forall x € X.

Suppose that property (E.A) holds. Then there exists in X a sequence {x,}
satisfying lim,, .., d(Sx, t) = lim,_. ., d(Tx,, t) = 0 for some ¢ € X. Therefore

Iim d(x,,t — 1) = lim d(x,,t —2) = 0.

In view of (W.3), we conclude that # — 1 = ¢ — 2, which is a contradiction. Hence
S and T do not satisfy property (E.A). It is clear from Definition (1.1), that
two selfmappings S and T of a symmetric space (X, d) will be non-compatible
if there exists at least one sequence {x,} in X such that

lim d(Sx,,t) = lim d(Tx,,¢) = 0 for some ¢ € X

n—oo n—oo
but lim,,_, ., d(STx,,, TSx,) is either nonzero or does not exist.
Therefore, two non-compatible selfmappings of a symmetric space(X, d) sat-
isfy property (E.A).

Definition (1.6). [3] Let (X, d) be a symmetric space. We say that (X, d)
satisfies property (H.E) if given {x,}, {y,»} and x in X,

lim d(x,,x) =0and lim d(y,, x) = 0 imply lim d(x,,y,) = 0.

n— oo

Example (1.7). (i) Every metric space (X, d) satisfies property (H.E).
(i1) Let X = [0, +00) with the symmetric function d defined in Example (1.4).
It is easy to see that the symmetric space (X, d) satisfies property (H.E).

2. Implicit relation

Implicit relations on metric spaces have been used in many articles. (see
(41, [7]1, [12], [13], [14], [17]).

Let R, denote the non-negative real numbers and let F be the set of all
continuous functions F: Rt — R satisfying the following conditions:
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F : there exists an upper semi-continuous and non-decreasing function f :
R, — R, f(0)=0,f({) <tfort >0, such that for u > 0,

F(u,v,v,0) <0or F(u,v,0,v) <0or F(u,0,v,v) <0

implies u < f(v).
Fy: F(u,0,0,0) > 0and F(u,u, u,0) > 0,Vu > 0.

Example (2.1). F(tl, to, L3, ty) =t — amax{tg, ts, t4}, where 0 < a < 1.

Fi: Letu > 0and F(u,v,v,0) = u—av < 0, then u < au. Similarly, let u > 0
and F(u,v,0,v) <0, then u < av and again let u > 0 and F(u, 0,v,v) < 0, then
u < av. If u = 0 then u < av. Thus F} is satisfied with f(¢) = at.

Fy: F(1,0,0,0) =u > 0,Vu >0and F(u,u,u,0) = u(l —a) > 0,Vu > 0.

Thus F € F.

Example (2.2). F(t1, to, t3,t4) = t1 — Y(max{ty, t3,t4}), where y: R, — R,
is upper semi-continuous, non-decreasing and (0) = 0, «(¢) < ¢ for ¢ > 0.

Fi: Letu > 0and F(u,v,0v,0) = u — ¢(v) < 0, then u < (v). Similarly, let
u>0and F(u,v,0,v) <0, then u < (v) and againlet u > 0 and F(u, 0,v,v) <
0, then u < (). If u = 0 then u < ¥(v). Thus F; is satisfied with f = .

Fy: F(1,0,0,0) =u > 0,Vu > 0 and F(u, u,u,0) = u — (1) > 0,Vu > 0.

Thus F € F.

Example (2.3). F(tq,to, ts,t4) = t1 — (ate + bts + cty), where a > 0, b, ¢ > 0,
and max{a+ b,a+¢c,b+c} < 1.

Fi: Letu > 0 and F(u,v,v,0) = u — (a + db)v < 0, then u < (a + d.
Similarly, let . > 0 and F(u, v, 0,v) < 0, then u < (a + ¢)v and again let u > 0
and F(u, 0,v,v) < 0, thenu < (b +cv. If u = 0 then u < (b + ¢)v. Thus F; is
satisfied with f(¢) = max{a + b,a + ¢, b + c}t.

Fo: F(1,0,0,0)=u > 0,Vu>0and F(u,u,u,0) =u(l—a-+b) >0, Vu > 0.

Thus F € F.

Example 2.4). Flty, by, ta.t) — 11 — — B0 e ab > 0 and
p . . 1; 2: 3)4 - 1 t2+t3+t4+1’ > -
a+b<1.
avZ 2

: —u— < < < av.
Fi: Letu > 0 and F(u,v,0,0) = u 2U+170,thenu72v+1,av

Similarly, let « > 0 and F(u, v, 0,v) < 0, then © < bv and again let © > 0 and
F(u,0,v,v) < 0, then u < (¢ + b. If u = 0 then u < (a + b)v. Thus F; is
satisfied with f(¢) = (a + b)t.

_ 2
Fy: F@,0,0,0) = u > 0,vu > 0 and Flu1,4,0) = 2% - o
2u+1
Yu>0.
Thus F € F.

at2t3 + Bt2t4 + yt3t4
to+ts+ts+1

Example (25) F(tl, to, L3, t4) =11 — 5 where a, B, Y > 0

and max{a, B, v} < 1.
2 2
av < 0, then u < av
2v

Fi:Letu > 0and F,v,0,0) = u - o =~ +1

Similarly, let « > 0 and F(u, v, 0,v) < 0, then u < Bv and again let u > 0 and
F(u,0,v,v) <0, then u < yv. If u = 0 then u < yv. Thus F; is satisfied with
(&) = max{a, B, v}t.

< av.
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_ 2
Fy: F,0,0,0) = u > 0,Yu > 0 and Flu,u,1,0) = 2 T% o ¢
2u+1
Yu > 0.
Thus F € F.

3. Main result

THEOREM (3.1). Let d be a symmetric for X that satisfies (W.3), (W.4) and
(H.E). Let A, B, S and T be self mappings of (X, d) such that

d(Ax,By) d(Sx,Ty) d(Sx,By) d(By,Ty)
(32 F / o()dt, / o()dt, / o(t)dt, / o(t)dt) <0
0 0 0

0

for all x, y € X where F' € F and ¢: R, — R, is a Lebesque-integrable
mapping which is summable, non-negative and such that

(3.3) / e@)dt > 0 for all & > 0.
0

Suppose that A(X) C T(X) and B(X) C S(X), {A, S} and {B, T} are weakly
compatible and {A, S} or {B, T'} satisfies property (E.A). If the range of one of
the mappings A, B, S and T is a closed subspace of X, then A, B, S and T have
common fixed point in X.

Proof. Suppose that B and T satisfy property (E.A). Then, there exists a
sequence {x,} in X such that lim,_,., d(Bx,, 2) = lim, ., d(Tx,, 2) = 0 for
some z € X. Therefore, by (H.E) we have lim,_. ., d(Bx,, Tx,) = 0. Since
B(X) c S(X), there exists in X a sequence {y,} such that Bx,, = Sy,. Hence,
lim,, . d(Sy,, 2) = 0. Let us show that lim,, .., d(Ay,, z) = 0.

Suppose that lim,,_...d(Ay,, Bx,) > 0. Then, using (3.2), we have

d(Ayn,Bx,) d(Syy,Tx,) d(Syn,Bxy) d(Bx,,Tx,)
F / o0)dt, / o(t)dt, / o(t)dt, / o(hdt) <0
0 0 0 0

and so

_ pd(Ayn,Bxy) _ pd(Bx,,Tx,) _ pd(Bxp,Txn)
F<lim/ et)dt, lim ) dt, 0, lim o(t) dt) <0.
0

From F1, there exists an upper semi-continuous and non-decreasing function
f:R, — R, f(0)=0,f(#) <t fort> 0 such that

~ pd(Ayn,Bxy) _ pd(Bxp,Tx,) _ pd(Bxn,Tx,)
lim e@®)dt < f | lim / e®)dt | < lim ot)dt.
0

Therefore lim,,_, o, fod(Bx"’Tx") @()dt > 0 which is a contradiction. Then we have

that lim, . 5 "% o(t)d¢ = 0 and (3.3) implies that lim,, o, d(Ay,, Bx,) =
0. By (W.4), we deduce that lim, .., d(Ay,, z) = 0. Suppose that S(X) is a

closed subspace of X. Then z = Su for some u € X. Consequently, we have

lim d(Ay,, Bx,) = lim d(Bx,, Su) = lim d(Tx,, Su) = lim d(Sy,, Su) = 0.



200 DURAN TURKOGLU AND ISHAK ALTUN

We claim that Au = Su. Using (3.2),

d(Au,Bx,) d(Su,Tx,) d(Su,Bx,) d(Bx,,Txy)
F ( / o(t)dt, / o(0)dt, / o(0)dt, / go(t)dt) <0
0 0 0 0

and letting n — oo, we have

d(Au,Bx,)
F ( lim / e(t)dt, 0, 0, 0> <0
0

n—oo

d(Au,Bx,)

which is a contradiction with F5 iflim,,_, fo o(®)dt > 0. Thus we obtain
lim,, o [P o(£)dt = 0 and (3.3) implies that lim, ., d(Au, Bx,) = 0. By

(W.3) we have z = Au = Su. The weak compatibility of A and S implies that
ASu = SAu;i.e., Az = Sz. On the other hand, since A(X) C T(X), there exists
v € X such that Au = Tv. We claim that Bv = Tv. If not, condition (3.2) gives

d(Au,Bv) d(Su,Tv) d(Su,Bv) d(Bv,Tv)
F < / o()dt, / o(t)dt, / o(t)dt, / cp(t)dt) <0
0 0 0 0
and so

d(Au,Bv) d(Tv, Bv) d(Bv,Tv)
F < / oL, 0, / o(t)dt, / qo(t)dt) <o.
0 0 0

From Fy

d(Tv, Bv) d(Au,Bv) d(Tv, Bv)
/ o(t)dt = / o(t)dt < f < / qo(t)dt)
0 0 0

which is a contradiction since fodm’Bu) o(t)dt > 0 by (3.3). Hence, z = Au =

Su = Bv = Tv. The weak compatibility of B and T implies that BTv = TBv;
i.e., Bz = Tz. Let us show that z is a common fixed point of A, B, S and T .
If z # Az, using (3.2), we get

d(Az,Bv) d(Sz,Tv) d(Sz,Bv) d(Buv,Tv)
F (/ qo(t)dt,/ (p(t)dt,/ <p(t)dt,/ go(t)dt) <0
0 0 0 0

and so

d(Az,2) d(Az,z2) d(Az,z2)
F ( / o(B)dt, / o(t)dt, / o(t)dt, 0) <0
0 0 0

which is a contradiction with F» since f(;i (Az2)
Az=Sz.
If z # Bz, using (3.2), we get

d(Az,Bz) d(Sz,Tz) d(Sz,Bz) d(Bz,Tz)
F (/ go(t)dt,/ go(t)dt,/ go(t)dt,/ go(t)dt> <0
0 0 0 0

and so
d(z,Bz) d(z,Bz) d(z,Bz)
F (/ qo(t)dt,/ (p(t)dt,/ o(t)dt, 0) <0
0 0 0

e(t)dt > 0 by (3.3). Thus z =
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which is a contradiction with F5 since fod(z’BZ) o@)dt > 0 by (3.3). Thus z =

Bz=Tz=Az=Sz.

The proof is similar when T'(X) is assumed to be a closed subspace of X.
The cases in which A(X) or B(X) is a closed subspace of X are similar to the
cases in which 7'(X) or S(X) respectively is closed since A(X) C T(X) and
B(X) c S(X).

For the uniqueness of z, suppose that w # z is another common fixed point
of A,B,SandT.

Using (3.2), we obtain

d(AzBw) d(Sz,Tw) d(Sz, Bw) d(Bw,Tw)
F ( / o(dt, / o()dt, / o()dt, / go(t)dt) <0
0 0 0 0

and so
d(z,w) d(z,w) d(z,w)
F ( / o()dt, / e(t)ds, / e()ds, 0) <0
0 0 0

which is a contradiction with Fj since f: (2w) e(t)dt > 0 by (3.3). Thus z = w.
This completes the proof of the theorem. O

If we combine Theorem (3.1) with Example (2.2) we have the following corol-
lary which it is Theorem 1 of [3].

COROLLARY (3.4). Let d be a symmetric for X that satisfies (W.3), (W.4) and
(H.E). Let A, B, S and T be self mappings of (X, d) such that

d(Ax,By) max{d(Sx,Ty),d(Sx,By),d(By,Ty)}
/ et)dt < / o(t)dt
0 0

forall x, y € X where ¢: R, — R, is a Lebesque-integrable mapping which is
summable, non-negative and such that

/ ot)dt > 0 for all € > 0.
0

Suppose that A(X) C T(X) and B(X) Cc S(X), {A, S} and {B, T} are weakly
compatible and {A, S} or {B, T'} satisfies property (E.A). If the range of one of
the mappings A, B, S and T is a closed subspace of X, then A, B, S and T have
a common fixed point in X.

If o(t() =1, A= B and S = T in Corollary (3.4), we obtain Theorem 2.1 of
[1].

If o(t) = 1, in Corollary (3.4), we obtain Theorem 2.2 of [1].

Since two non-compatible selfmappings of a symmetric space (X, d) satisfy
property (E.A), we get the following result.

COROLLARY (3.5). Let d be a symmetric for X that satisfies (W.3) and (H.E).
Let A and S be two non-compatible weakly compatible self mappings of (X, d)
such that

d(Ax,Ay) d(Sx,Sy) d(Sx,Ay) d(Ay,Sy)
F / qo(t)dt,/ (p(t)dt,/ qo(t)dt,/ o)dt | <0
0 0 0 0
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for all x, y € X where F € F and ¢: R, — R, is a Lebesgue-measurable
mapping which is summable, non-negative and such that

/ ot > 0 forall £ > 0
0

and A(X) C S(X). If the range of A or S is a closed subspace of X, then A and
S have a common fixed point in X.

If we combine Corollary (3.5) with Example (2.2) we have Corollary 2 of [3].

COROLLARY (3.6). Let A, B, S and T be self mappings of a metric space (X, d)
such that

d(Ax,By) d(Sx,Ty) d(Sx,By) d(By,Ty)
F / o()dt, / o(t)dt, / o(O)dt, / ot | <0
0 0 0 0

for all x, y € X where F' € F and ¢: R, — R, is a Lebesque-integrable
mapping which is summable, non-negative and such that

/ o(t)dt > 0 for all € > 0.
0

Suppose that A(X) C T(X) and B(X) C S(X), {A, S} and {B, T} are weakly
compatible and {A, S} or {B, T'} satisfies property (E.A). If the range of one of
the mappings A, B, S and T is a closed subspace of X, then A, B, S and T have
common fixed point in X.

If we combine Corollary (3.6) with Example (2.2) we have Corollary 3 of [3].

If ¢(¢) = 1, in Corollary (3.6) and combine with Example (2.2) we have
Theorem 2 of [2].

If we combine Theorem (3.1) with Example (2.4) we have the following corol-
lary.

COROLLARY (3.7). Let d be a symmetric for X that satisfies (W.3), (W.4) and
(H.E). Let A, B, S and T be self mappings of (X, d) such that, for all x,y € X,

2 2
d(Ax,By) a( (Sin By) (p(t)dt> +b( BTy cp(t)dt)
/ ot)dt <
0

f(;i(Sx,Ty) qo(t)dt + fod(Sx,By) QD(t)dt + fod(By,Ty) QD(t)dt +1

where a, b > 0, a+b < 1and ¢: R, — R, is a Lebesque-integrable mapping
which is summable, non-negative and such that

/ ot)dt > 0 forall € > 0.
0

Suppose that A(X) C T(X) and B(X) ¢ S(X), {A, S} and {B, T} are weakly
compatible and {A, S} or {B, T'} satisfies property (E.A). If the range of one of
the mappings A, B, S and T is a closed subspace of X, then A, B, S and T have
common fixed point in X.

Remark (3.8). We obtain some new results, if we combine Theorem (3.1)
with some examples of F'.

Now we give an example.
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Example (3.9). Let X = {1:n € N} U {0} with the symmetric defined by
d(x,y) = el*Y —1forall x, y € X. It is obvious that the symmetric d satisfies
(W.3),(W.4) and (H.E). Define A, B, S, T: X — X as follows:

1 1
Ax=Bx=<{n+1 x_ﬁ, Sx =Tx = x for all x € X.
0, x=0

Again it is obvious that A(X) C T(X) and B(X) C S(X), {A, S} and {B, T} are
weakly compatible and {A, S} or {B, T'} satisfies property (E.A). Also S(X)
and T'(X) are closed subsets of X.

Now we claim that the mappings A, B, S and T satisfy the condition (3.2) of
Theorem (3.1) with F' € F defined by

F(t1,t9, t3,t4) = t1 — 5 max{ts, t3, t4}
and ¢: R, — R, defined by

t—2 [1—In(In(1 + 7))
(P(t):{(ln(lth)) : {1+t } t>0,
0, t=0.

That is, we claim that the following inequality is satisfied:

d(Ax,Ay) 1 d(x,y) d(x,Ay) d(y,Ay)
(3.10) / o) dt < imax / go(t)dt,/ qo(t)dt,/ o@)dt y.
0 Jo 0 Jo

We show sufficiently that

d(Ax,Ay) 1 d(x,y)
(3.11) / o@)dt < é/ o(t)dt
0 0

instead of (3.10). Now, since
/ o) dt = (In(1 + s))w17,
0

the inequality (3.11) is equivalent to

1

(In(1 + d(Ax, Ay) TET < (In(1+ d(x, y) T

N |

and so, since d(x, y) = el*?| — 1, the inequality (3.11) is equivalent to
(3.12) |Ax — Ay < Lix — y|F1

for all x, y € X. Using [5, Example 3.6 ] we can show that the inequality (3.12)
is true for all x, y € X. Thus all conditions of Theorem (3.1) are satisfied and
so the mappings A, B, S and T have a common fixed point in X. Note that the
results of [1] and [2] are not applicable to this example.
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ON SUBGROUPS OF 7.(L.T(1) A M(2)) AT THE PRIME TWO

IPPEI ICHIGI, KATSUMI SHIMOMURA, AND XTANGJUN WANG

ABSTRACT. Let Lo denote the Bousfield localization functor with respect to
the vp-localized Brown-Peterson spectrum v, 1 BP on the stable homotopy cat-
egory of spectra at the prime two, and T'(1) denote the Ravenel spectrum.
Then the Adams-Novikov spectral sequence is a tool to determine the homo-
topy groups 7+«(LgT(1)). In [2], for s > 6, we determined the Eo.-term ES_
of the Adams-Novikov spectral sequence converging to 7.(LoT(1)). The s-th
line E of the Ep-term is very complicated if 1 < s < 6. Let M(k) denote
the mod 2% Moore spectrum. Then the complicated parts of the Eg-term for
7+(LoT(1) A M(k)) also stay in the s-th lines for 1 < s < 6. Here we deter-
mine the s-th lines of the Adams-Novikov Eo.-term for s = 0, 1 and s > 6 of
the Adams-Novikov spectral sequence converging to m.(LyT(1) A M(2)). The
result shows how disordered the structure of the Eo-term for 7. (LoT'(1)) is.

1. Introduction

Let S(;) denote the stable homotopy category of spectra localized away from a
prime number p, and BP denote the Brown-Peterson spectrum characterized
by the coefficient ring BP, = w.(BP) = Zpy[vi,v2,...]. Then we have the
Bousfield localization functor L,: S, — S with respect to v, !BP, and
denote the image of it as £,. The homotopy groups 7.(L,S°) of the sphere
spectrum S° play an important role to understand £,. The Adams-Novikov
spectral sequence is a good tool to determine them. For n < 2, the Eg-term
for 7, (L,S°) is determined in [4], [10], [8] and [9], and the homotopy groups of
L,S° are also determined if n < 2, except for the case where n = 2 and p = 2.
Hereafter, we consider the exceptional case, and we set n = 2 and p = 2.
Let T(1) denote the Ravenel spectrum characterized by the BP,-homology
BP.(T(1)) = BP.[t1] ¢ BP.BP = BP,[ty,t,...]. Then the homotopy groups
7.(LoT(1)) would help us to understand the homotopy groups .(L2S°). Let
M(E) for k > 0 and V(1) be cofibers of 2¢: T(1) — T'(1) and vy : 32M(1) — M(1),
respectively. Note that M(k) = T(1) A M(k) for the mod 2* Moore spectrum
M(k), and, in particular, M(1) is the Mahowald spectrum X (1) and v; is the self
map induced from the generator of 7o(X (1)) (¢f [3], [7]). Then the homotopy
groups 7.(LyV(1)) are determined in [3]. We consider the spectrum M(1, co)
defined by the cofiber sequence

(1.1) M(1) —> v] 'M(1) — M(1, o)

2000 Mathematics Subject Classification: Primary 55Q99; Secondary 55Q45, 55Q51.
Keywords and phrases: Ravenel spectrum, Moore spectrum, stable homotopy groups of
spheres.
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for the localization map 1; and obtain a cofiber sequence
(1.2) V(1) — M(1, o0) —— M(1, %)

We determine 7, (LoM(1, o)) by use of the cofiber sequence (1.2), and then
m.(LoM(1)) by (1.1) in [7]. Our next target is to determine the homotopy
groups m.(LoT(1)) by using the mod 2 Bockstein spectral sequence. It is
very hard to compute the Bockstein spectral sequence, but we get a partial
results on 7,(LyT(1)) in [2]. Here we show how hard the other parts of the
Es-term are. (The paper [5] seems to require some more time to appear,
because it is too hard to verify the complicated results.) To do so, we
consider the mod 4 Moore spectrum M(2). Similarly, M(2, co) denotes a
cofiber of the localization map 1;: M(2) — vy IM(2). The zeroth line of the
Es-term of the Adams-Novikov spectral sequence for 7, (Lo M(2, c0)) is not so
complicated that we determine the structure in Theorem (2.10). Since we know
the structure of Eg(Lgﬂ(l, 00)), it seems easy to determine the structure of

EY(LyM (2, o)) by the exact sequence 0 — E(LoM(1, 00)) 2 EY(LsM(2, ) —

EY(LyM(1, c0)) 2, El(L2M(1, 0)), but it is unexpectedly hard to compute the
connecting homomorphism. This is why we here employ the exact sequence
(1.3)

0 — EJ(LsM(2,1))— ES(LyM(2, 00))— E9(LyM(2, 00)) 2, E3(L;M(2, 1))

to determine it. Here the homotopy groups m.(LaM(2,1)) are determined
in Theorem (2.5). It seems easier to use this exact sequence even when we
compute the first line EX(LsM(2, 00)) than to use that exact sequence. Since
we determine the homotopy groups 7..(v; 'M(2)) in Proposition (4.1), the result
on Eg(LZM(Z 00)) gives rise to the zeroth and the first lines of the Ey-term for
m.(LoM(2)). This displays how complicated the structure of the homotopy
groups is. By use of the result [2], we also determine the s-th lines for s > 5,
and we obtain subgroups of .(LsM(2)). The second line is too complicated to
determine here.
This paper is divided into six sections:

Introduction

Statement of results

The change of rings theorem and the relations in 3(2)

The homotopy groups . (v; (1) A M(2)) and 7,(LoM(2, 1))
The elements x,, g,, R, and X,,, and relations between them
The action of the connecting homomorphism

ZEGENY

In the next section, we not only state our main results, but also prove some
of main results. In section three, we introduce the Hopf algebroids which
we consider in this paper and set up formulas on their right units ngz. In
section four, we determine homotopy groups 7..(v; 1M (2)) and prove Theorems
(2.5) and (2.6). We introduce some cochains in section five, and compute the
behavior of the connecting homomorphism in the last section. We also prove
Theorem (2.10) there.
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2. Statement of results

We work in the stable homotopy category S, of spectra localized away from
the prime two. Let BP denote the Brown-Peterson spectrum with coefficient
ring BP, = Z)lv1, ve, ...]. Then BP.BP = BP,[ti, ts, ...] is a Hopf algebroid
over BP,(cf [6]). We compute homotopy groups of a spectrum X by the Adams-
Novikov spectral sequence with Eo-term Ej'(X) = Ext%}* pp(BPy, BP(X)). Let
T(1) denote the Ravenel spectrum with BP.(T(1)) = BP,.[t;] ¢ BP.BP. We
have an element vy +2¢; € Ext%lzg* sp(BP., BP.[t1]) = EY*(T(1)), which survives
to a homotopy element of 7r2(T'(1)). Since T'(1) is a ring spectrum, the homotopy
element defines a self map o/: 3%T(1) — T(1) for each j > 0, whose cofiber
we denote by T'(1)/v]. For the mod 2 Moore spectrum M(:) for i > 0, put
MG, j) = M@ A (T(1)/v]). Then, BP.(M(, j)) = BP.[t11/(2, (v1 + 2t1¥) C
BP.BP/ (2%, (1 + 2t1)7), and so we have the Adams-Novikov spectral sequence

E3'(LaMG, j) = Ext}p gp(BP., vy "BP,[111/(2', (v1 + 2t1))) = 7.(L: MG, ).

Note that M(1, 1) is the V(1) in the introduction. We first determine the
structure of the homotopy groups 7.(LsM(2, 1)), which is obtained from the
cofiber sequence

@2.1) M1 —2>M2 1) — 11

given by smashing 7'(1)/v; with the cofiber sequence

(2.2) M) —— M(2) — M(1)

of the Moore spectra. In order to state the result, we set up notation: In
[3], the Es-term of the Adams-Novikov spectral sequence for 7.(LoM(1, 1)) is
determined as

Ey*(LeM(1, 1)) = K(2).[vs, hool ® Ahay, hso, hai, po).
Here
(2.3) K(2). = Z/2[vz,v; '],

and hy;, hs; and ps are the elements represented by the cocycles, whose leading
terms are ¢2, t2 and v, °t4 + v, %2 in the cobar complex

Qhp. ppvy 'BP.[111/(2, v1),

respectively. By use of the generators ho1 and hs; given in Lemma (4.3), we
rewrite the Ep-term E3(LoM(1, 1)):

E3(LoM(1,1)) = K.[v3] ® Z/2[heo] ® A(vg, vs, ha1, ho, ka1, p2)
as a Z/2-module, where

(2.4) K. =17/2[v} v,?].



210 IPPEI ICHIGI, KATSUMI SHIMOMURA, AND XTANGJUN WANG

Put
F° = K.[v3]1 ® A(hsy, po),

F = K.[v3] ® A(hs1, hs1, p2) and

C = K.[v31 ® Z/2[haol @ Avs, ha1, k3o, h31, p2).
We notice that F = FO @ A(hgy), C = Z/2[hgol ® F @ A(vs, hs) and

E35(LaM(1,1)) = C ® A(v).
Furthermore, the map 2 (resp. 7) in (2.1) induces a homomorphism
2: E3(LyM(1,1)) — E3(LeM(2, 1))

(resp. 7: E5(LoaM(2,1)) — E3(LeM(1, 1)), and 2M (resp. M) C E3(LsM(2, 1))
for a submodule M C E;(LQM(I, 1)) denotes the image of M under the
homomorphism 2 (resp. 7~ 1).

THEOREM (2.5). The Es-term E;(L2M(2, 1)) is isomorphic to
2095C @ hooC © 203 F © hsoF @ 203h30F0 ® U3h30%21F0 D F
Here F = 7./4[v3, v; %, 3] © Ahay, hai, pa).

For describing the homotopy groups ,(LaM(2, 1)), we introduce the mod-
ules

F"° = K.[v3] ® A(hsy, p2),

F' = K.[3]1® A(hay, hay, p2),

F' = Z/4[v3, v5%, v§] © Alhay, B, p2),

C' = K.[v§]1 ® Z/2[hgol/(h3y) @ Avs, ko1, hso, ka1, p2)  and
C" = K.[v3]1 ® Z/2[haol/(h3y) @ A(vs, hay, k3o, ha1, p2).

THEOREM (2.6). The Adams-Novikov E..-terms for the homotopy groups
(Lo M(2, 1)) are isomorphic to the direct sum of the modules

szc/, hgoC”, 2U3E h30F’, 2U3h30FO, 03h30221F0/, F and 2U§F’.

These theorems are proved in section four. o
Next we consider the spectrum M(2, 00) = lim_, M(2, n), and the exact
sequence (1.3). Put

2.7 E,. =7/2[u, v%, vz_z] and E, = Z/4lv1, v%, 02_2].

Then K, in (2.4)is E. /(v1) and 11/(2) =E,. Letx, = ng +... denote a cochain
in the cobar complex O%p ppvy !BP,[¢t,], which is defined in (5.3), and a;, for
each k& > 0 be the integer defined by

(2.8) ap =4 + 2e;, =ep.1+ e, for e, =(4F — 1)/3.
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We further introduce modules:
M = 2003 K. [03] & 202E.[v1(v3 /v3) @ 202 E.[x2](x,, /v )
& 20 E,[20, 1 1)(a2 U3%"),
L3, = 2E.[v}](v3/v1),
L) = E.lx3,)(x3, /) @ 2E.[x3 {3, /] : can < J < 2¢a1},
L} = E.[xZ, W% 1 /07%) ® 2E.[x2y 1 {oon1/V) < 2000 < J < conin + 2},
L} = Eulagy 1oy /o7 )
2E*[x3k+1]{x§k+1/v{ DCopi1 T 2 < j < 2cop41 + 6},
L} = E.[x3, o (oo /0™ ) 2B, (23, oW ton 2/v] : 2eap41 + 6 < j < Copsa}.

Here, the integers ¢, are defined by

(2.9) \
1-(-1)" 16% -1

cn =4"+3 x4 W, forn>0, &n)= # and e, = 615 ,

and [x] denotes the greatest integer that does not exceed x.

THEOREM (2.10). The zeroth line of the Es-term for . (LoM(2, c0)) is given
as follows:

E(LyM(2, ) = vy *E./E. & 2v2(v; 'E. /E.)
oMol o (Lie Lo Lo L)).
k>0

We prove this in the last section.

This result shows that the structure of Eg(LZM(Z, 00)) is far compli-
cated than that of Eg(LZH(l, 00)). The difficulty to compute the Es-term
EX(LyM(2, ) appears in the cokernel of the connecting homomorphism
8: EX(LoM(2, 00)) — E3(L2M(2, 1)), which involves py as in Proposition (6.2).

Let

M (0, 00) = lim M(k, o).

Then the Adams-Novikov Es-term Eg(LQH(oo, 00)) isisomorphic to (6’0®A(p2 )8
for s > 4 by [2], where

Co = vaus K. [V2, haol ® Alhay, hso, ha1).

This result yields the Es-terms E;(L2M(2, 00)) for s > 5 from the long exact
sequence

ES N (LyM(oo, 50)) —-> B~ MLy M(c0, 00)) ——> EY(LoM (2, 50))

1/4 J— _
— L B(LyM(oo, 00) —= ES(LyM(o0, 50))

induced from the cofiber sequence LyM(2, c0) 1—/‘>1L2M(oo, 00) 4 LoM(c0, 00).
Indeed, the homomorphism 4 is trivial for s > 5.
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THEOREM (2.11). For s > 5, the s-th line of the Eo-term for m,(LsM(2, 00)) is
given as follows:

ES(LsM(2, 00)) = (Co @ Apg))* & 8'(Co ® Alpg)) ™).

Here the summand & ((CNO ®@A(p2))*~1) denotes the &'-image, which is isomorphic
to (Co @ Alpg))*~ L.

By definition, we have a cofiber sequence
(2.12) M©Q) — v M(2) — M(2, )

which induces the long exact sequence

E ' M(2) — E5 N(LoM(2, 00)) —

ES(LyM(2)
—— E3(v; 'M(2)) —— E3(LyM(2, c0)).

We notice that & is an isomorphism if s > 2, since Ej(v; M(©2)=0ifs > 1by
Proposition (4.1). Now Theorems (2.10), (2.11) and Proposition (4.1) imply the
following:

THEOREM (2.13). The Es-term for 7, (LoT(1) A M(2)) is as follows:

E(LoM(2) = Z/4lv1, v3] @ 2027 /2[v1, V3],
EX(LoM(2) = Z/4[v1, v3]/(03°, v5°) @ 2097/ 2[v1, v31/ (057, v5°)

@6(M@Lil@@(L?e@L}e@L%@Lz)),
k>0

EY(LoM(2) = 5 ((évo ® A(pz))81> @ 85’ ((évo ® A(pz))”) for s > 6.
Here 8(X) denotes the 5-image of X that is isomorphic to X.
Recall [2] the module
Co = vavsK, [v3] © A(hgo, ha1, h3o, ha1) @ vovsh2, K. [us] ® A(hso, ha1).

Then we showed in [2] that this is the submodule of the Adams-Novikov E -
term consisting of the survivors of the summand Cj of the Es-term, and is also a
submodule of 7, (Le M (00, c0)). We also showed in [2] that the Adams-Novikov
differential acts trivially on the other summands of the Ez-term.

COROLLARY (2.14). The Adams-Novikov E..-term for the homotopy groups
(Lo M(2)) contains the subgroups isomorphic to

SMaL) e@ (Lo Lo Lo L)) o3Co® Alp) ®32Co Alpy).
k>0

Here 3. denotes a shift of dimension.
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3. The change of rings theorem and the relations in %(2)

Let BP and BP(n) denote the Brown-Peterson ring spectrum and the
unlocalized Johnson-Wilson spectrum, respectively. Then, BP gives rise to the
Hopf algebroid (A, I') = (BP,, BP.BP) = (Zg)lv1, v, ...], BP.[t1,ts,...]) and
BP(n), = Zw)lvi, vy, ...,v,] C BP,. Since BP(3) is a BP-module spectrum,
ve € BP, yields the self map vy : BP(3) — BP(3). Let F(2) denote the spectrum
v, 'BP(3). Then, F(2), = 7.(F(2)) = Zglv1, v, vy %, v3] and F(2),(F(2)) =
F(2), 4T ®4 F(2).. The Hopf algebroid structure of (A, I') defines the one on
(B,2) = (F(2),, F(2),(F(2))). Consider the Hopf algebroid (E(2),, E(2),E(2))
associated to the localized Johnson-Wilson spectrum E(2) = v, 'BP(2). In
[1], Hovey and Sadofsky showed the change of rings theorem: Extj(A, M)
= Extyo) e (EQ2)., E2), ®4 M) for a ve-local I'-comodule M. In the same
manner as the “first proof” of it, the equivalence F(2) =/, SkvlIE(2) yields
the isomorphism Ext3(B, B M) = Extyg) pe)(E(2)., E(2), ©4 M), and then,
we have an isomorphism

Extr(A, M) = Ext3(B, B®4 M)

for a ve-local I'-comodule M. Indeed, F(2)- and E(2)-Adams resolutions of a
spectrum X induce the same spectral sequence, and so the Es-terms agree.

Consider I'(2) = I'/(t1) = Alfg, t3,...]. Then the pair (A, I'(2)) is a Hopf
algebroid induced from (A, I') under the projection I' — I'(2). Since BP,(T(1)) =
Alt1], we have F(2),.(T(1)) = Bl¢1], which is expressed as a cotensor product
(3.1) Bl#1] = BOy)%

for 2(2) = B®4 I'(2) ®4 B. Here (B, 2(2)) is a Hopf algebroid induced from
(A, T'(2)). Write H*M as Exts 9)(B, M) for a 3(2)-comodule M, and H*(M © 4 B)
for a I'-comodule M is isomorphic to
Extj(A, v;lM ®4 Alt1]) = Ext3(B, M ®4 Blt1]) = Ext3 (B, M ®4 B)
(=H"(M ®4 B)),

where the second equality follows from (3.1) by the change of rings theorem
[6], A1.3.13. In this paper, we employ the same method introduced in [4] to
compute H*B/(4), which is isomorphic to the Ez-term Ext}(A, vy LA[#4] /(4)).
For this sake, we introduce the %(2)-comodules M2(2) and M1(2):

Definition (3.2). M. S (2) = B/(4,v1) and M. 11(2) is the cokernel of the inclusion
B/(4) — v 'B/(4).

Note that the modules in the exact sequence (1.3) are:
(3.3) E;(LsM(2,1)) = H*MJ(2) and E;(LyM(2, c0)) = H*M{(2).
We study the module H*B/(4) by the long exact sequence

H* ' 'B/(4) — H* 'M}X2) > H*B/(4) — H%j'B/(4) — H*M}(2)

associated to the short exact sequence 0 — B/(4) — v;'B/(4) — M}(2) — 0.
We will determine H*v;'B/(4) in Proposition (4.1). We compute H*M{(2)

by the vi-Bockstein spectral sequence associated to the short exact sequence

0 — M2) Loy M}i2) 2 ML(2) — 0 of 3(2)-comodules. For computing
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the Bockstein spectral sequence, we set up formulas on the structure map
ng: B — 2(2) of the Hopf algebroid 3(2) and some relations in 3(2).

We begin with the behavior of the right unit ng: A — I'(2) = Al#s, t3,...].
Here, v;’s are the Hazewinkel generators of A defined by

i-1
(3.4) v; =2m; — Z mkv?fk € 271A = Qlmy, my, ...1
k=1

under the inclusion A — 27'A. The unit map i: S° — BP induces the
right unit ng = G A 1),: A = 7.(BP) — I' — I'(2), and then its localization
nr: 27 1A — 271I'(2), whose action is given by the Quillen formulas

(3.5) nrm) =Y myt?,.
k=0

With a routine computation with the formulas (3.4) and (3.5), we see that

LEMMA (3.6). On the generators v; for 0 < i < 6, ng: A — I'(2) acts as
follows:

nr(1) = vy,
Mr(vg) = vg + 2fy,
nr(vs) = v3 + v1t5 — Vits + 2(t3 — v1Vats — U1ED),
Nr(Us) = vy + Usth + Ugta + V185 + Vivs(ds + vits) + vE3 + vits + vit5 mod (2),
Nr(s) = s + vsts + vate + vats + v5ts 4 v1£2 + v1c(4)
+ v1V8t3 + vivavits mod (2,03) and
Nr(V6) = V6 + Vats® + tamr(va)* + vsth + Vi3 + vat}

+ U%6t4 + vgc(4)? + v%7t§ mod (2, v1).

Here

2c(4) = nrWd) — V3 + vaLS + vSt2 + v3t3) mod (4, v7).

Since nr(v;) = 0in 2(2)ifi > 4, we obtain relations in 2(2) from Lemma (3.6):
3.7
Uots = Usta + v1t2 + v3usts + viusty + v8ts + vits + vits mod (2),

Uots = USts + vsts + vity + v1t3 + vic(4) + v1VStE + vivevits mod (2,03) and

vgti = v%6t4 + vgtg + v§t3 + vgc(4)? + 0%715‘21 mod (2, v1).

By the first relation of (3.7), we see that c(4) = v3t5 + v1£3(vat] + vits) = v3ES
mod (2,v?), and so v, c(4) + vy %2 = vy 85 + vy %t = viv, Ctat? mod (2, V).
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Then
(3.8)
Uots = USt3 + vstS + vte 4 v1t2 + V3Lt + vov3ts) mod (2, v3)

vt + vSusts + vits 4+ vits + V3V, 2usth + vitat? + vavits) mod (2,v3)

= vgt3 + vgv3t§ + U§t2 + Ulti

+ 02 (vg(vgtg + U3Usts + v, PUsts) + vitats + v%v%tg) mod (2, v}) and

Vot = v3°ta + vst3 + USts mod (2,v1)

= vty + vi*ustl + vits + viPvite + vy 20dtE mod (2, vy).

4. The homotopy groups W*(Ul_lT(]_) A M(2)) and 7.(LsM(2, 1))

Note that T'(1) A M(2) = M(2). The Adams-Novikov Es-term Ej(v; ' M(2))
is isomorphic to Extf,)(BP,, vy 1BP, /(4)) by the change of rings theorem [6,
A1.3.13], since v; *BP,[t11/(4) = v; 'BP, /(4)OpgT.

PROPOSITION (4.1). The Adams-Novikov Eo-term for mw,(v] 1M(2)) is isomor-
phic to

E5(v; "M(2)) = Z/4[v}", 3] ® Awzhao) ® 2057/ 2[v1 ", v3] @ hooZ/2lv7 ™, U],

Furthermore, this is isomorphic to the homotopy groups m,(v] M2)).

Proof. In [6, 6.5.6], it is shown that E;(vflﬂ(l)) = K(1).[ve] ® A(hg) for
K1), = 7Z/2[vy, vy 11. Consider the long exact sequence

E3 (07 'M(1) —2> E3(v7 'M(2)) — B3y M(1) —> E w7 ' M(1)

of the Adams-Novikov Eq-terms associated to the cofiber sequence (2.2). We
make a computation in the cobar complex O, v, 1BP, /(4) (cf [6,A1.2.11]), and
see that the action of the connecting homomorphism & is obtained from the only
relation 5(vg) = hgg, which is verified by the equality ng(vs) = v + 2t9 in I'(2)
in Lemma (3.6). Now the Es-term is obtained from the above exact sequence.

Since the Eo-term has the horizontal vanishing line s = 2, the spectral
sequence collapses from the Es-term, and the extension is trivial. O

We turn to the homotopy groups m.(LsM(2, 1)). The cofiber sequence (2.1)
induces the long exact sequence

E3(LyM(1, 1) -2 E3(LyM(2, 1) — E3(LyM(1, 1) - E3* (Lo M(1, 1).

LEMMA (4.2). The connecting homomorphism & acts as follows:

8(v2) = hao,
8(v3) = hso,
8(ha1) = h3y,
and 8(h31) = hZy = (hg1 + vahoo)hsy + vav3haoha;.

Here, we set v3 = 1.
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Proof. This follows immediately from Lemma (3.6). The last equality is
given in [3]. O

We consider the elements

ho1 = ho1 +veheo and ks = ha1 + vshso.
Then Lemma (4.2) implies the following:
LEMMA (4.3). The connecting homomorphism 6 acts trivially on the elements

hso, ha1, hso and ha.

Proof of Theorem (2.5). The connecting homomorphism § acts as 6(weC) =
hz()C, 6(F) = 0, 8(U3F) = h30F and 3(1)3h3()F0) = U3h30%21F0. The last
correspondence follows from 8(vshso) = ha1(hs1 +vav2ha +vshso) = vshsoha1 +
---. Here, the correspondence is written as the leading term. O

Proof of Theorem (2.6). The Adams-Novikov differential on E*(LoM(1, 1))
is shown in [3] to act as follows:
0 t=0,1,
d3(wsix) =  vdvdsxhd, t=2
vvssTlahd, t=3

for x € K(2),[hoo] ® A(hgy, hso, hs1, p2). O

5. The elements x,, g,, R, and X,, and relations between them

In order to define generators of the cohomology H*M1(2) of the comodule
M1(2) in Definition (3.2), we introduce some elements in this section.

First we redefine the elements x,, which are used to give generators of
H*M} = E3(LsM(1, 00)) in [7], and then observe the behavior of them under

the differential d = ng — n: B — X(2) of the cobar complex (5, B.

LEMMA (5.1). Put x = v} + v3vSvs € B. Then d(x) = vév, %g mod (2) in (2).
Here
g = t5 + 1Ty + v8v3t3 + v10S + vats) + vitts + vibth € 3(2)
for Ty = vSts + V10385,

Proof. This follows from the computation

d(v3) = vits 4 vi®5 mod (2)
= viv, 2(W§t3 + vits + vivdes + v8ed) + vi%tS + vitE + vid¥e))
+ 01543 mod (2) by (3.7), and
dW3vsvs) = v3vS(v1£2 + vitz) mod (2). O

Hereafter, we put v = 1 for the sake of simplicity. In fact, we consider
7./4-module structure, and v3 is invariant mod (4) by Lemma (3.6). Therefore,
v2 plays only a role adjusting the internal degrees, since every congruence is
homogeneous.
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LEMMA (5.2). There is an element y of B such that

d(y) = vi%* + vi2xg + vi*r* + v1% mod (2,v17) € 2(2)

for r =t% 4ty and r’ = v3t§ + V82,

Proof. Put y’ = x? + vjvav? + vHv] + vidvs + viBvevll, and we have d(y) =
VI, + v1Bust2 + vite] + vi8( + t2t4 + vsta) mod (2, v17). Indeed, it is the sum
of the following congruences mod (2, vi"):

d(x?) = v12(t§ + V33 + vivstd)
= 022 + vty + v§t2 + Vi) + vivits + vitkth + vitd),
dWvav?) = vilvgts = vilty + v112 + vivsts + Viusty),
dwivd) = vI2§ (3 + vity) = VI2V8(E2 + Vi (vats + vitd)),
dwlvz) = vi*2 and
dWvev3?) = viPverits,

in which we use relations in (3.7).

We now put y =y + vix + v8vl8 + vJvs + v}2v2°, and compute mod (2, v1?),

d(y') = v1'Ty + vi’vsts + vi*ty + vi%(r + 585 + vsto),
d(ix) = v}%(th + v1Te) = vi%t38 + Vit + Vit + vt} +viTy)
= 0018 + vd(t21 + v3ed + vivdts) + Vit + vt + uiTh),
d@8vi®) = vi%1%t5 + vitvifeZ,
dwivl) = vi%ie2 + vBBvity + viPustd + v1*l® and
dit2®) = vi®vi®§ = vi%vi®3
to obtain
d(y) = 3%t + vied) + vI2vd(ts + vits + VR2tY) + VI ES + 1))
+ vious(ts + vits) + vi6
=vi%* + viPxg + vi*rt + 0l
Here we use relations v}3vstZ + vi3vsts = vivsts and vi®t3ts + v}4el0 = vited,
and notice that x = v§ + vivs and g* = £1¢ + v}£3 mod (2, v9). O
We now define elements x;, € B for £ > 0 inductively by
(5.3) xo=vs, x1=x=vs+0lv3 and xp.q=x}+ v‘fk“*mx“ek*ly
for the integers a, and e, in (2.8), and consider elements g, € 2(2) satisfying
(5.4) gi=g and dx*1y)= v%ogﬁ +vi%g,.1 mod (2) for k> 0.
Note that g, is a well-defined element if we consider it modulo (2).

LEMMA (5.5). For k> 0,
d(xp) = vi* g, mod (2).
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Proof. This is verified inductively by definition. Indeed, d(x;,1) = d(xz) +

vit Pdtey) = v gl + ot P 0i%; + vP’grin) mod (2), and ayy, =
4a; + 2. O

LEMMA (5.6). For k> 1,
gr = x%1g + vix* 27t mod (2,v3).
Here r = t2 + t4 as above.

Proof. For k = 2, it follows from Lemma (5.2) and (5.4). Suppose that the
lemma holds for £ > 1. Then, Lemma (5.2) and the definition (5.4) show that

g = daeory) + ollg = ¥l 4 ofag 4ol + ol g
= v%zxekg + v%“x“ek*lr4 mod (2, 0%5).
Since v; acts monomorphically on the cobar complex, we obtain the lemma. [
We introduce an element R, € 3(2) satisfying
(5.7) VR, = gni1 + %28, mod (2)
for n > 0. Note also that R,, is well-defined modulo (2).

LEMMA (5.8). Ry =r*+v?r’ mod (2,v3) and Ry = R} mod (2,v8). For k> 1,
there is a cochain wy, such that

dwy) = v P (RE + Ryyp) mod (2, P71,

Proof. The congruences on R; and Ry follow from (5.7), (5.3) and (5.4).
Indeed, vi*R; = vi%ge + vi%x181 = d(y) + vi%* + vi%?xg mod (2) , which
is congruent to v}*r* + vi’ mod (2,vl") by Lemma (5.2). Thus, the first

congruence follows. For the second congruence, we compute

d(x*y) = vi%% + vi%gs mod (2)

= vl%xtgl + VR + vi(xog2 + VS R2) mod (2)
= x1(0}%7 + vige) + V¥ (R + Rp) mod (2, v3°)
= x{d(y) + v1*(R} + Rp) mod (2, v3%),

and obtain vi8(R} + Ry) = 0 mod (2, v?*), since d(x*y) = x}d(y) mod (2, v3*).
By (5.4) and Lemma (5.5), we see that

d(x*y) = vi%gp 1 + vi®gri2 mod (2),
d(x%x‘lek*ly) = viox%gz + U%Qxigkﬂ mod (2, v‘llak).
Put wy, = x¢y + xfx*-1y. Then,
dwy) = v1%gh, 1 + x4ge) + ViX(grs2 + Xhgre1) mod (2, V1)
= U}0+4Ek+4Ri + U}2+ekA1+1Rk+1 mod (2’ vﬁllak)

by (5.7). The last congruence now follows from the relations 10 + 4e, + 4 =
12 + e;.1 + 1 and 4ap, = a1 — 2. O

We have homologous relations between R, ’s:
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LEMMA (5.9). There are elements u,, and u,, for n > 0 such that
dup) = U%O(R% + R; + xlg%) mod (2, 0}2), and
du,) = viOX4n71(R,2L +R, + v‘fe”‘lxng,zl + 08" 'x,8,) mod (2, v3*4")
for n > 1; and
d(uy) = V7Y (Ryi1 + B2 + 02 a2 g1 + 01" 2282 mod (2, v5* ")
for n > 0.

— pi32 32,/ 4 8yl 4 1111 | 9,37
Proof. Put u; = vivy“x +v3%y’ + vjvs® + vy vg +vjvy’. Then we compute

dWivdx) = vi%32(ts + v1Te) mod (2,v7®),
dW3?y") = v Ty + vi3vst? + vt} + Vi + 3¢5 + vstx)) mod (2, v17),
d@¥vi*) = vdwh + vt @2 + v3t5) — v8vl* mod (2, v}%)

vi%32%3 + vi20l%8  mod (2, v1*)

= v}%3%5 + v1%vi%2  mod (2, vi*) by (3.7),

ditvl!) = o8 2 + vits) (s + vit2) — vilvd! mod (2, v1h)

= v1202%2 + v}3V3ts mod (2,v1*) and

d(v?v§7) = v?vgz(vg + v‘ftg)(vg + vltg + v‘lltg) — v?v§7 mod (2, 0%4)
= v}%3%43 + v, + v333) mod (2, v1?)
= %388 + vitd) + V133t + v33£5) mod (2, v1*) by (3.7)
and obtain
dup) = U%O(vgzté + v%ztg + v§6tg) + v%zvgﬁ(tg + v1te) + v}3v2vgt2 mod (2, v%‘*).

Here, we have the relation 0 = r® + r* + v§t§ + v3%¢4 + vi%¢3 + v3543 mod (2, v}).
Indeed, we compute

rPart=S 8+ vt = i+t
= t5 + st + v3%th + vl + v3%tS 4 5 mod (2, v))
by the relation in (3.8). It follows that d(u1) = vi°(r8 + r + vitd) mod (2, v{?).

Notice that Ry = r* mod (2, v) by Lemma (5.8), v5 = x; mod (2, v$) by (5.3) and
g1 = t§ mod (2, v1) by (5.4) and Lemma (5.1), and we obtain

d(uy) = vI%R2 + Ry + x182) mod (2, v12).
We now turn to the case for n = 2. Square the above congruence, and we have
dw?) = v¥%R} + R? + x2g}) mod (2, v2*).
By Lemmas (5.1) and (5.2),
di°sty) = v’xi(gf + vige) + viygf mod (2, v7Y),

where x = x1 and g = g1 by (5.3) and (5.4). Put v} = u? +v}%?y. Since y = x?
mod (2, v?) by the definition in Lemma (5.2), we obtain

dw!) = v (R} + R? + v2x2gy + 1v2x2g%) mod (2, v2*),
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whence v} = viw; +uf satisfies the lemma for n = 1 by Lemma (5.8). Suppose
that
d@)) = V> (Ryi1 + R2 + 0% x2g, 1 + 02" '22g2) mod (2, 0v5%4"),

Squaring this,
d(u’ 2) — U10x4"(R72L+1 +R4+U4e" ngn+1 +U<11an 1 xig 4) mod (2, v3><4”“).

The elements x?, g and R* are homologous to x, 1, vlgnH and R, 1 by (5.3),
(5.4) and Lemma (5.8), respectively. We define u,, ;1 to be the sum of uilz and the
elements that give these homologous relations, and we obtain the congruence
on d(u,1). Here we notice that a,, = 4a,_1 + 2.

Squaring the congruence on d(u,, 1), we have

_ 5x4”+1 4 8e, 2a, 6x4mt1
d(un+1) (R, 1+ Rn+1 +utx n+1gn+1 +urtx n+1gn+1) mod (2, v; ).
We also have

5x4™14+8e,—10 z 4 _  b5x4"lyg 6x 41
d(v nm10x2  xteny) =0f rx2 (gri 1+ Vignie) mod (2,057 ).

Since 8e,, +2 = 2en+1, we put

5x4" e, 5—13
Upi1 = un+1 +U; i

and obtain the congruence on d(u;_ ;) by Lemma (5.8). ThlS completes the

5x4"+1+8 —10 2 4
Wn+1 + U7 on +1X eny

induction. O
We also consider the elements x,; = 2x, + 034" xzfl and x/ ; = 2x2 +
10x4"" 4
V1 Xp—1-

LEmMMA (5.10). Forn > 1,
d(x,1) = 207" R,y (= 2074 R, )
mOd (4 U2><4 +ep—_1— 1) (4 U7><4”71+en—1)
- > Y1 >
d(xnl)_ 2an+2en 1+2R2 (= 2v14x4"*1 2 )

n—1
mod (4 U]_ +2€n 1— 2) _ (4’ 14 x4 +2€,,—2).

Proof. These follow from the computation:

d(2x,) = 207 g, = 20" %, 18,1 + 207" 'R, mod (4),
d(U5><4” 1 2 )_ 5><4 a1

Xn—18n-1
mod (4, U?x4 14 2a,_ Y= (4,v 2><4 ten_1— 1)’
d(222) = 202 g2 = 20252 g2 | + 207 20,120, "2R2 | mod (4),
d(vlox‘l" 1 4 D=2 10><4” 14 2a, 1 ?L 1gn .
mod (4 U}Ox4 1i4a,_ 1)7(4 4 142, 1— 2)

O

Note that d(x2) = 2v{"x,g, mod (4, 02"") ande,+1+2x4"1=2a, 1+2.
Then the above two lemmas imply the following:
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— 1-10x4"" ! 2, 1+1
LEMMA (5.11). Put @, = 20770 gy 4 a,000 + 07 w2 and
— 2 +2e,+2—5x4" 2en0+2a, _1+2
u, = 2yt Uy, + x4, +vy "xt. Then,

_ 1 dey 24y 142
d(@,) = 207 Y RE 4 v x,82) mod (4, Vi) and

N o 2an 142,42 2 Vet 1+ +2
d(@,) = 27" (RnH—i—vle"x,%gnH)mod (4, vy ")

for n > 0.
LEMMA (5.12). There exist elements u, and u,, such that

» n—2 2a,_1+2
d(i,) = 209N R2 4 o84 xS R2 ) mod (4, o] PR forn > 2,

~ 2 2ep,+2 n—1 2 2
d@,) = 207" A (Ry 1 + 0P X2 R,—1) mod (4, v1™ ) forn > 2.

~ w1260 —2a,
Proof. For n > 2, put &, = @, + v{" "7 *"2x8 4? . and the first one
follows from

— N +e,+1 4e,_
d@,) = 207N RE v x,g2)
_ o, ani1ten+1l, p2 de,_1.6 92 2 2e,_2+2 2
= ZUInJrl " (Rn + Uy " 1‘xnfl(xn72gn72 + Uy " Rnf2))
+2e,+2e, 142 +2e,—2a,_
mod (4, v‘ll"+1 en TSRy d(v(ll'”1 en2n Zxﬁ—lx:t—z)

= 2v¢11n+1+2en xG

api1+2en+2a,
n71x372g12172 mod (4, vy" ).

Here, note that 2a,_1 = 2e, + 2,1 =€, + 2 x 4" 1 — 1.
In a similar way, the second congruence follows from
d(@,) = 203 ARy + v at g, 1)
= 20 PRy + 03 (181 V7T Ru_))

2 5e,+3 2 +4e,+2—a,
mod (4’ Ulan+1+ e+ )’ d(vlanu en an 1xix3_1)

2 de,+2 20y 1-+4en+2+an—
= 2vlan+1+ en+ xixnflgnfl mod (4, vlan+1 €, Qan 1).
We also notice that a,, — 1 = 5e, = 2¢,, + 4" — 1. O

In the same manner as x,,; and x,, ;, we consider

4 20n-1—2an_9 9 4 / 2 An—0p—1 2
Yn1=%,_1+ Uy " " Xpn-1%Xn—2 and Yn1 = Xy + vln " XnXp_1-

LEMMA (5.13).
d(yn1) = 2U§an_1+2en_z+2xrzl_erzl_2 (= 2v%4X4n72x,2L_1R3_2)

mod (4, v} %) forn > 2,

n—1
dy,,) = 2v‘11”+e”‘1+1ann_1 (= 207* x,R,_1) mod (4, v{" ") for n > 1.
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Proof. These follow from

dxt_ ) =207""22_ g2 | mod (4, vla”’l)

2 2 +2 -
= 2v] (X8 gty 1e" : _9) mod (4, vlan Y,
2 —2 —1+28,-
d( 1T 2xr21 lxn 2) = 2Ul " lxrzz lxn an 2 mod (4’ Ulan e 2); and

d(x?) = 209" x,g, mod (4, v>™)
= 2] %, (X _18n—1 + V] 1R ) mod (4, 3,
A" axk_ 1) = 209 %, X, 18,1 mod (4, V7).
O
LEmMMA (5.14). d(x2_)) = 205" g, + 207* 'R, 1 mod (4,0}) for n > 2
and d(x}_)) = 207 g2 + 20*' R2_, mod (4, v;"" ") for n. > 2.

Proof. These follow from Lemma (5.5) and the definition (5.7). O

Let b, 1, for n, £ > 0 be integers defined by
(5.15) by =4" +3 x 47723, | 9 42k
and consider the elements
[51-1

nk  B3€k—1 =1
Xn = %n1 + E:Ul Xy ok 2Un—2k

[5 ] 1
/ 2b,, 1 6€k 1o
X, = xnl + Z U1 " X, _oproUn—2k+1;

5.16
(5.16) [n_l] )

Y, =Yn1+ § Uy " Xy 1%, _ 2k+1un 2k>

[g]—l
r bn, 3ep—1  ~
Y, =1+ Z Uy XnX, _opioln—2k
k=1
where integers [x] and e, are those given in (2.9).

LEMMA (5.17). The elementsin (5.16) satisfy X, = 2xn, X}, = 2x2, Y, = «?
and Y, = x2 mod (4,1v2), and

-1

l -1 n 41+b(n)
d(X,) = 2v§" x2 H(n) R1+a(n) mod (4, v§"* )

d(X,) = 2% x, £ R2, . mod (4, v2 AT,

2+£(n)
26112 Ge[”’l 2¢,_1+2x 41+ =D
d(Yy) = 207" x 1%y, 0 1)R Tre(n_1) mod (4, v] ) and

3 1+&(n)
d(Y}) = 205 %,y o0 Ras oy mod (4, 084

for integers [x], c,, e(n) and e, in (2.9).
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Proof. Note that the integers b, ;, in (5.15) satisfy
bhi=a,+e,—1—2a,-1—2¢,_9—1 and
b1 = bn + 205 gpi1+ 265 op + 3 x 4" —2a, 9y 1 — 2e,_9p_s;

2b,1 =2a, +2e,-1—0a, —e,—1+1 and

4n72k71

2bn,k+1 = an,k +an_gri2 +€n2ri1+ 6 x —Qp—2F — €n—2k—1-

Indeed, a, +e,_1 =7 x 4" 1 - 1.
The differentials on the elements in (5.16) then follow immediately from
Lemmas (5.10), (5.12) and (5.13) as follows:

d(X )_ an+en 1+1Rn—1
[§1-1

nk . 3€k—1 2an_2ki1+2en gpt2 3x4n—2k-1
E :U1 X, “on2(207 (Rp—gp11 + U7

3
xnfszn—Zk—l))

bnl 11— 1+203 o) +2e0. o0 +2+3x 4 g0, cn+41+s<n)

=2v, * Xy +€(,;) Ry oy mod (4,v

d(X.) = PR

[g1-1
2by, 1 Gek 1 - ok2ten—opi1+1 6x4n—2k—1 g 2
+ZU X, op12(201 (R:_ 2k+1+v1 Xp_opBy_op—1))

i

2b,,[ ny_ 1+a4+€n)+€3+g(n)+1+6x41+5(7ﬂ 6e[ -1 20n+2><41+a(n))

=2v, X\ om) R, mod (4,v ,
d(Yn) 2v2an 1+2e,_2+2 2 1R
[n—l] 1 B
+ Z v2bn Lk rZL 1xiekzéJrl(2vtlln72k+1+en72k+1(R2 op +U ({’x4" Zk— ng 2k—1Rr2172k72))
26 =l +03 46— 1) €21 e(n— 1)+ 1HEXx 45T Ge[L _
=2, " 7 ARE NN

2 +2X41+E(n 1)
mod (4, v;"™" ),

d(Y’) — an+en 1+1ann_1

[21-1
34"~ 2k— 1

§ : b,k 3ep_1 20, —gk+112€n 2k +2
+ Uy xnxn,2k+2(2vl " (Rn 2k+1+U1 Xy — gkRn 2k— 1))

By (11205 o) +2e0 4 ey +2+3x 41T 3211 Lte(n)
_ 8 & e cnt+4
=2, ? XnXo, 2y Riten) mod (4, v7" ).

Note that 2[§] = n — &(n) by definition (2.9), and we obtain the lemma. O

LEMMA (5.18). There exists an element X3 such that d(x) = 20582 + 2UZR1 +
20Tv9U3t 91 +20]veuSts mod (4, V9) for r = t4+15 in Lemma (5.2) and ta1 = t2+vats.

Proof. Mod (4, v§)

ZU?gz = 2U?(t3 + U3t2 + U3t2 + U1t4 + U%t%),

d(203v903) = 2uivats,



224 IPPEI ICHIGI, KATSUMI SHIMOMURA, AND XTANGJUN WANG

d(v‘llv2) = 2U‘11t2,
dW3vy) = 203v3t5 + vits,
d(2uivd) = 2050842,
d(2uvex1) = 20?020‘% + v1it9)
= 208(¢3 + vsth + Vit + v1t3 + vivats) by (3.7),
d(2v3v2) = 201t3,
d(3v8vs) = 2083 + 3vltZ,
dWSvev}) = 208v3t,.
The sum of these congruences with (3.7) shows the existence of an element "
such that 205g% + d(x") = 2v7r? mod (4, v}). We further compute mod (4, v}),
20317 = 2088 + V3% + vid)
= 203(¢ + v3ts + v§E3” + v3’ts + v3®t3) by (3.7),
d(2viv}) = 20306t
d(v2°) = 203vi8t3,
d(209018) = 20200213,

d3vvi®) = 20301%%,.
These with (3.7) also imply the existence of an element y’ such that
20582 + d(x') = 2vTr* + 20Tv3ts  mod (4, v3).
The congruences
2uits = 2uov2(t3 + vstS + vits) and
d(vav3) = 2uqv3t3 + 203ty

show that 2v2¢3 is homologous to 2v5v3fs1 + 2v905ts. Since r* = Ry by Lemma
(5.8), we obtain the lemma. O

LEMMA (5.19). There exists an element x such that d(x) = 2v3x182 + 20308t
mod (4, v}) for 21 in Lemma (5.18).

Proof. Note that ¢3 = vots + v12t2 mod (2, v%). Then the lemma follows as
the sum of the congruences:
2v§’x1gf = 2v§x1(t§ + v%té + vgtg),
d(2v2x1v§) = ZU%vgxlt‘zl,
d(v%vgxl) = ZU%xltg,
d(2v3x109) = 2v3x108t2,

d(2v%x103) = 2v3x V382, O
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6. The action of the connecting homomorphism
In this section, we determine Ej(L2M(2, 00)) = H*M{(2) by observing the
long exact sequence (1.3) (see also (3.3)) by the method using [4, Remark 3.11]:

LEMMA (6.1). Suppose that a submodule D* of H*M}(2) fits in the exact
sequence

1/U1 U1

H1M}2) >~ H*M)(2) D Ds —= H 1 MY(2).

Then, H*M}(2) =

We read off the zeroth and the first lines of the Es-term Eg(LQM(Z, 1) =
H*MJ(2) from Theorem (2.5) and (3.3):
HOM3(2) = 205 K..[u3] ® Alvs) ® 2v3K.[v3] © Z/4lv, %, v3]  and
H'M3(2) = 2v2K..[05] ® Aws){hao, ha1, hso, i, pa} & haoK.[v5] @ Alvs)
@ 203K, [U51{ a1, k1, pa} & hsoK.[V3]
@ 2vsh3o K. [v3] © Z/4[vs?, vil{ha1, ha1, p2}-

PROPOSITION (6.2). For the generators of H°M{(2), we see the behavior of
the connecting homomorphism:

820202 Jv1) = 20903 hay,
8202052 Jv? + vaud! Jv1) = 2v§t+1h3o + 203 hay,
82092+ Ju® ) — 2ty Vhyy + 2x203" g,
8(2ugx i+ 2 fy2en) = 2vgx4tv3e” Yha + 2v2x4t Sen—1tly o
8203 Ju1) = 20905 hao + 208 hay;
352 Ju1) = 20905 L hog + 208 hay,
82032 /v?) = 205" hay,
BWIH /u2) = 208 2oy,
8(2x2+1 1v8) = 20908 Ry,
8(x 72 /u}) = 20903 P hyy,
8(2x4112 Jul*) = 2x(pa + vav3hoy + vavShay),
(x5 "t Jur*) = 245 (pg + vav3har + vav§hao),
8(2x5 T JuP*) = 2v9x ;M e v3(Ushay + Vihe) k> 1,
5(304"‘+2 JUi*) = 2v9x 42k H4+ D38 vi(vghar + Vihey) k> 1,
8(2xt2 fpemy = SRR, k> 1,

2 42k (8¢42)+6e, 7
St o) = 2vy PRy k> 1,
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+2 2% 42438, T
8(2x35 L Vi) = 2ua7 Y M (wghgy + v3hao) k> 1,

2 4%k (444 1)+38, . T
8(96;2121/ 02k+1+ 2v2x1 @+ ek(U3h21 + U§h20) k Z ]_,

4142 /. 2c +6 42+ 111 8¢, 37 6
5(2.762};1/1) 2k le k(pg + vaUsho1 + UaUshey) k> 1,

29,146 42281 9)16e),_ -
6(x2t+1 Uy 21Ty = 2x1 k Y(p2 + Ugvghzl + Ugvghz()) k> 1

Proof. Throughout this proof, we use the relations in (3.7) freely. The first
and the second equalities follow from

d(2v903 ™ v} + v9v¥ Ju1) = 20903t Jv1 + 20 ts/v1  and
d(2v905" 2 Ju + vav§! JU3) = 20905't5 /U + 205ty /U3
= 2u8'42 vy
Turn to the third equality. Suppose first that n = 1. Since
d(2vex? ™ /v}) = 2u9x% g1 JU = 209xY(t] + vita) /U2
= 2x%(¢3 + vsth + Vit + v1E9) /U3 + 209x%'ty Uy,
d(x?'vg /v?) = 2x%t5 v? + X212 Juy + 2063 (gty + t2) JU1,
d(3x%v3 Jvd) = 2x%vst3 /vt + 3xt5 Jvy,
d(ox?'v} Jv?) = 2x3 V5t U3,
we obtain d(2vx? ™ /v8+- ) = 22242 Jv1 + 242 Jv1+ 252 (Vata+12) Jv1 + a2t U1
Put #p; = 3 + t4 + 22 + 2usts + 2v0t5 and recall 75 in Lemma (5.18). Then,
3to1 — ?21 = 2t§ + 2v9t4 mod (4, v1), since Ng(vevy) = VoV + U%t4 — Uztg + 2oty +
Quats + 209t + 2v3t2 mod (4,v1) in I'(2). Thus, we see that %y, represents
3ha1 + 2p9. For n > 1, the equality follows similarly from the computation
d(202x2 1 031 2) = Qupx? g, V3 = 209x2 X7 (tS + vita) U3
= 20207 (3 + vsth + vate + v1t3) VT + 2v9x 2 a Eg fun,
d(x2 x5 g Jv3) = 202 x5 ey Ut + a2 xR U + 23 xS (gt + £3) /u1,
d(thx;” 208 U3) = 2x2 X Mgty JuT 4 X2 x Tty Jur + 2x2 a7 ey s,
d(ex 277105 Jv?) = 202 x5 vity JU2.
The fourth equality is verified by
d(2v2x4t+2/v2an+1) _ 2v2x4t 2/01 2v2x4tx§€n—1 2/U1 _ zvzxitxienqtg/vl
= Quoxix ”’1(t3 + vaty + vit3) vy,
d(vzx‘“xle” 1 2/1)1) _ 2x4t Zen 1 2t2/vl’
dQuax x>0 Ju}) = 2vgx4txfe” 0842 1.

The fifth and the sixth ones follow from d(2v%™/v2) = 20v2¢2/v; and

dws'?/v?) = 2uv5""t2/v1, respectively. The seventh and the eighth are
checked as
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d(2us+2 [v3) = 2v8'ts Juy = 208 (Eer + 13)/v1,
d2v§'™ jv?) = 20§'t3 /v1;  and
dW5 ™ /v3) = 20825 fuy,
d(2083 jv}) = 208242 ;.
The ninth and the tenth ones follow from the computation:
d(2x2H1 vl = 2x% g1 Jv1 = 22 (vat3 + Vovsts + vaUSER) /U1,
d(vex?vs /v1) = 2x%vsty Jv1 + 209x% L3 /U1,
d(2x2 3 /v?) = 2% 15 juy;  and
d(xP 2 /v]) = 24 gy Jug = 207 M (vats + vavats + vavits) /v1,
dWexitlus fv1) = 201 usty Jug + 209xi 5 vy,
d(2xi203 /v3) = 20725 oy,

in which Zng v3t2/vl + 2x tuste Ju1 = 2v2x1 vsto1/v1 and 2v2x4t+1vgt§/v1 +
2x1 ugts fv1 = 2v2x4t+1v3t21/v1. By Lemma (5.18),

A2tV [ol5) — 2t g o,
d(xfx/v8) = 2xit g2 Jv3 + 2xT(Ry + vavdtar + vauSts)/v1.
The element p; is represented by the cocycle r¢, and 7> = r* + s for s =
t3 = vo(ts + v3t2 + v3t2) Note that 2vet3 = 2v3ts up to homology. Then
o = [s] = vevshay + vzv3h20 It follows that
8(2x172 Jui*) = 2x1 pa + 20051 (W3 ha1 + Vshao).
In the same manner,
A o}) = 23 320,
d(x¥ x3x/v}) = 202 x3g? Jvd + 2x3 x%r? Jvy,
and we obtain
82ttt fui*) = 22872 py + 20008 2 (V3 hay + V§ha).
For n = 2k > 2, by Lemma (5.17), we compute
d(kaXZk/v””l 2x kaZ o 'Ry /vy,
d(2x2 x5 a3 fuld 4 .. ) = 252 x5 (Ry + vavidtar + vavits) /vs.
It follows that
8(2x5t 1 JuP) = 2v9x §X4
In the same way, for even n = 2k > 2,

nt1
d(x;ttY,;/Ui * ) = 2364215;1362 k= 1.Rl/l)l

243
“1v2(vshay + vahao).

with d(2x‘21§e+1xge" Yt fulP4.L) = 2x‘212+1xgek’1(R1 +voUsta1 +UgUSEs) /v1, and we
obtain
2k 2
8(x4t+2/vc2k) = Qu9x X, (4¢+1)+3ep_1 2(03h21 + v3h20)
For n = 2k > 2, by Lemmas (5.17), (56.9) and (5.19),
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d(x¥ X, 2oty = 2x§ g2 gy

4% =14 6g 42k=14 1 6,
d(x, 41X, vt = 2x2 1Ry Jus,
4% =14 6g k=1t 1 6e),_
d(2x, 1y Joll) = 2x ““Y(R? + Ry + x187)/v1,

4% 6e,_1— , 4 k=14 4 6ey_ —
d(x, X/ = 2x2 "Nx187 + vita1)/v1,
and we have
4442 . 2 42"“t+6’ T
8(2x + /Ulczk) g ekh21

For odd n = 2k + 1 > 3, by Lemmas (5.17), (5.9) and (5.19),

2 2, 1+1 8¢.+2 6ek1 2 o 4% TH842)468, 1 p2
dx,'Y, /vy =2x, 1%, Ri/v1 = 2x, Ri /vy,

42281 9)+6e),_ cot1 4?k=2(844-9)+68;,_
d(xy 'Xo/vPT) = 2%, 'Ry /vy,

2k—2 — 2k—2 —
d(2xg (8t+2)+6ek,1u1/v%1) _ szzl (8t+2)+6ek,1(R% + Rl + xlg%)/vb
2k—2 — 2k—2 — _
d(x; (8t+2)+69k,1)7/1)41;) _ 2x421 (8t+2)+6ek,1(x1g% + Ugt21)/U1-
It follows that

2+1 /. 2000y _ o A2F(8t+2)+68,7
8(x2k+1/v ) = 2U3 h21

Lemmas (5.17), (5.10) and (5.9) show the equalities

Cons1+3 2% 4724135, 4 3
d(x3), 1 Xop1 /v )—2x3 Ry /v3,

2x4%¥—2¢1 35 14x4+83 2><4 244 3¢, 2
d(x3 k—1 / /U X 4+ ) 3 k— 1R /Ul)
2x4%*=2¢1 3¢ 2><42k’2t+35 _
d(2x; = o) = 2x "(Ry + R} + vixigs)/v}

2% 4221 35,
=202 YRy 4 RE + vdugxi(ts + vath + vita) /v,
2k — 2k —
d(vaus xf“ t+3ek/U1) = 2fo4 t+3ek(v3t2 + Uztg)/vl,
which give rise to

¢ +2 o2x4%* 1438, T
6(2x§§;11 JUPHTE) = 2ugx] “t(vghg1 + Vahao).

Consider the odd case where n = 2k + 1.

. 3e,_ 422444 1)+ 3¢,
dxy, v t?) = 2 1 Ry Ju? = 2a, 1 Ry JU3,
4%k =2(4441)43e),_ 4% =2(4441)4-3¢),_
d(x3 (4t+1)+3e, 1xé)1/vi4><4+3) _ 2x3 (4t+1)+3ey, IR%/Ui
42k=2(444-1)+3¢;,_ 42k=2(4¢4 1)+ 35, _
d(2x4 g Juf?) = 2x; "Ry + R} + vixigs)/v}
42h=2(444 1)+ 3e;,_
= 2x,4 ““Y(Ry + R? 4 v3vax(ts + vsts + vits)) /3,
4%k (4¢4+1)+3e, 4% (4t+1)+3¢,
d(vov3x] WHDT3EL ) — 2x] D3k (ot + vgt3) vy,

and so

442 . +2 424t 41438, T 4
5(.7621;;1/1) k1 2v2x1 k(vshor + U3h20)-

For n =2k + 1 > 3, by Lemmas (5.17), (5.10), (5.9) and (5.18),
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2 +7 42k =141 66,1 159
Al Xy 1 foy™ ) = 225 RG],

4%k=14 6e),_ 2 42k=14 1 6,
d( 3 k—1 Tx4 +7):2x k 1R2/U’{,

x3,1/v1 3

2%h—1,  p= %—1, | p=
d@x; T ug ) =22 TOMU(RE 4 Ry + vixagd) /]
2k—1 —
=2 RS+ Ry +uiafed) ],
2k+1 — 2k+1 — —
d(x‘lL ey 1) = 2x‘11 46er(g2 1 V2R + vIvgudtar + vIvaUSts) /US.
It follows that
5(296‘212121/ 202k+1+6 2x1‘2k‘1t+6§k(p2 + Uzvgﬁm + U2Ugh2()).
Last, for n = 2k > 4, by Lemmas (5.17), (5.10), (5.9) and (5.18),
2k—4 —
A2, 2Ty = 232252 R2 )T = 2 @262 p2 )7

4%+—4(8t+2)+6e, 7T 42 7 4%k =4(84+-2)+-6e),_ 7
( k— 2 /U X4+ 2.763 k 2R2/Ul,

d(2x§2k*4(8t+2)+6ek,2u2 /04113) _ 2x§2k’4(8t+2)+65k,2 ( R% YR+ v‘fxz g22) /UZ

—2x) OV (RE Ry 4 ulafed)/o],
d(x 12k 4(8t+2)+625_1 /v 51;) _ 41;21@ 2(8t+2)+6¢),_ 1(g1 +U%R1 I v%l)zvgfm i U%Ugvgtg)/l)?,
and we obtain 5(xZ2,"! v?c”’ﬁs) = 2xi2k72(8t+2) o1y + vaU3hot + vavSheg). O

Proof OL Theorem (2.10). Set D° to be the right hand side of the formula
for EJ(LoM(2, 00)), which is H°M{(2). Then Proposition (6.2) shows that D°
satisfies the hypothesis of Lemma (6.1). O
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THE LAW OF A STOCHASTIC INTEGRAL WITH TWO
INDEPENDENT FRACTIONAL BROWNIAN MOTIONS

XAVIER BARDINA AND CIPRIAN A. TUDOR

ABSTRACT. Using the tools of the stochastic integration with respect to the
fractional Brownian motion, we obtain the expression of the characteristic

function of the random variable f 01 B2dB! where B* and B are two inde-

pendent fractional Brownian motions with Hurst parameters a € (0, 1) and
H> % respectively. The two-parameter case is also considered.

1. Introduction

The theory of multiple stochastic integrals with respect to Brownian motion
is well-known (see for instance [9]), but in general, it is difficult to compute the
law of a stochastic integral with respect to the Wiener process when the inte-
grand is not deterministic. There are some known results in particular cases.
Let us recall the context. Consider W! and W2 two independent Brownian
motions. In [6] and [19] the authors studied the law of the random variable

1 1
a / WdW? + B / W2dW..
0 0

When @« = 1 and 8 = 0 they showed that the characteristic function of the
stochastic integral [, ,, W] dW¢ is given by

1.1) D(t) = (cosh2 (;) + sinh? (;»_ .

In the two-parameter case in [10] (see also [12]) the authors proved that the
characteristic function of the integral [, W3dWg (here W' and W? denotes

two independent Brownian sheets) is given by

_1 2t

E>1

The aim of the present work is develop a similar study for the fractional
Brownian motion. The recent development of the stochastic integration with
respect to the fractional Brownian motion (fBm) (see for instance [14]) gives the
tools for this analysis. Concretely, we will consider two independent fractional
Brownian motion BY and B* with Hurst parameter o € (0,1) and H > %,
and we will find an explicit expression for the characteristic function of the

2000 Mathematics Subject Classification: 18A30, 22A05, 22D35, 43A40.

Keywords and phrases: duality, convergence group, nuclear topological group, direct limit,
inverse limit.

The authors acknowledge the financial aid received from MCYT, BEM2003-05878 and FEDER
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232 XAVIER BARDINA AND CIPRIAN A. TUDOR

stochastic integral fol B2dB!. We mention that this kind of integrals appears
in the study of stochastic wave equations with fractional noise (see [5]). Related
results on the law of this integral have also been proved in [7].

2. Preliminaries: Fractional Brownian motion and Wiener integrals

Let T = [0, 1] be the unit interval and let (B/Y),_, be a fractional Brownian
motion with Hurst parameter H < (0, 1). Denote by R¥ its covariance
1
H _ HpH) _ L (om o0 |,  _2H
R (t,s)—E(Bt B! ) - 2( v s2H | g )

We denote by H(H) := H the canonical space of the fractional Brownian motion
BH . That is, H is the closure of the linear span of the indicator functions
{1051, t € T'} with respect to the scalar product

(Lo, Lio,s1) 7 = RE (2, ).

The structure of the Hilbert space H varies upon the values of the Hurst pa-
rameter. Let us recall some basic facts about this space.

oif H > % the elements of H may not be functions but distributions of neg-
ative order (see [15]). Therefore, it is of interest to know significant subspaces
of functions contained in it.

Define the function

(2.1) 0H(s,t) = H2H — 1)|s — ¢[?H 2
and let qu (T) be the set of functions f: T' — R such that

// |f @)||f )]|6(u, v)dudv < o,
)T

endowed with the scalar product

(2.2) <ﬂg>H://f(u)g(U)9(u, v)dudv.
TJr

It has been proved in [15] that L%{ (T) is a strict subset of H and the scalar
products (-, -)g and (-, -}4; coincide on L%I (T). Moreover, we have the following
inclusion

(2.3) Li(T)Cc L3(T)CH.

o If H < %, then H is a set of functions; it coincides actually with the set

IT%:H (LA(T)) where IT%:H is the fractional integral of order ; — H (see [8], [1],
[15]). A significant subspace of H is the set of Holder continuous functions of
order § — H +eforalle > 0,

(2.4) c:H+(T)c H c LAT) c Lu(T).

Consider £y the class of step functions of the form

(2.5) () = Zail(ti,tm](-) n>1¢t €T a eR.
-1
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It has been proved in [16] that £ is dense in H. For ¢ € & of the form (2.5)
we define its Wiener integral with respect to the fBm B by

1 n
(2.6) / ¢(s)dBY = " a; (Bfi ,— B )
0

i=1

The mapping ¢ — fol @(s)dBH provides an isometry between £ and the first
chaos of the fBm B and it can be extended as follows:
oIfH > %, it has been proved in [15] that £, is dense in L%/(T') with respect

to the norm || - |g. As a consequence, the Wiener integral fol @(s)dBE can
be defined in a consistent way as limit in L2({)) of integrals of elementary
functions for any ¢ € L4(T).

o If H < %, then £ is dense in H (see [8], [15]) and the integral fol qo(s)dBf
can be defined by isometry for any function ¢ € H.

We will need in this paper stochastic integrals of the form [, usdBE where
u is a stochastic process independent by BY. Using the above facts, it follows
that this integral can be defined by isometry for any v € L2(Q) x L%(T) if
H> % and for any u € L2(Q;H) if H < %

Remark (2.7). The integral [, u;dB! coincides also with the Skorohod in-
tegral introduced in [2], [1] since, by independence, the Malliavin derivative
of u with respect to BY is zero.

More generally, for H > %, let L%, (T™) be the set of functions f : T" — R
such that

/ |f (Wi, .- un) ||If 1, .-, Un) | (HBH(ui,vi)> dui...du,dvy...dv, < oo,
Tn

=1

endowed with the scalar product
(2.8)

(ﬁg>m=/ fuy,...,un) 81, ...,n) (HGH(ui, Ui)) duy...duydvy...dv,.
Tn

i-1
Obviously, L% (T™) is a subset of H®" and if f, g € L% (T™) then we have

(f’ g>H” = <f, g>H®n.

We will denote by Li 7 (T™) the set of symmetric functions f € L%(T") and
if f € L2 ;(T?) let us introduce the (Hilbert-Schmidt) operator (see [7]) K/ :
L2(T) — L2(T) given by

(2.9) (Kfe) = /T /T £Gx, Yo 0™ (x, ' Ydxdx'

Remark (2.10). Note that if f is positive and H > 3, then the operator K/
is a positive operator. Indeed, we can write

(K,{{go) ) = / AW, y)e(x)dx'
T
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where A(x/, y) = fT f(x, y)0H (x, x')dx is positive. Thus the eigenvalues of K]{{
are positive.

3. The characteristic function of the double integral

Throughout this section BY and B* will denote two independent fractional
Brownian motion with parameter H and « respectively. We compute the char-
acteristic function of the random variable

(3.1) S := / BYdBH
T

Note that, when H > %, the random variables S (3.1) is well-defined since
obviously B* belongs to L2(Q2) x L%(T) for any . When H < 3, if we assume
that @ + H > 1, then we have B* € C:~#+%(T). But in the following we will
need to restrict ourselves to the situation H > %

We start with the following lemma which gives an approximation of the
random variable S given by (3.1) when the Hurst parameter of the integrator
fbm B¥ is bigger than one half.

LEMMA (3.2). Assume that H > % and « € (0, 1). Denote by

i+1

n—1
(3.3) T, = B: (B, - BIY)
i=0
where m: 0 =ty < t1 < ... <t, = 1denotes a partition of [0, 1]. Then
T, — Sin L*(Q) as || — 0.
Proof. Using the independence of B* and B we can write

By (BY, - BY) :[”l BdBY,

tiv1

To prove the lemma it is enough to prove that

n—1 n—1
> Bifly.1() = B = Bly,,.,1() in LAQ) x Ly(T) as || — 0.
i=0 =0

Actually in general, to prove the convergence of a sequence of stochastic in-
tegrals of divergence type one needs also the convergence of the Malliavin
derivatives, but in our caseit is unnecessary due to the independence of the
two fBms. We have, using formula (2.2),
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n—1 2
E|> (Bf — B 4.1
=0 H
n—1 tiv1 ftiva
~ S HEH-1) / E(BY — BYXBE — BY)r — s/2H2drds
i)j:O £ tj i J
n-1 tiv1 ptiv
<Y HQH - 1)/ / It — s|%|¢; — r|*|r — s|?H2drds
=0 t; tj
LJj=
n=l it
<HE@H - D> ) / / Ir — s|?2~2drds
ij=0"t i
n—1
= |m|* Z Ltptiort Lty = |
i, j=0
and this goes to 0 for every a € (0, 1). O

We will also need to prove the following technical lemma:

LEMMA (3.4). a) Assume that o > % and consider the function

1
35) ey =5 (-0 + A=y —x—y*), xyeT =101l
Then fH € L2 (T?).
b) Assume that H > % and consider the function
1
(3.6) fx,y) = 5 (x* +y* — |x—y*), xyeT=I[01]
Then f* € LiH(T?*).

Proof. Let us prove first the point 2a); the point 2b) is similar. We have to
show that

1,1 1,1

Ii:/ / / / FEGey, yOFH (x2, y2)0%(x1, %2)0%(y1, y2)dx1dxody1dys < oc.
o Jo Jo Jo

Note that

¥, 30| = E(BE — BEYBE — BI)

1/2 1/2
< (E@ - BI?)  (E®BY - BI?)
=1 - 2% - y)".
The integral I is therefore bounded by

I < (c())? / (1 — 2" — y)HA — 22)H (A — yo)H |y — xp|? 2
[0,1]4

|y — yo|** 2dx1dxedy dys

1 .1 2
= (c(a)/ / (1 — xl)H(l — JCQ)H|JC1 — x22“2dx1dx2>
0o Jo
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with ¢(a) = a(2a — 1). Now, using the change of variables z = %, we get

11
I = / / 1 - 2071 — y)H|x — y?**2dydx
0o Jo
1 x
2 [ [[a- w1 -y dyds
0o Jo

1 x
_ 2/ (1 o x)2H+2a71 (/ (1 o Z)HQaZZanZ) dx
0 0

1 ! H _2a—2
H+a/0(1—z)z dz < oo,

using that « > % O

We state now our main result. The point b) allows to consider the situation
when the Hurst parameter of the integrand « is less than %

THEOREM (3.7). a) Let o > % and H > % Then the characteristic function
of the random variable S given by (3.1) is

E (eits) 11 (1+1tm>é

i>1

where (u;);>1 are the eigenvalues of the operator K ;’H given by (2.9) where f¥ is
defined by (3.5).
b) Assume that H > % and a € (0,1). Then the characteristic function of S

(8.1 1is 1
E (eitS) “11 <1+1t2§,> P

i>1
where (§;);>1 are the eigenvalues of the operator Kg given by (2.9) and f* is
defined by (3.6).

Remark (3.8). If a = %, then the operator K I‘}H must be replaced by

1 1
(3.9) (Khue) 0= | et
0

Proof of Theorem (3.7). We prove first a). By Lemma (3.2) we have
E (eitS) = lim E (eitT”)
where T}, is given by (3.3) with ¢; = %, foreveryi =0, ...,n—1. Let us compute
the characteristic function of the random variable T,.

We will use the following fact: If X, Y are twoindependent random variables,
then

E (®(X,Y)/X) = o(X)
where ¢(x) = E(P(x,Y)). Let us put

(3.10) X = (Bg,B‘;,...,Bi%) and Y = (B?—Bé’,...,B?—B{%) .
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Therefore, we obtain
o(x)=E <eit2201 ka’“) — e G A
where the matrix AH = (AkHl) o . is given by
,1=0,..,n—

= (52 - 81 (52 2)

1
~ 2n?

We will obtain

(\k—l+1\2H+ k-1 1] —2|k—l|2H).

E (eitTn> _ E((%Sﬂ)

where
Sp = Z Af\BiBS
k,1=0
= Z Af Bi B
k=1
n—1 k—1 -1
-5 (X (e ) ) (X (e >)
ki=1 K I'=0
n—1 n—1
Z (Bk’+1_ )( l’+1 %) Z Z A
B = I=U'+1k=k'+1
We calculate first
n—1 n-—1
> Y an
I=l'4+1 k=k"+1
n—1
o Z lz ( l+1|2H+|kll|2H2kl|2H)]
2n I=U'+1 Lk=k'+1

— n—1 n—1
nZHZ[Z( l+1|2H*|k*l|2H)*Z<|k*l|2H7|kfl

I=U'+1Lk=k'+1 k=k'+1

n—1
_ %% S° [l P L P 1 P 0]
I=l'+1

n—1

237

_ 1|2H)]

[ S (v S ea )

I=U'+1 I=l'+1

_ 2’1% |:(n7 k/f 1)2H+(nfl'7 1)2H o ‘l/ _ k/‘ZH:|

_fH(k’+1 l’+1)

n n
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where the function f is given by (3.5). By combining the above calculations

we get
5= 3 (ML ) (m ) (1 -3

k=0 B B
Let us denote by (u;);>1 the eigenvalues of the operator K ;’H and by (g;)i>1 the
corresponding eigenfunctions. Then, using Lemma (3.4), we can write
Ay =) nigix)gi(y)

i>1

with the vectors (g;);>1 orthogonal in Lia(T) and the u; are square-summable.
The sum S, becomes

- ni (ngz )gz(m)) ( k1~ )(B?% - a)

SR
S~

Bi=0 \i>1
n—1 k 1 2
+
=D Wi (Z (——) (B —Bif)> :
i>1 k=0 '
Since @ > 1 and g; € L2 (T) it follows from [15] that
n—1 k+ 1 | | 1
> &= (B, —Bj) ™= / gi(x)dB*(x) in L)
k=0 0

and therefore we have that

=N wH?  in LYQ)

i>1

where (H,- = fol gi(x)dB*(x),1 > 1) are independent, standard normal ran-
dom variables. As a consequence, since the eigenvalues are positive (see Re-

mark (2.10))
T £ 2
E@E@')=E | exp —§Z/.LiHi
i>1
S
i>1

H<1+t2 >%

i>1

Let us discuss now the point b). We follow the lines of a) by interchanging
. 2
the roles of X and Y in (8.10). We obtain that E(e"*S) = lim,,_,. E (e‘?sn)
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where

.- 5 (g (8t - 80) (8t - )
k,1=0

(o) ot o) Gt -1

and where f¢ is given by (3.6). Now we use Lemma (3.4) b) and we proceed as
in the proof of the point a). O

Remark (3.11). As a final comment, let us note that the points a). and b). of
the above theorem agree if « and H are bigger than % In fact it can be shown
that in this case K,ﬁ and K;‘H have the same eigenvalues and in this case
their characteristic functions coincide term by term. Indeed, let us suppose
that A # 0 is an eigenvalue for K fl Then there exists a non identically zero
function @, i € L%(T) such that

K/ 0o, m)(y) = Ao, 5(¥)

or
1 11

HEH- [ [ 5 (65 5% £ = ) gl 2dads’ = Apw)
0J0

Let us denote by

X, HY) = ¢ro(l = y).
It is easy to check that y,z € L2(T) and by using the change of variables
1—x=uand1— x’ = v we obtain

(K?'/HXOL,H)(y) = AXa,H(y)

which implies that A is also an eigenvalue for K}‘;‘H

4. The two-parameter case

In this section, we will briefly discuss the case of the fractional Brow-

nian sheet. Let us denote by (Bjy®) and (ngHZ) two indepen-
b Jstel ’ stel

dent fractional Brownian sheets. We recall that a fractional Brownian sheet

Bg}’HZ r with Hurst parameters Hy, Hy € (0, 1) is a centered Gaussian
’ s,te

process starting from 0 with covariance given by
E (BI™BI™) = R™(s wR™(tv), stuwvel

where R is the covariance of the one-parameter fBm with Hurst index H;
(i = 1, 2). We refer to [4] or [3] for the basic properties and [17], [18] or [11] for
elements of the stochastic calculus with respect to this process. We only point
here the following facts:

e the canonical Hilbert space H(H;, Hy) of the Gaussian process Bfv2 ig
defined as the closure of the linear vector space generated by the indicator
functions {1jo,s1x[0,¢1, S, ¢ € T'} with respect to the scalar product

H H-
(Ljo,51%10,415 Lio,urxi0,01)1H,, Hy = B (s, W) R72(Z, v).



240 XAVIER BARDINA AND CIPRIAN A. TUDOR

e if Hy or Hy is bigger than %, then the elements of H(H;, Hy) may not
be functions, but distributions. In this case it is convenient to work with the
following subspace of H(H1, Hs)

L g, (T?) := L} (T) ® L3, (T)

which is a space of functions (and which plays the role played by L2%(T) in the
one-parameter case). Therefore Wiener integrals with respect to Bf-/2 can be
naturally defined for integrands in L3,  (T?).

We prove here the following result.

THEOREM (4.1). a). Assume that H; > %and o > %, i = 1,2. Then the
characteristic function of the random variable

(4.2) A= / / Beved B
TJT
is given by
1
. 1 3
(4.3) E () = ()
( ) igl 1+ 2u 1m0

where (u;1); are the eigenvalues of the operator K;‘,bl given by (2.9), (uj2); are
the eigenvalues of K}‘:};Z and B, fB2 are defined by (3.5).
b). If H; > % and o; € (0, 1), then

E (eitA) = H (1 + t21‘§i,1§j,2) é

i,j>1

where for j = 1,2, (§;;); are the eigenvalues of the operator Kba{j, where [ is
defined by (3.6).

Proof. We prove only the first part because the second point is similar. De-

note by

n—1

Ay = BB (A,

k=0 "

where
B (A = By, - By - By 4 B
Asin Lemma (3.2), we can prove that A, — A whenn — oo in L2(Q) for o; > %,
H; > %, 1 = 1,2. We obtain, using the methods used in the proof of Lemma
(3.2) (see also [10]) that
E(e™) = lim E (")

n—oo

with

n—1 n—1
E+1 kB +1 [+1 7'+1
S,= Z Z le (, n) sz <+’ ) B (A, )B*2(Ay ),

n n n
kI=0F',I'=0
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By Lemma (3.4) a) we get that f#i € L2 (T)(i = 1, 2) and thus fy, = >, wri8
where (g,;),>1 are the eigenvectors of K;‘;Ii i=12).

2

n—1
el I+l .
Sy = H Mi 1,2 E gi,l(in )8j2( P, VB 2(Ay, 1)
,j>1 k,1=0

Since g;1 € L2 (T) for every i > 1 and g;o € L2 (T) for every j > 1, we have
that g;1 ® gj2 € L2, (T?) and it is not difficult to see that

ay,02

n—1
k+1 [+1
Z gi(i)gj(L)Bal’”‘Z(Akjl) — oo / /gi(x)gj(y)dB;ii;“Z =H,;;
n n TJr

k1=0

and the random variables H;; are mutually independent and N(0, 1) dis-

tributed. The conclusion follows easily. O
Acknowledgements

The first author was partially supported by DGES Grants BFM2003-01345
and BFM2003-00261.

Received May 03, 2006

Final version received December 10, 2006

X. BARDINA

DEPARTAMENT DE MATEMATIQUES
UNIVERSITAT AUTONOMA DE BARCELONA
08193-BELLATERRA

BARCELONA

SPAIN

Xavier.Bardina@uab.cat

C. A. TUDOR

SAMOS/MATISSE

CENTRE D’ECONOMIE DE LA SORBONNE
UNIVERSITE DE PANTHEON-SORBONNE PARIS 1
90, RUE DE TOLBIAC

75634 PaRris CEDEX 13

FRANCE

tudor@univ-parisl.fr

REFERENCES

[1] E. ALOS AND D. NUALART, Stochastic integration with respect to the fractional Brownian
motion, Stochastics and Stochastics Reports 75 (2002), 129-152

[2] E. ALOS, O. MAZET AND D. NUALART, Stochastic calculus with respect to Gaussian processes,
Ann. Probab. 29, 766-801.

[3] A. AYACHE, S. LEGER AND M. PONTIER, Drap Brownien fractionnaire, Potential Analysis, 17
(1), (2002), 31-43.

[4] X. BARDINA, M. JoLis AND C.A. TUDOR, Weak convergence to the fractional Brownian sheet
and other two-parameter Gaussian processes, Statsit. Probab. Lett. 34 (3), (2003), 389—400.

[5] B.P. BELINSKY AND P. CAITHAMER, Energy of a string driven by a Gaussian white noise in
time, J. of Applied Probability 38 (2001), 960-974.



242 XAVIER BARDINA AND CIPRIAN A. TUDOR

[6] R. BERTHUET, Loi du logarithme itéré pour certaines intégrales stochastiques, Ann. Sci. Univ.
Clérmont-Ferrand Math. 69 (1981), 9-18.

[7] P. CAITHAMER, Decoupled double stochastic fractional integrals, Stochastics and Stochastic
Reports 77 )2005), 205-210.

[8] P. CHERIDITO AND D. NUALART, Stochastic integration of divergence type with respect to the
fractional Brownian motion with Hurst parameter H € (0, %), Ann. Inst. H. Poincare Probab.
Statist. 41 (6) (2003), 1049-1081.

[9] C. HOUDRE, V. PEREZ-ABREU AND A.S. USTUNEL, Multiple Wiener-It6 integrals: an intriduc-
tory survey, Chaos expansions, multiple Wiener-It6 integrals and their applications, CRC
Press (1994).

[10] O. JULIA AND D. NUALART, The distribution of a double stochastic integral with respect to
two independent Brownian sheets, Stochastics 25 (1998), 171-182.

[11] I. NoUrDIN AND C.A. TUDOR, Remarks on some linear fractional stochastic equations,
Stochastics 78 (2), (2005), 51-65.

[12] D. NUALART, On the distribution of a double stochastic integral, Z. Wahrsch. Verw. Gebiete
65 (1983), 49-60.

[13] D. NUALART, Malliavin calculus and related topics, Springer-Verlag 1995.

[14] V. PEREZ-ABREU AND C. TUDOR, Multiple stochastic fractional integrals: a transfer principle
for multiple stochastic fractional integrals, Bol. Soc. Mat. Mexicana 8 (2002), 187-203.

[15] V. PIpIRAS AND M. TAQQU, Integrations questions related to fractional Brownian motion,
Probab. Theory Related Fields 118 (2), (2000), 251-291.

[16] V. P1pirRAS AND M. TAQQU, Are classes of deterimistic integrands for the fractional Brownian
motion on a finite interval complete? Bernoulli 7 (6), (2001), 873—-897.

[17] C.A. TUDOR AND F. VIENS, It6 formula and local times for the fractional Brownian sheet,
Electronic Journal of Prob. 8, paper 14, (2003), 1-31.

[18] C.A. TUDOR AND FREDERI VIENS, It6 formula for the fractional Brownian sheet using the
extended divergence operator, Preprint SAMOS, Univ. Paris 1, to appear in Stochastics 2004.

[19] M. YOR, Remarques sur une formule de Paul Lévy, Lecture Notes in Mathematics 784 (1978),
343-346.



