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A RIEMANN-SIEGEL FORMULA FOR THE HURWITZ ZETA
FUNCTION

EUGENIO P. BALANZARIO

ABSTRACT. Following H.M. Edwards [3], we compute a Riemann-Siegel
formula for the Hurwitz zeta function and hence for Dirichlet series with
periodic coefficients. By giving a complete estimate for the error term,
we show that our Riemann-Siegel formula for the Hurwitz zeta function
represents an asymptotic series.

1. Introduction

The numerical exploration of the Riemann Hypothesis for the Riemann zeta
function, has heavily rested on the Riemann-Siegel formula for the Riemann
zeta function, see [6]. A Riemann-Siegel formula for Dirichlet L-series has been
obtained by C.L. Siegel [7] and M. Deuring [2]. It seems however, that these
two authors do not render ready to use results from a computational point of
view. Thus for example, in his numerical computations concerning the Extended
Riemann Hypothesis, R. Rumely [5] has used an Euler-Maclaurin based compu-
tational procedure, instead of the more efficient Riemann-Siegel formula.

In this work, we follow closely the presentation of the Riemann-Siegel formula
for the Riemann zeta function, as given in the known treatise [3] by H.M. Ed-
wards, and extend these calculations to the Hurwitz zeta function, and hence to
a general Dirichlet series with periodic coefficients. The Riemann-Siegel formula
for the Hurwitz zeta function presented in this paper, allows to compute the
numerical value of the ¢(g) distinct Dirichlet L-series modulo g with an order of
©(q)(\/t/2m + 1) + ¢?(g) arithmetical operations.

A special case (corresponding to Jy = 0 in Theorem (2.3) below) of the
Riemann-Siegel formula proved in this paper, appears already in [4].

The author is in debt with Professor Olivier Ramaré for his encouragement
and support during the writing of this paper.

2. The Riemann-Siegel formula

Let 0 < a <1 be a real number. The Hurwitz zeta function is defined by

S |
C(&G)ZZW forall s=o+i with o>1.
n=0

The following Theorem (2.1) will give the first, main term of the Riemann-
Siegel formula for the Hurwitz zeta function. Hence, it will set the stage for our

2000 Mathematics Subject Classification: 11M06, 11M35.
Keywords and phrases: Hurwitz zeta function, Riemann-Siegel formula.
Partialy supported by Grant SEP-CONACyT.



2 EUGENIO P. BALANZARIO

main result of this paper, namely Theorem (2.3) below. Theorem (2.1) is easily
derived (see chapter 12 in [1] and section 7.2 in [3]).

THEOREM (2.1). Let N be a natural number. For all complex number s, let

(1 — —(N+a)z o
Rn(s,a) = ( S)/ ‘ (e_mz)k%
CN

211 1—e % z

where Cy is the contour of integration starting at +00 and going down to w(2N +
1). Then Cn traverses (in the positive direction) a circular path with center at
the origin and radius (2N +1). Finally C continues from w(2N+1) to infinity.
Then we have

N-1
C(S,GJ) = Z k+a
k=0
F(l— ) 7”(1 5 —2 ika (1—s) 271'1,ka
+(27T)15{ Zk15+67 ;kl}
+Rn(s,a).

We will apply this theorem with

(2.2) N = [ %} and \/%%Z,

the second condition in (2.2) being necessary for the existence of the integral in
Ry (s, a).
Now we can state the main result of this paper.

THEOREM (2.3). Let Jy be a nonnegative integer. Let s = o + it be such that
0 <o <1. Let N be as in (2.2) above. Let Rn(s,a) be as in Theorem (2.1).
Then we have, as t — oo,

Ry (s,a Mg{ZuﬂP )+ O(t™ 7(J0+1>)}

where Y
M; = M, (2771—) 2 e*fwer it {1+log Tﬂ-)}fiﬂ'BQJrQﬂ‘ip(lfa)’

2 [t
w = —W, B=N+a-1 and p=4/——-B8B
t 27

The expression My is equal to

e ),
12(1—0 —it) 288(1 — o —it)?

The quantities Pj(o) are to be computed according to the following rules. Let
Py(z) = 1.

For k > 1, the polynomial Py(z) is given recursively by

1< ) 1—0 22 12\ J
P, = %jz::leij,j where  H; = ( ; +27r(j+2))(%> .
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The formal power of the symbol o in P;(p) is understood to mean

l\D

J_
\I/(Z) > 277@ j=t=h ,
(J) _ 4 _\ee)m g Nj—€—2h

where the function ¥ (p) is given by

2
wi(f%Jrafg)

U(p) = c )cos{g<a+2p—2+é)(a+2p—2—£)}.

cosm(a+2p—1 2 2

The first three terms of the sequence {Pk } are

Py(z) = 2°,
izt 23
P = == 5
22 izt 6

For the sake of simplicity, now we list the first three terms of the sequence
{Py(0)} for the special case 0 = 1/2,

Pole) = ¥(p)
Pio) = —961#2 v (p) + %(a 1)@ (p)
b= 1200 () - (- 10 u(p)

while Py (p) is equal to

1

i(la—1) 5(a—1)% ., 5i(a —1)3
e VO — e w0 - M ) 4 2 g

153673 153672 5767

+{a +amae 0 0 - {5+ e -0} 0

1 1 w2
(12— — —16}\11 .
Haer 1l V7 - ggle -0} ¥w)
This procedure described in Theorem (2.3) can be continued in order to compute
as many expressions P;j(p) as desired.

Remark. The quantity My in Theorem (2.3), gives the first higher order terms
in the Stirling formula for I'(1 — s), see formula (3.4) below. These higher order
terms are needed when using the Riemann-Siegel formula with the first three
terms Py(p), P1(0) and P»(p) in order to approximate Ry (s, a). If the Riemann-
Siegel formula is used with more than three terms for the approximation of
Rn(s,a), then My has to include still higher order terms in the Stirling formula
for I'(1 — s).
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3. Proof of Theorem (2.3)

Here we begin our study of the error term Ry (s,a) in Theorem (2.1). For
this purpose we have to consider the integral in

I'(1 - . —(N+ta-1)z
(31) RN(S,G) = (7@6_7”3/ € - Zs—l dz
2mi oy ¢ -1

with s = o 44t. The integral in (3.1) is taken along the contour C of Theorem
(2.1), where N is as in (2.2). Now, Cn crosses the imaginary axis at mi(2N +
1). We will consider the integral which results from taking (3.1) along a line
segment L, making an angle of 7/4 with respect to the real axis and crossing
the imaginary axis at

(3.2) ¢ = iv2nt.

Notice that 27N < |¢] < 27(N + 1), so that no crossing of poles has occurred.
The parameter v € (0,1/6) in Lemma (3.3) below will remain free but con-

stant. The choice of the value of v will depend on the number of terms to be

considered in the asymptotic formula for Ry (s,a). For example, if three terms
are required to approximate Ry (s, a), then v should be taken to be 1/24.

LEMMA (3.3). Let & be as in (3.2). Let s = o + it. Assume that 0 < o < 1.
Let 0 <y <1/6. Let YT = 1T Let Ly be the line segment

z=E&+yT,
—L12
—-1<y<I.

Then, as t — oo, we have

— . —(N+a—1)z
Bu(s,a) = y e ™ / 6271 Sy 4 O(e*%ﬁt“).
i L, € -

The tmplied constant is independent of a.
Proof. From the known formula, with s = o 4+ it and t — oo,
o lo—i —mbygtml_gy 1
(3.4) [(1—s)=t2 e 2 22779 /2 {1+O(¥)}

(see section 4.12 of Titchmarsh [8]) we notice that

I'(l-s)

i 11
. e TS < t2627rt.
27

(3.5)
Let 6 € (0,7/2) be such that

tanf = 2\/?15%77 +1.
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We consider the three line segments

z2=E64+7T + ze?,
—Lo :
0<x<o0.

L {z = (E=T1)(1—y)+y(—ReT — 72N + 1)),
0<y<1.

{z—x—%e'f—m‘@N—i—l),
L3 :
0<z<o0.

Let L* = Ly UL, ULy U L. Then the integral of the lemma can be taken along
L* instead of Cy. It is known that |1/(e* — 1)| is bounded in the region S(1)
which remains when we remove from the complex plane the interior of circles of
radius 1 with centers at s = 2kmi, with k € Z. The three line segments Lg, Lo
and L3 lie in this region S(1). We will estimate the integral along L first.

For z € Ly we note that argz = 6. Hence we have

(3.6) |25~ = ‘exp{(a— 1+it)(log|z|+iargz)}}
< exp{ —targz} =10,

On the other hand (for z € Ly) we have

(3.7) |e*(N+a71)2} < exp{ - (\/; — 2) (% + x cos 9)}

t%*f"‘/ \/_ 0
27 } . e~ Tcost
N + e

From (3.5), (3.6) and (3.7) we see that the contribution to Ry (s, a) coming from
LO is

<<exp{—

1
taty 1,2
5 exp{t(g -0) - NG +\/§t7} < e 5t V, say,

VT

1
<
cos

= - o)
Now we consider the integral over Ls. For z € Ly we have
le=(NHa=D)z 25—l « exp { t%l —t argz}
2\/m '
On the other hand, for z € Ly, we have
argz > T -+ arctan L
-2 2y/7t — 7
> E—i—arctan{ﬁ—f—t%—l-f--”}
- 2 2/ 47
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Therefore

—targz < ——/— — ——= —

2 27 Am’
Taking into account estimate (3.5), we see that the contribution to the quantity
Ry (s,a) coming from Lg is

2
< tex { — —}
P 4
For z € Ls, it is better to consider the contribution of the denominator e* — 1.
Assume first that e z > log2. Then we have

e(l—a)z e—a?Rez - 21—(1

e#—11 7 1—e ez — ’
If Re 2z < log 2 then we have

|e(1—a)z| — e(l—a)?Rez < 21—(1.

On the other hand, if z € L3, then we have arg z > 7, and therefore

le™NV= 2571 < gtare= exp{ - (\/;— 1) (x—%eT)}
1.,
o)

Taking into account estimate (3.5), we see that the contribution to the quantity
Rn(s,a) coming from Ls is

< e ™ exp{ —z+

t%"r’)’
t —}
+ 2w

This finishes the proof of the lemma. o

< \/Eexp{—g

Now we want to study the integral in Lemma (3.3). The numerator inside the
integral is equal to

exp{ — (N+a—1)z+ (s—1)logz}.
With N as in (2.2) above, we now let (as in the statement of Theorem (2.3))

(3.8) A=0—1+1t, B=N+a—-1 and p= %—B.
Recall ¢ = iv/27t. For z € Ly we have |z — £| < [€]/2, and hence
Alog(z) — Bz = Alog ((z — &) +&) — B(z — &) — B¢
= Alog&+ Alog (1—1—%_5) —B(z-¢)— B¢
A A —¢
= Alog¢ ~ BE+ (¢ = B)( =8 ~ 55(: = 7 +O(- )

where
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Thus, we are interested in the following expression

s | e {(E )60 - a0t el b

where
M, = T(1—s)e ™s¢Ae B8,
Notice from (3.8) that

A l—0 A i(l—o0)
2 = amt 1 g VoA

Let (as in the statement of Theorem (2.3))

2 271
(3.9) w = \/—W so that £ = il
t w

An easy calculation shows that

A A 5 2y i22 =~ (l—0 iz? tzw\J
(z-B)=5a+0G) =+ -+ X (5 T 5ri59) (5 )

In the next lemma we consider the expression

j=1

N iz2 1zw\J

eXp{;( ] +2w(j+2))<ﬁ) }

LEMMA (3.10). Let z be such that z + & € Ly so that
v

max {|z]: 2+ € L1} = —

V2

and 0 <y < 1/6. Let w be as in (3.9). For a,b € NU {oo} we write

2

b . . .

b ) 1—0 12 12 \J
= Y Hw!  where H; = ( )(5)"
@ ; s e T VA

For J e NU {oo} let

Then we have
B (X) = Bo(5) +0UOHO),

1
Moreover, there exist polynomials Q;(z) of the form

(3.11) Qi(z) = zjqj(z) with deg(qj) < 2
such that
J /2
(3.12) Es(X) = > Q=)
=0
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Finally, for 0 < j < J we have Q; = P; where the polynomials Pj(z) are given
recursively by

1 J
P = EZZHZPJ-,Z for  j>1 and Py=1.
=1

Proof. Let L € N. On the one hand, we have

B (%) =B (X) = Ea(3){E( ) 1]

< IzIQ(Izwl)LJrl < B3+
because |z| < t7 and v < 1/6. On the other hand,
Eoo(?f() _EJ()?) < (Izl?’lwl)J+1 < DU,
Putting L = J we obtain the first claim of the lemma. It is clear that there exist

polynomials @;(2) such that equation (3.12) is true. Assertion (3.11) follows by

considering expressions of the form w?z? in

(> w7}

=1

and noticing that b = a + 2k for some k € NU {0} That for 0 < j < J we have
Q; = P; follows from fact that

Eso

<8

) = ZPj(z)wj.

j=0

With @Q;(z) as in Lemma (3.10), now we consider the expression

%/L L exp{%(Z—€)2+p(2’—§)}Qj(Z_§)dZ-

2m 162—1

(3.13)

Let z = u + 2m¢B. Then we have

z—§& = u—2m’{\/;—3} = u — 27ip.

Therefore
out of integral
Lemgr = 2 Tt
—(z— = —+pu —mi
dm dm b P

pz— &) = pu —2mip°.
———
out of integral

Let L; be the path given by Ly = {z —2miB:z € Ll}. Then expression (3.13)
can be written as

Mg 1 iu2 .
(3.14) Cyr /E1 comia gu — 1 P {E + 2pu} Qj(u — 2mip) du
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where now the multiplier M5 is given by
My, = T(1—s)e? exp{ — B — mis — 37m'p2} .

Now we want to extend the line segment El to a line going to infinity in both

1.
directions. Let T = e4'™¢" be as in Lemma (3.3). We notice that

(3.15) 7exp {i(Ty)Q} y?’J2 dy < exp{ — % tQV} )
1

Hence, expression (3.14) is

2
Mo ¢ i t2pu . _ 12y
The path of integration in (3.14) has been changed from L1 to an infinite straight
line L, making an angle of w/4 with the real axis and crossing the imaginary axis
from right to left at 2mwip.

LEMMA (3.17). Let 0 < a < 1. Let 8 be a real number such that

g—i—a—l <1< g—i—a.

Let )
1 1 0
PN JLE S N LA
(8) 2mi /L e2riagu 1 P\ gy +u du

where L is the straight line making an angle of /4 with the real axis and crossing
the imaginary azis at wif3. Then we have

2 2
ﬂi(%Jrﬁ(lfa)faTJraf%)

V5 V5

e ™
D,(B) = z —o4 X2 —2- Y2
(8) cosm(a+ 5 —1) C082<a+6 * 2)(a+ﬂ 2)
Proof. Let A = 2™, Let us consider the difference
AL (B +1) — Bu(B) = e (Ae(B+Du _ eBuY gy,

% L>\6“—1

1 iu?
— — d
omi LeXp{47r +5“} Y
_ e L exp{w} du.
2w Jg, 47
Now we change the line L to a parallel line such that u — 27 passes through
the origin. Thus, we obtain
+o0 .
AP, (B+1)—D,(8) = —(3”62L / eXp{L (tem/‘l)z} e™ dt
¢ “ 2mi 4
—o0

= exp {772'(,6’2 + Z)} .
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Let L* the line parallel to L and crossing the imaginary axis 27 below L. Then

eT"l‘BU ) a2
2mi / /L* )\e“—l B —exp{2m(a—?+ﬂ(1—a))}.
On the other hand

'L/U/
1/ L 1/ 1 {i( i) 4 B 2,)}d
— — au = — —— €X — U — 471 U — 471 U
20 Jpe e — 1 omi Jp det —1 P \an

L 1
_ o L / #d
2mi Jp dev —1

= e PP, (B+1).
Hence we have
270 (B4 1) — Da(8) = B2 +3)
e~ 2mip D (B+1) 4 D,(8) = _e2m'(a—Q;+B(1—a)) ]
Adding both equations we obtain

2
2ril ) | prita- g r0-a )

(I)a (6 + 1) = e2mia + e—2miB
; 52 o2 7 ﬂQ a2 1
mi(5 ta— 5 +B(1-a)+3g) 7o — _B(1 = _ Z
_ e | cos7r(2 a+ 5 Bl —a) 8)
e™@=8) cosm(a + fB)
™ Vb Vb
-z B I e S T e
_ B - ipe-ar ) O pla+f—1+5)(e+h 2)
cosm(a + ) '
The lemma follows from making the substitution g +— 8 — 1. O

Since

t
V27t B = 2n(p+ B)B = 7(B? —p2)+§

then we see that the second of the following two relations holds,

T (g—1) .
EA _ ez e~ I'—QL +% log(27t)

(2m) 2079

e—Bg—ﬂ'is — e—ﬁio’-‘rﬂt—ﬂ’i(Bz—pz)—%
These, together with (3.4), imply

M, = (2%)% efgwiJr%t{1+10g(2T7r)}7i7rB2727rip2{1 +O(%)}
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Let us write

+2 U
g<j> _ *2m(p +p(l=a)) = / 6477 ?
2
i

= : Tomiagu _ ] (u — 27rip)j du .

If we agree to understand by oY) the formal power of the symbol ¢ in the
polynomial @);(p) then expression (3.16) can be written as

(3.18) M3{Qj(0) + 0 =) }
where M3 = Msexp {2m(p +p(l—a )} so that

My — (2%)% o3t {1+10g(2E) } —inB? +27rip(1—a){1+0(%)}.

THEOREM (3.19). Let ®,(8) be as in Lemma (3.17). Let
Y(p) = e 2P0 @ (2).

Then the quantities 0'9) can be expressed in terms of U(p) and its derivatives
V0O (p). In fact, we have

]
[ T 0—h
o) = L ‘II() Z L(l _a)ith
27 P = (j —€—2h)!A!

Proof. Let 7 =1 — a. From Lemma (3.17), we see that

+2
U(p) = *27”(1) +rp) L ﬂ du
P 27 Jp e2miaen —1

Notice that o{®) = W(p). Then we have

2
u +2
U(p+y) = e 2l wrnr) L / T v gy,

2wt e2mieen — 1
Therefore,
92 s
(3.20) WY g (p + ) Z

j=0
Now we write the left hand side of this equation as power series in y,

[e's) VAR
omi(yZ+ry) _ (27”9) N hoen
" T = Z 0! Z h yr

=0 h=0

2 & (2mi) " (k—h
_ZZ (h>ykk2h
h=0 k=2h

where we have set
[k/2]

(2ri)k=h
Qr = hzzoq(k,h) and gk h) = T T
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From the Taylor series for ¥(p + y) we see that

0o k i
T 2 T \Il(j)
k=0  j=0
The lemma follows from (3.20) and (3.21). O

It is easy to verify that, for all 0 < j < J2,

6%Jeru .
/LW Qj(u = 2mip) du < 1.

This estimate is uniform in p and a because the contour L can always be deformed
in order to avoid poles of the integrand.

Since, for 0 < j < J we have Q; = P}, then we can sum expression (3.18) and
write Ry (s,a) as

J 72
j ] 3~y— 1 _ 1,2y

< t_(J+1)/2

Theorem (2.3) follows from this estimate by choosing J = Jo+ 1 and « such that

1 1 1 _
S+ < (3-3)(+1) e < (h+2) '
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LIFTING POLYNOMIALS OVER A LOCAL FIELD

ALEXANDRU ZAHARESCU

ABSTRACT. Lifting polynomials over a local field K have been introduced in
[10] in order to study the structure of irreducible polynomials in one variable
over K. We investigate the distances between the roots of a lifting polynomial,
and provide sufficient conditions under which two lifting polynomials define
the same field extension.

1. Introduction

The problem of describing the structure of irreducible polynomials in one
variable over a local field K has been studied in [10]. In the process, the notion
of a saturated distinguished chain of polynomials over K was defined in [10],
and later studied also in [3], [8] and [9]. Knowing a saturated distinguished
chain for a given element o € K, where K denotes a fixed algebraic closure
of K, can be helpful in various problems. One reason is that we can use such
a chain to construct an integral basis of K(a) over K, following the procedure
explained in [10], Remark 4.7. The shape of such a basis may be useful in
practice, for instance it has been used in [7] in order to show that the Ax-
Sen constant vanishes for deeply ramified extensions (in the sense of Coates-
Greenberg [5]). A constructive way to produce all the irreducible polynomials
in one variable over K is described in [10], via a repeated operation of “lifting”.
As we shall see below, from the same given data, the actual lifting process
produces infinitely many lifting polynomials. A natural problem that arises
is to try to classify these polynomials, and in particular to investigate which
lifting polynomials produce the same field extension of K. This problem has
been investigated in [11], in the particular case when the lifting procedure is
applied with respect to an unramified irreducible polynomial f over K. In the
present paper we consider the case when the lifting is done with respect to a
general irreducible polynomial f over K. Section 2 below contains some general
notions, definitions and results. In Section 3 we estimate the distances between
the roots of a given lifting polynomial. In the last section we consider two lifting
polynomials obtained from the same initial data, and we provide sufficient
conditions under which these polynomials define the same field extension.

2. Notations, definitions and general results

In what follows K will be a field of characteristic zero, complete with respect
to a rank one and discrete valuation v (see [4], [6], [12]). Let K be a fixed
algebraic closure of K and denote also by v the unique extension of v to K. If
K C L C K is an intermediate field, denote G(L) = {v(x): x € L}. As usual,

2000 Mathematics Subject Classification: 11S99.
Keywords and phrases: local fields, lifting polynomials.
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G(K) will be identified with the ordered group Z of rational integers, and for
every intermediate field L, G(L) will be viewed as a subgroup of the additive
group Q. Denote A(L) = {x € L: v(x) > 0}, the ring of integers of L. Let
M(L) = {x € L:v(x) > 0}, and denote by 71 a uniformizing element of L.
Let R(L) = A(L)/M(L), the residue field of L. If x € A(L), denote by x* the
canonical image of x in R(L). As usual, R(L) will be viewed canonically as
a subfield of R(K). Moreover, R(K) is an algebraic closure of R(K). In the
following we assume that R(K) is a perfect field.

Let K C L; C Ly C K be intermediate fields such that Lo is a finite
extension of K. Then R(Ly)/R(L;) is a finite extension, and the number
f(La/L1) = [R(Lg): R(L1)] is called the inertial degree of Ly relative to L;.
The quotient group G(L2)/G(L4) is finite. Its index, denoted by e(Ly/L1), is
called the ramification index of Ly relative to L. It is well known (see [4], Ch.
IV) that f(Lg/L1)e(Lg/L1) = [Lg: Lql.

If K C L C K and a € K, then the degree [L(a): L] of a relative to L will
be denoted by deg; a, or simply by deg @ when L = K.

If f € AKIX], f = apX" + a1 X" 1 +--- + a,, we denote

f=a}X"+aiX" '+ +a; € RK)IX],

the canonical image of f/ in R(K)[X].
Ifa € Kandé € Q, wedefine, for any F(X) = co+c1(X—a)+- - -+c,(X—a)" €
K[X],

w(F) := inf {v(c¢;) + i6}.
0<i<n

In this way one obtains a valuation w on K[X], which extends canonically to
a valuation on K(X), and which is a residual transcendental (r.t. for short)
extension of (K, v), in the sense that the residual field of w is transcendental
over R(K). This valuation w is called the r.t. extension of (K, v) defined by inf,
a and 6.

An element (@, §) € K x Q is said to be minimal with respect to K if for
every b € K the condition v(a — b) > 6 implies [K(a): K] < [K(b): K].

Ifa € K\ K, we denote w(a) = sup{v(a — a’)} where a’ runs over the set of
conjugates of a over K, a’ # a. Krasner’s Lemma (see [4], p. 66) shows that
for any a € K \ K and any 6 > w(a), the pair (a, §) is a minimal pair.

Let (a, 8) be a minimal pair, and let f be the monic polynomial of a over K.
Let a1 = a, aq, ..., a, be all the roots of f, and let us put

Y= Zmin{v(a —a;), 6}.
i=1

If F € K[X], we write F in the form
F=Fy+Ff+ - +Ff, degF;<degf i=0,1,...,¢t.
Then we define

w(F) = inf (W(F;(a)) +1y).
0<i<t

In [2] it is proved the following result.
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THEOREM (2.1). Let (a, d) be a minimal pair with respect to K. Then w
is a valuation on K[X], and canonically on K(X), which coincides with the
restriction of the valuation on K(X) defined by inf, a and 8. Moreover one has:

(1) The value group of w is canonically isomorphic to G(K(a)) + Zv.

(ii) Let e be the smallest non-zero positive integer such that ey € G(K(a)).
Let h € K[X], degh < deg f such that w(h(X)) = v(h(a)) = ey. Thenr = f¢/h
is an element of K(X) for which w(r) = 0, the image r* of r in the residue
field k,, of w is transcendental over R(K) and k,, is isomorphic to R(K(a))(r*).
This isomorphism is canonical: for any F € K[X] with deg F < deg a we have
w(F (X)) = w(F(a), (F(X)/F(a))* = 1 and the above isomorphism becomes an
equality in the residue field of w.

Moreover, if w' is an r. t. extension of v to K[X], then there exists a pair (a, 5)
which is minimal with respect to K and such that w' coincides with the r. t.
extension defined by the minimal pair (a, 8).

Let now (a, ) € K x Q be a minimal pair, and denote by w the corresponding
r. t. extension of v to K(X). We identify the residue field &, = R(K(a))(r*) of w
with the field of rational functions R(K(a))(Y) in one variable Y over the field
R(K(a)),i.e. we shall writer* =Y.

Let G € R(K(a))lY] be monic and let m = degG. A monic polynomial
g € K[X]is said to be a lifting of G with respect to w (or with respect to a, &
and h) provided one has

deg g = emdegf,

w(g(X)) = mw(h(X)) = mey,

() =

One says that the lifting g of G is trivial if degg = degf. This situation
appears exactly when deg G = 1 and y = w(f) € G(K(a)).

In [10], Theorem 2.1 it is shown that if G € R(K(a))[Y], G # Y, G monic
and irreducible, then any lifting g of G in K[X] is irreducible over K.

A pair (a, b) of elements from K is said to be a distinguished pair, provided
one has

and

dega > deg b,
via —c¢) <v(a—b)
for any ¢ € K with deg ¢ < deg a, and

via —c¢) < vla — b)

for any ¢ € K with degc < degb.

Given two irreducible polynomials f, g € KI[X], one says that (g, ) is a
distinguished pair if there exist a root a of g and a root b of f such that (a, b)
is a distinguished pair. It is easy to see that if (g, /) is a distinguished pair of
polynomials, then for any root a of g there exists a root b of f such that (a, b)
is a distinguished pair, and for any root b of f there exists a root a of g such
that (a, b) is a distinguished pair.

The connection between lifting polynomials and distinguished pairs of poly-
nomials has been investigated in [10]. In Theorem 3.1 of [10] it is shown that
if G € R(K(a))IY], G # Y, G monic and irreducible, and if g is a nontrivial
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lifting of G in K[X], then (g, f) is a distinguished pair. A converse of this result
was obtained in Theorem 3.2 of [10].

3. Distances between the roots of a lifting polynomial

Let K be a field of characteristic zero, complete with respect to a rank one,
discrete valuation v, and having a perfect residue field R(K). Fix an element
a € K and denote by f its minimal polynomial over K. Let a1 = a, as, ..., a,
be the roots of f in K. Choose any rational number & such that w(a) < 8. Then
(@, 6) is a minimal pair with respect to K. For any i € {1, ..., n}, let us denote

M(a;) = {x € K: v(x — a;) > §}.

The sets M(a;) and M(a;) are clearly disjoint for i # j. Let w be the r. t.
extension of v to K(X) defined by the minimal pair (a, 5). We use the same
notations as in Theorem (2.1). Thus we let

y = Z min{v(a — a;), 8},

i=1

and denote by e the smallest non-zero positive integer such that ey € G(K(a)).
Then we fix a polynomial 2 € K[X]for which deg h < deg f = n and w(h(X)) =
v(h(a)) = ey, and we let r = f¢/h. Next we select an irreducible polynomial

G=Y"+c1Y" 1 +...4¢c, € REK@)Y],

G # Y. Therefore ¢,, # 0. Let now g € K[X] be any nontrivial lifting of G
with respect to a, 6 and k. Say

g=[1"+Bif" '+ + B,

with By, ..., By, € K[X], degBj < degf for any j € {1,..., me}. We know
from Theorem 2.1 of [10] that g isirreducible over K. We proceed to investigate
the distances between the roots of g. Denote by M the set of roots of g in K.
We need the following result of Aghigh and Khanduja (see [1], Lemma 2.1).

LEMMA (A). Let (a, 8) be a minimal pair (with respect to K and v) and 6 be
an element of K with (0 — a) > 6. Let h(x) € Klx] be a polynomial of degree
strictly less than [K(a): K1. Then v(h(0) — h(a)) > 0(h(a)).

We now prove the following result.
PrOPOSITION (3.1). (a) Foranyi€ {1,...,n},
#H{ M) M} = em.
Also,
M = U (M n M(a;)).

(b)If 60 € M(a;) N M, then K(a;) C K(0), and the conjugates of 0 over K(a;)
are exactly the elements of M(a;) N M.

(e)If0 € M(a;) N M, then v(a; — 6) = 6.

(d) For any 6 € M one has v(f(6)) = .
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Proof. (a) First, note that forany i € {1, ..., n},

H (a; — 0) = g(a;) = Bpela;),

oeM
and so keeping in view that v has a unique prolongation to K, we have

v(g(a)) = Y v(a; — 0) = v(Bpe(@)) = U(Bpe(a)).

oM

Since
emy = w(g) = w(f™ + Bif™ 1+ + Bpe)

= Oél}igrrlne{v(Bj(a)) + (me — J)'}’} < v(Bpela)),

where By(X) := 1, we deduce that
(3.2) v(g(a)) = Y vla; — ) > emy,
oeM

Using the fact that both polynomials f and g are irreducible, we see that for
anyic€{l,...,ntandanyne M

1 1 1
deggzv(ai_e):@ Z v(aj—e):; Z via; — ).

6eM 1<j<n 1<j<n
0eM
It now follows from (3.2) that
n 1
. L — i = — i Z .
(3.3) Z v(a; —n) dog g > vla; - 0) — > vlai—-0) >y
1<j<n oeM oM

We apply this inequality to a root 1 of g which is chosen such that

vla — = max vla; — .
(@ —n) max (aj —mn)

Then for any 1 < j < n one has
v(a; —n) = min{v(a — a;), v(a — n)}.

As a consequence using (3.3), we have

Z min{v(a — a;), via —n)} = Z vaj—m)>y= Z min{v(a — a;), 6},
1<j<n 1<j<n 1<j<n
which further gives v(a — 1) > §, i.e. 7 € M(a). For any automorphism
o € Gal(K/K), one has v(o(a) — o(n)) = v(a — ) > 8. Therefore any element
of M belongs to one of the sets M(ay), ..., M(a,). Also,forany 1 < i, j < nand
any o € Gal(K/K) for which o(a;) = aj, we have o(M N M(a;)) = M N M(a;).
Hence the sets M N M(a1), ..., M N M(a,) have the same number of elements,
and this completes the proof of (a).

o) If6 € M N M(a;), then v(0 — a;) > 6 > w(a), and by Krasner’s Lemma it

follows that K(a;) C K(6). Here

) . degg
[K(0): K(a;)] = degf em

On the other hand, each of the em conjugates of 6 over K(a;) lie in M(a;) " M,
because they are all at the same distance from ;. Since M(a;) N M has exactly
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em elements, it follows that these elements are all the conjugates of 6 over
K(a;), which proves (b).

(c) It is enough to consider the case i = 1, that is, the case a; = a. Then
the general case will follow by applying an appropriate automorphism o €
Gal(K /K), which sends a to a;. Letnow 6 € M(a)NM. We know that v(a —6) >
8. Suppose to the contrary that v(a — 0) > 6. Then one would have

3.4) u(f(H) = Z va; —6)=uv(a—0)+ Z min{v(a — a;),v(a — )}

1<j<n 2<j<n
>8+ Y min{ua—a),8} =y.
2<j<n
Let us recall that

emy = IU(g) = w(f’”e —+ Blfme71 + -4 Bme) - Ogsli<rrlne (U(Bme—s(a)) + 3’)’) .

Then, since deg B; < deg f for any 0 < s < me, it follows from Lemma (A) that
v(Bg(a)) = v(Bs(#)). Combining these results, we see that

emy = min (v(Bpes(0)) +57).

Let 0 < sy < me, sg as small as possible, for which the above minimum is
attained. Since emy € G(K(a)), and for 0 < s < me one has v(By(0)) =
v(Bs(a)) € G(K(a)), while sy € G(K(a)) only if s is a multiple of e, it is clear
that sop must be a multiple of e. If sy = 0, then we obtain by using (3.4) and
Lemma (A) for any 0 < j < me,

U(Bpe(0)) < v(Bj(0)) + (me — j)y

< u(B;(0)) + v(fmeI(9)) = v(Bj(B)fme_j(B)).
This is false, because from g(0) = 0 it follows that
Bn(@)=— Y BjOf™ ),
0<j<me—1
which further gives
U(Bre(0)) > min uv(B;(0)f me=i(9)),
0<j<me—1

and we obtain a contradiction. Therefore sy = eiy, with ig > 1. Then
w(B,(X)) = v(Bp(a)) > emy,

and so the image of (Bme(X )/ R X )) in the residue field %, of w vanishes. As

a consequence, the image of (g/ h”‘) in %, will not have a constant term, and
in fact this image will be a polynomial in r*, divisible by (*). Since g is a
lifting of G(Y), this would imply that Y divides G(Y), which is not the case,
because iy > 1, G(Y) is irreducible and G(Y) # Y. In conclusion one can not
have v(a — 0) > §, and this proves (c).

(d) We know that f(6) has the same valuation for all the elements 6 € M.
Choosing 0 in M N M(a), and using part (c) above, we see that

u(f(0)) = Z viaj—0) = Z min{v(a — a;), v(a — 6)}

1<j<n 1<j<n
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= Z min{v(a — a;), 8} = 7.

1<j<n
This completes the proof of the proposition. O

The following corollary is an immediate consequence of Lemma (A) and
assertion (d) of the above proposition.

COROLLARY. With the notations as in the above proposition, for any polyno-
mial H(x) belonging to K[x] and any p € M, the inequality v(H(p)) > w(H (x))
holds.

We now derive some consequences of the above result. We are interested in
the distances between any two roots of g. First, forany 1 < i # j < n, and
any elements 6 € M N M(a;), n € M N M(a;), we have v(6 — a;) = v(n—a;) =6,
while v(a; — @) < 6. This implies that

vl —n) =via; — a;),

for any 0 € M N M(a;) and n € M N M(a;), with 1 <i # j < n. It remains to
estimate the distances between the elements of a set of the form M N M(a;), for
afixed i. Note that since each automorphism o € Gal(K/K)is an isometry, and
since for any i, j, the sets M N M(a;) and M N M(a;) are sent to one another via
a suitable automorphism o, the mutual distances between the elements of the
set M N M(a;) are the same as those between the elements of M N M(a;). Thus
it is enough to estimate the distances between the elements of one of these sets.
To make a choice, we consider the set M N M(a). For any n1,n2 € M N M(a)
one has v(n; — a) = v(ng — a) = 6, therefore v(n; — 12) > 6.

Let now 0 € M N M(a). We already know that K(a) C K(6) and that
(6, a) is a distinguished pair. As a consequence, for any non-zero polynomial
F(X) € K[X] with deg F' < deg a, we have v(F(0)) = v(F(a)) = w(F(X)), and
moreover, in the residue field %, of the r. t. extension of v to K(X) defined by
inf, @ and 8, which we continue to denote by w, one has by virtue of Theorem

(2.1) and Lemma (A)
@ - ([ F@) - 1
Fa)) \FX))

gX) = f™(X) + BiXOf™ HX) + -+ - + Be(X),
with B1(X), ..., By.(X) € K[X] and deg B;(X) < deg f for 1 <i < me. Hence

B;(6)
Bi(X)

Recall that

) =1 1<i<me.

Also, v(f()) = y = w(f(X)), and (h(e)/h(X))* — 1. On combining the above
relations with the fact that g(X) is a lifting of G, we deduce that

(gm):awwy

h™(6)

But g(0) = 0, so (g(6)/h™®))" = 0, and hence r*(0) is a root of G. Here
r*(#) € R(K(6)), and since @G is irreducible and of degree m over R(K(a)), it
follows that the inertial degree [R(K(0)): R(K(a))]is > m. On the other hand
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v(f(6)) = v, thus the ramification index e(K(6)/K(a))is > e. But[K(6): K(a)] =
em. We deduce that e(K(0)/K(a)) = e, [R(K(6)): R(K(a))] = m, and moreover
R(K(0)) = R(K(a))(r*(9)), and there exists a uniformizing element 7y of K(60)
of the form 7y = f(6)°z, with z € K(a) and s a positive integer. Denote by U the
maximal unramified extension of K(a) which is contained in K(6). Therefore
[U: K(a)] = m and [K(0): U] = e. Denote also by By, ..., Bm € R(K) the roots
of G. We know that for any n € M N M(a), r*(n) is a root of G. So we have a
map from M N M(a) to the set {B4, ..., Bn}, given by n — r*(n). For any root
B of G(Y) set

(3.5) M(a, B) = {n € M|v(n — a) > §,r*(n) = B}.

For any 1 <i # j < m, the sets M(a, 8;) and M(q, B;) are sent to one another

by an appropriate automorphism o € Gal(K/K(a)). As a consequence, all
these sets have the same number of elements. The set M N M(a) has exactly
em elements, so we obtain

#M(a,B;)) =e, 1<i<m.
For simplicity, denote by B the element of the set {84, ..., B} for which we
have r*(#) = B. We claim that for any 8; # B, and any n € M(a, 3;), one has
v(@ —m) =8.

For let us assume that there exist 8; # B and an element n € M(a, B;), for
which v(6 — n) > 8. One has

f(n) n—a; ( n—90 )

—_— = 1 + .

f(@) 1<1:£n 0— ai 1<zlln 6 — ai

Since v(6 — a;) < & < v(n — 0), we find that (g)* =0, and so

f(n)> : (1 n—0 )
) = - ~1
(f(B) lglln 0—a;

We also know that

(i) = (i) (i) =
h© ) — \ k) o))

On combining the above equalities we derive

B rm (fe(n)>* (h(e) > - (fe(n)>* (h(e)) .
g - ro \hm) \Fo) "~ \ro) \xmp) =~

which is not the case. We obtained a contradiction, which proves the claim.
Finally we estimate the distance between two roots of g(X) which belong to
the same set M(a, 8j). As before, any two such sets are sent to one another
via an automorphism o, which is an isometry. Therefore the mutual distances
between the elements of M(a, ;) are the same for any such set. We may then
restrict to only consider one of these sets, which we choose to be M(a, 8). We
know that v(0 — n) > & for any n € M(a, B). We now proceed to derive an
upper bound for v(6 — n), uniformly for 8 # n € M(a, B). Note first that M(a, 8)
coincides with the set of conjugates of 6 over U. Indeed, on the one hand,
#M (a, B) = e and 6 has exactly e conjugates over U (recall that [K(0): U] = e).
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On the other hand, any automorphism o € Gal(K/U) sends r(6) to r(c(0)), and
if we choose u € U with v(x) = 0 and u* = B3, then

v(u — r(o(0))) = vioc(uw) — o)) = v(u — r)) > 0.

So (r(c(0)))* = u* = B, and hence o(8) € M(a,B) for any o € Gal(K/U).
Therefore M(a, B) coincides with the set of conjugates of 6 over U.
Let now 1 € M(a, B) and choose an automorphism ¢ € Gal(K/U) for which
a(6) = 1. Then o(f(0)) = f(n), and
o(mg) = o (f(0)z) = f*(n)z.

Thus the elements 7, := f*(n)z, with n € M(a, B), are the conjugates of 7y over
U. Consider the minimal polynomial P(X) of 74 over U, which is an Eisenstein
polynomial (see [6, Ch. 14, Section 2]). Let

PX)=X+wmX o tueXtue= [[ X -y
neM(a,B)

We compute the valuation of P’'(7ry) in two ways. First, one has

P'(mp) = [ [Gmo — ),

n#0

hence

(3.6) (P () = > vlary — ).
n#0

Second, keeping in mind that e is the smallest positive integer such that
ev(my) € G(K(U)), we conclude that

V(P'(m)) = vlem ™ + (e — Vg2 + - + te_1) = min{vjue_jm, M}
In particular
3.7) v(P'(my)) < viems™ ) = vie) + (e — Lyv(my).
By combining (3.6) and (3.7) we find that

Zv(m; —ay) < vle) + (e — Du(my),
n#0
which can also be written in the form
Zv <1 — Tr") < v(e).
n#0 o
Here the left hand side is a sum of non-negative terms. It follows that

v (1 — 777’) < v(e)
)

for any n € M(a, B), n # 0. Note that

Ty A
v(l W0>_v(1 fs(e))

_ fn) fon ) f(n)
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B f(n)>
(1 7)) =V
Next we have

fon n-a _ . n—90
1— 0] 1—H " a =1 H<1+0_ai>.

1<i<n 1<i<n

Hence

If v(n — 0) > 6 + v(e), then since v(6 — a;) < 6 for any i, one would have
n—0 ) > v(e), and then

6—a
v(l H <1+ n—@)) > v(e)
. 0 —aq; ’
1<i<n

which is false. In conclusion, one has

v(n —6) <6+ vle),

for any n € M(a, B), n # 6.
We gather the above results in the following theorem.

THEOREM (3.8). Let K be a field of characteristic zero, complete with respect
to a rank one, discrete valuation v, and having a perfect residue field. Let
a € K, 8 € Q, with 8 strictly larger than the Krasner constant w(a), and denote
by w the r. t. extension of v to K(X) defined by inf, a and 6. Let G(Y) # Y be
a monic, irreducible polynomial over the residue field of K(a), and let g be a
nontrivial lifting of G with respect to w. Let e, f(X) and r(X) be as in Theorem
(2.1). Choose a root B of G(Y) and a root 6 of g(X), with 6 € M(a, B) defined
by (3.5). Then K(a) C K(0), and the ramification index and inertial degree of
K(0) over K(a) are equal to e and m respectively. We also have

(i) For any conjugate a; of a over K, a; # a, and any root 1 of g(X) which
belongs to M(a;),

v(@ — 1) =vla — a;).
(ii) For any conjugate 3; of B over K(a), B; # B, and any 1 € M(a, B;),
v —mn) =96
(iii) For any n € M(a, B), 1 # 6,

6 < v —mn) <5+ule).

4. Lifting polynomials defining the same field extension

As a consequence of the above results, we obtain the following theorem,
which provides sufficient conditions under which two different liftings obtained
from the same initial data, define the same field extension.

THEOREM (4.1). Let K,v,a,d,w, e, G, g be as in the statement of Theorem
(3.8), and let g, be another nontrivial lifting of G with respect to w, such that
w(g1(X) — g(X)) > ev(e) + w(g(X)). Then, for any root p of g1 there exists a root
0 of g such that K(p) = K(0), and conversely, for any root 0 of g there exists a
root p of g1 such that K(p) = K(0).
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Note that if v(e) = 0, then any nontrivial lifting g; of G with respect to w
satisfies the conditions from the statement of the theorem. We always have
v(e) = 01in case R(K) has characteristic zero. If R(K) has characteristic p # 0,
then v(e) = 0 if e is not a multiple of p. So we have the following corollary.

COROLLARY (4.2). Let K, v, a, 5, w, G be as in the statement of Theorem (3.8),
and assume that char R(K) = 0, or char R(K) = p # 0 and e is not a multiple
of p. Let g, g1 be any nontrivial liftings of G with respect to w. Then, for any
root p of g1 there exists a root 0 of g such that K(p) = K(0), and conversely, for
any root 0 of g there exists a root p of g1 such that K(p) = K(6).

Proof of Theorem (4.1). We use the same notations as in Theorem (3.8). Let
p be aroot of g1, and let 0 be a root of g such that v(p — 6) is as large as possible.
Then for any other root 1 of g, we have

v(p — 1) = min{v(p — 0), V(0 — n)}.

To simplify the notation, we assume in what follows that 6 € M(a, B). Using
corollary to Proposition (3.1) and the hypothesis, we have

(4.3) v(g(p)) = v(gi(p) — &(p)) > w(g1(X) — g(X))

> ev(e) + w(g(X)) = ev(e) + emy.
We claim that from this relation it follows that

vip — 0) > 6+ vle).
For let us assume that v(p — 0) < 6 + v(e). Then for any root 1 # 0 of g,
vip — n) < min{8 + v(e), v(f — )} = v(6 — 1),
by Theorem (3.8). Then the above inequality gives

v(g(p)) = vlp — 6) + > vip —m) < 5 +vle) + Y v(6 — ).

n#£0 n#0
It now follows from (4.3) that
(4.4) > v(0 —m) > v(g(p) — 8 — vie) > (e — Dle) + emy — 8.
n#£60

We now evaluate the contribution of each term on the left side of the above
inequality. For any n € M N M(a;) with a; # a, we know from Theorem (3.8) (i)
that v(0 — 1) = v(a — a;). For each fixed a; # a, there are exactly em elements
nin M N M(a;). Therefore

Z v(6 — 1) = emv(a — a;).
neEMNM(a;)
The total contribution of these terms is
(4.5) Z Z vl —mn)=em Z v(a — a;) = em(y — 9),
a;#aneMNM(a;) a;#a
since

v = Zmin{v(a —a;),6} =6+ Z via — a;).

=1 a;#a
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Next for any n € M(a, B;) with 8; # B we have v(6 — 1) = 8 by Theorem (3.8)
(i1), hence

> v —n) = 5#Ml(a, B)) = €5,

n€M(a,B;)
which gives in turn
(4.6) > uwb—m=(m-1Des.
Bj#BneM(a,B;)

Finally, from Theorem (3.8) (iii) we know that for any n € M(a, B), n # 0, one
has v(6 — 1) < 8 + v(e), therefore

4.7 > w0 —m) < (6 +ve)(#Mla, B) — 1) = (e — 1)(6 + v(e)).

neM(a,p)
n#0

Combining (4.5), (4.6) and (4.7) we deduce that
(4.8) > v(0 —m) < emly — 8) + (m — 1)ed + (e — 1)(8 + v(e))
n#£6
= (e — Du(e) + emy — 6.
Relations (4.4) and (4.8) contradict each other, and this proves our claim that
v(p — 0) > & + v(e). This further implies that
w(0) = maxv(@ —n) <8+ vle) <vip—0).
neM

n#6

It follows now from Krasner’s Lemma that K(6) C K(p), and since both 6
and p have the same degree em deg f over K, we conclude that K(0) = K(p).
Similarly, if we start with a root 6 of g then we can find a root p of g; such that
K(0) = K(p), and this completes the proof of the theorem. O
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NOETHER-LEFSCHETZ FOR K; OF A CERTAIN CLASS OF
SURFACES

XI CHEN AND JAMES D. LEWIS

ABSTRACT. We first give an elementary new proof of the vanishing of the
regulator on K1(Z) where Z C P2 be a general surface of degree d > 5,
using a Lefschetz pencil argument. By a similar argument we then show
the triviality of the regulator for K; of a general product of two curves.

1. Statement of results.

Let Z be a smooth quasiprojective variety over C, and for given nonnegative
integers k,m, let CH*(Z, m) be the higher Chow group as introduced in [Blo1].
In [Blo2], Bloch constructs a cycle class map into any suitable cohomology theory.
In our setting, the corresponding map is:

clym: CHF(Z,m) — HZ™(Z,Q(k)),

where H%kfm(Z,Q(k')) is Deligne-Beilinson cohomology, which fits in a short
exact sequence

H2k—m—1 (Z7 (C)

"7 FEEIZ,T) 1 (Z,Q0)

— HR™"(Z,Q(k))

— FFH*=m(Z,C)(H* ™ (Z,Q(k)) — 0.
Our primary interest is when Z is also complete, and m = 1. Thus one has the
corresponding map:
. H?~2(Z,C)
FEH?k=2(7,C) + H?*~2(Z,Q(k))

Let Hg*"1(2) := H?*~2(Z,Q(k — 1)) N F*"'H?*~2(Z C) be the Hodge group.
Then one has an induced map

clg1: CHF(Z,1)

HQk*Q(Z, (C)
FFH?=2(7,C) + Hg" ' (2) ® C + H?*~2(Z,Q(k))
It is known that cl; ; is trivial for Z a sufficiently general complete intersection

and of sufficiently high multidegree. This is a consequence of the work of Nori
[No], together with a technique similar to that given in [G-S]. The argument is

cy,: CHY(Z,1) =

2000 Mathematics Subject Classification: 14C25, 14C30, 14C35.
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presented in [MS]. Further, it is noted in [MS], based on an effective bound in
[Pal, that

HQ(Z,(C)
F2H2(Z,C) + Hg'(Z)® C + H%(Z,Q(2))’

is trivial for sufficiently general surfaces Z C P? of degree d > 5. The method of
Nori involves passing to the universal family of complete intersections of a given
multidegree, in a given projective space. A similar point of view appears in [Na].
In this paper, we give an elementary and direct proof of the triviality of cl, ;
for a general surface Z C P? of degree > 5, by working with a Lefschetz pencil
of degree d > 5 surfaces in P2. Thus our first main result is an elementary new
proof of the following:

cy,: CH*(Z,1) —

THEOREM (1.1). For a sufficiently general surface Z C P? of degree d > 5,
the map cl, 4 is trivial.

We remark that the theorem is trivially true, without the generic hypothesis,
if deg Z < 3, as H?(Z) is algebraic. From the works of Collino, Voisin, S. Miiller-
Stach, et al, and more recently the authors [C-L], it is false if deg Z = 4. Since
our method requires only a Lefschetz pencil as opposed to the universal family
of surfaces of degree d in P3, and that it provides a rather simple proof of a
counterexample of the Hodge-D-conjecture of Beilinson [Beil], we believe that
this approach has some merit. In particular, a variant of this argument leads to
our next result:

THEOREM (1.2). Let X = Cy x Cy be a product of two general curves (resp.
general hyperelliptic curves), where the genus g(Cy) > 1 and g(C3) > 2. Then
cly 4 s trivial.

We remark that story is false if C; and Cs are general elliptic curves ([C-L]).

Question (1.3). Consider a smooth projective surface X and the correspond-

ing regulators
ro1: CH*(X,1;R) — HM'(X,R(1)),

H3 (X, Q(1))
Hg' (X) ®C/Q(1)
Let x(X) be the Kodaira dimension. If x(X) = —1, then 75 is surjective. If
k(X) = 0, then 7o ; is surjective for “general” X (see [C-L]). If X is “general”
and if k(X) > 1, is it the case that cl, ; is trivial?

6—12,1: CHiQnd(X7 17R) —

2. Some definitions

(1) Deligne cohomology. A good source for the definition of Deligne coho-
mology can be found in [EV]. For our narrow purposes, the following will suf-
fice. Let X be a projective algebraic manifold, and for a subring A C R, put
A(j) = A(2m/—1)7. Consider the Deligne complex

A)p: AY) = Ox = Q% — - = Q"

Definition (2.1). Deligne cohomology is given by Hi (X, A(j)) := HY(A(j)n)
(hypercohomology).
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One has a short exact sequence
R (X, ©)
FIH=Y(X,C) + H"H(X,A(j))
— FIH'(X,C) (| H'(X,A(j)) = 0.

We are mainly interested in the cases where i = 2j — 1 and where A = Q and
A = R. In these cases we have

Hy (X, Q)

0 — Hj (X, A()))

N H?%72(X,C)
- FIHAA(X,C) + HY2(X, Q)
HE 7N (X R(j)) = H 7 HXR( — 1)

(2) Higher Chow groups. For X given in (1), the following abridged definition
of CH*(Z,1) will suffice (see [La] or [MS]).

Definition (2.2). CH*(X, 1) is the homology of the middle term in the complex

[ mcyy= I xeyv)> [] Kcy)
cdxY=k—2 cdxY=k—1 cdx Y=k

where we recall that K7 (F) = F* and Ky(F) = Z, for a field F, and Tame, Div
are respectively the Tame symbol and divisor maps.

Thus classes in CH(X, 1) can be represented by cycles of the form

N N
{5 - Z (fjvzj) fj < C(Zj)x’ CdXZJ =k—-1, ZdiVZj(fj) = 0}.

Jj=1 Jj=1

Note: For the most part, we will identify CHk(—,m) with CHk(—,m) ®Q,
unless there is a specific reason to work with CH*(—,m) (and in which case the
interpretation will be clear).

(3) Regulators. There are cycle class maps

cly y: CHM(X, 1) — Ha 1 (X, Ak)).
In the case where A = R, we put ry ;1 = clﬂ,fﬁl. Let n = dim X. The map
i CHY (X, 1) — HY2(X,R(k)) ~ HF VP 1HX R(E - 1))
~ HP R R (X R(n — k+ 1)),
is given explicitly as follows (see [Beil] or [Jal):

1 N
k1 (§)(w) = W;/@wbgml.

(4) Horizontal displacement. Let h: W — S be a proper smooth morphism of
quasiprojective varieties over C, where say for simplicity dim S = 1, with smooth
projective fiber W; := h~1(t). Fix a reference point tg € S and consider a disk
A centered at tg. It is well known that there is a diffeomorphism A=1(A) =~
A x W;,. Thus for a cohomology class v := 7, € H®*(Wy,), one can talk
about its horizontal displacement v, € H®*(W;), for t € A and more generally
for t € S. Consider the Hodge decomposition H*(W;,C) = B, -, H?(W2),

Yt = Bptrq=e"?. We say that the Hodge (p, ¢) components deform horizontally
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if 477 = (yP?), for all ¢ € A. By analytic considerations of Hodge subbundles,

this is equivalent to saying that "% = (4#%), for all t € S.

(5) The word “general” in this paper will have the following meaning. In the
notation of (1.1), a point ¢t € T is general if ¢ belongs to the complement of a
countable union of proper subvarieties of T governed by a certain property.

3. Proof of Theorem (1.1)

Let {X;},ep be a Lefschetz pencil of surfaces of degree d > 5 in P3| i.e. the
general fiber X; is smooth, and each singular fiber has an ordinary double point
singularity. We will think of this pencil in the form X C P3 x P!, i.e. where X
is the blowup of P? along the base locus Nyep1 X;. Suppose that for a general
t € P, the cycle class map clp;: CH?*(Xy,1) — H3 (X, Q(2)) is nontrivial.
We can assume that X is defined over an algebraically closed field L of finite
transcendence degree over Q, i.e. X/c = X, x C. Let n be the generic point of
PL. For some finite algebraic extension K D L(n), and via a suitable embedding
K < C, there is a class £ € CHQ(XK = X, x K,1) such that cly1(x) # 0
in H3 (X (C),Q(2)). The situation here is not unlike than that found in ([Lew]
p. 191). There is a smooth projective curve I'y, with function field L(T') = K.
Then after a base change Y = X xp1 T, £i defines a cycle in € € CH?(Yy, 1),
where U C I' is a Zariski open subset of I" and Yy = UsepY;. This uses the fact
that

CH*(Xk,1) = CH?(Yy, 1) = lim CH?(Yy, 1),

U
where Y} is the generic fiber of Y over I'r. We want to spread £ to all of T
However, there is obstruction preventing us to do it; rather we can extend it after
a suitable modification of £&. That is, we will show that there exists &’ € CH?(Y, 1)
such that clg 1 (&) = cla,1(&;) for every ¢t € U. Our main tool is the localization
sequence. (Strictly speaking, we don’t really need the localization sequence in
this paper. Rather, it is used out of convenience).

(3.1)  CH*(Y,1) — CH*(Yy,1) — CH'(Ys) — CH*(Y) — CH?*(Yy) — 0
over Q, where B =T\U and Yp = UiepY;.

Note that the map CH'(Yp) — CH?(Y") might not be injective if |B| > 1, so
there is obstruction to extend & directly.

Let H be a plane in P? and 7* H C Y be the pullback of H under the projection

7Y = P3. Let Cp, = m*HNY, for b € B and Cp = UpepCy. Let us first extend
& to Y\Cp. We look at the localization sequence

(3.2) CH?*(Y\Cp,1) — CH*(Yy,1) — CH*(Y5\Cp) — CH*(Y\Cp)
Note that
(3.3) CHY(Y5\C3B) = 8 CHY(Y;\Cy)

We claim that CH'(Y;\C}) ® Q = 0 for every t € T.

The classical Noether-Lefschetz theorem tells us that a general surface of
degree d > 4 in P3 has Picard rank 1. This statement was refined by Mark
Green [G] to the following. Let M = PY be the space parameterizing surfaces of
degree d in P2 and My C M be the subset parameterizing surfaces with Picard
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rank > 2. Then codimy; My = d — 3. So when d > 5, M5 has codimension at
least 2 in M and a general pencil will avoid this locus. Thus Pic(V;) @ Q = Q
for every t € I'. Note that Y; might be singular, i.e., Y; has an ordinary double
point. Since an ordinary double point is a quotient singularity, every Weil divisor
of Y; is Q-Cartier. Therefore, CH'(V;) ® Q = Pic(Y;) ® Q. In any case, we have

(3.4) CH'(Y;) ®Q = Pic(Y;) ® Q = Pic(P*) ® Q = Q.
Obviously, CH'(Y;) is generated by C; = 7* H N'Y; over Q. Consequently,
(35) CH'(Y:\C) ®Q =0

and there is no obstruction to extend £ to Y\Cg. So we may regard £ as a class
in CHQ(Y\C’B, 1) from now on.

There might be obstruction to further extend & to all of Y by the localization
sequence

(3.6) CH%(Y,1) — CH2(Y\C3,1) & CHO(C) L CHA(Y)
where
(3.7) CH(Cp) = @ CH(Cy) = Q%°
beB
with 8 = |B|.

Let & = > (fa,Da) where D, is a divisor on Y\Cp and f, is a rational
function on D,. We have

(3.8) > div(fa) =0.

Let Ea_be the closure of Dy inY and fa naturally extends to a rational function
faonDgy. Let £ =3 (fn,Da). We no longer have (3.8). Instead,

(3.9) D div(f,) =Y mCh
e’ beB

for some my, € Z. Actually, the RHS of (3.9) is exactly the image of £ under the
map ¢: CH?*(Y\Cp,1) — CH’(Cp) in (3.6), i.c.,

(3.10) P(§) = Z mpCh.

beB

Note that ¢(£) lies in the kernel of 7v: CH°(Cp) — CH?*(Y') and there is a natural
map CH’(Cp) — CHY(I') via

(3.11) CH(Cp) & CH%*(Y) — CH3(P® x T') — CHY(I).

Note that the map CH?}(P? x I') — [P!]® CHY(T') = CH'(I"), comes from the
projective bundle formula. Of course, the map CH’(Cz) — CH'(T') simply sends
Cy to Nb, where N = d. Thus ¢(£) maps to zero under this map, i.e. the divisor
S mpb is N-torsion in CHY(T') = Pic(T).

Note that 7*H is a fibration of curves over I'. So the fact Y myb is torsion
in CH'(T) implies that > m;C}, is N-torsion in CH' (7* H). Consequently, there
exists a rational function fgy on 7*H such that

(3.12) div(fg)=N Z mpCp.

beB
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So we may simply modify £ as follows
- 1
(313) ¢ =E— (.7 )
Now ¢ € CH?(Y, 1) and cly (&) = cly 1 (&) for all ¢ € U, where we recall that
H3 (Y, Q(2))
Hg' (Y;) ® (C/Q(1))

is the induced map. This is due to the fact that the restrictions fy to Y; are
obviously constants. Thus we can now replace & by &. Next observe that even
though Y is complete, it may be singular. It is worthwhile pointing out that we
can further pull back £ to a desingularization Y of Y. More precisely,

cyy: CH*(Y;,1) —

Claim (3.14). There exists € € CH%(Y, 1) such that € and ¢ agree on the open
set where Y and Y are isomorphic.

The usefulness of this claim is as follows. The (cohomological) cycle class
map clp 1: CHQ(Y, 1) — H3(Y,Q(2)) is only defined if Y is smooth. Granting
the existence of this cycle class map, the remaining argument only requires the
completeness of Y. There is a short exact sequence:

H2(Y,C)

"7 FPIRY.0) + I(Y.00)

— HH(Y,Q(2)) » F> N B (Y,Q(2)) 0.

But since Y is complete, a weight argument gives F?2 N H3(Y,Q(2)) = 0. Thus
for t € U, cly (&) is given by the restriction C—12»1(§)|Yt’ i.e. induced by the
restriction
H2(Y,C) . H?(Y,,C)
FPH(Y,C)+ H*(Y,Q(2)) ~ FPH*(Y;,C) + H*(Y;,Q(2))

Thus ast € U varies, the class cl, 4 (&) varies by horizontal displacement; further,
the restriction H2(Y') — H?(Y;) is a morphism of mixed Hodge structures. Thus
clp 1 (&) is induced by a class in H?(Y;), whose Hodge (p, q¢) components displace
horizontally, i.e. preserving the given Hodge type. But over the set where I' — P!
ramifies, one can find open sets Ap C U C I', A C P, in the strong topology,
such that Ap ~ A. Thus cl, 1 (&) = 0, by virtue of:

LEMMA (3.15). Consider a Lefschetz pencil {Z;}ycpr of surfaces in P? of de-
gree d > 1, and let Uy C P be the smooth set. Further, let A C Uy be a disk, and
assume given v, € H?(Z;,C), a horizontal displacement of a class v for t € A.
If the (p,q) components of v; also horizontally displace, then v, € Hg'(Z;).

Proof. This follows from a standard monodromy argument, together with the
analyticity of Hodge subbundles. O

Finally, we attend to:
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Proof of claim. It turns out that the singularities of Y are quite mild. Note
that the singularities of Y are introduced during the base change I' — P!; YV’
becomes singular when the map I' — P! ramifies over a point ¢t € P! where X;
is singular, i.e., it has an ordinary double point. Therefore, the singularities of
Y have the type of 22 + 4% + 22 +t™ = 0. Let p € Y be such a singularity. We
may resolve p by a sequence of blowups:

(3.16) Y=Y, 2y, , 28 iy =Y

where 1 = |m/2]. The exceptional divisor Ey C Y} of ¢y is a quadric in P?; it
is a cone over a conic curve if 2k < m and it is a smooth quadric if m = 2k. Let
po = p and pi € Ey be the vertex of the cone Ej for 2k < m. It is obvious that
Y}, is locally given by 22 + 3% + 22 + =2k = 0 at Pk and @g41: Yy — Y is
the blowup of Y} at pg.

In order to pull back £ to 17, we do it step by step, i.e., we first pull it back
to Y7, then Y5 and so on. We will show that there exists a sequence of cycles
{&, € CH?(Y}, 1)} with all of them agreeing on the open set Y'\{p}.

By induction, it suffices to pull back the cycle &_; € CH?(Yi_1,1) to & €

CH*(Y}, 1).
Since @i : Yy — Yi_1 is the blowup of Yi_1 at pg_1,
(317) Yk\Ek = Yk—l\{pk—l}-

So the question is again to extend a class in CH?(Y;\Ey,1) to CH*(Y3,1). We
look at the localization sequence

(3.18) CH?(Y, 1) — CH?(Y3\Ex, 1) = CHY(E;) & CH*(V2) .

If E}, is a cone over a conic curve, then CH'(E;) = Q (see [Ha, Appendix A,
Example 1.1.2, p. 428]) and v: CH'(E}) — CH?(Y},) is obviously injective.

Suppose that Ej, is a smooth quadric. This happens in the last step of blowups,
i.e., when k = p and m = 2u is even. Now

(3.19) CHY(E,) =CH' (P! xPHY=Q& Q.

Let L1, Ls C Ej be the two rulings of Ej which generate CHl(Ek). We claim
that L1 and Ly are numerically independent on Yy, i.e., there exist divisors
Dy, Dy C Yy, such that D;-L; =01ifi = j and D;-L; # 0if ¢ # j. This certainly
implies that - is injective.

Note that Y;_; has an ordinary double point 2 + y? 4+ 22 + > = 0 at pr_1.
It is well known that there exist two small resolutions of Y;_;. That is, we may
blow down Y}, along either of the two rulings L and Lg. Let g: Y3, — Y} be the
blowdown of Y}, along Li. Let D be an ample divisor on Y;/. Then ¢*D - Ly # 0
since D is ample on Y} and ¢g*D - Ly = 0 since g.L1 = 0. We are done. O

4. Proof of Theorem (1.2)

We see that the very essence of the proof for Theorem (1.1), i.e., the fact that
the argument works for quintic surfaces but not quartic surfaces, lies in the result
of M. Green that those quintic surfaces with Picard rank two lie in a subset of
codimension two in the moduli space of quintic surfaces, while the same is not
true for quartic surfaces. For a product of curves Cy xCs with g(C1)g(Cs2) > 1, we
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have a similar situation. It is well known that Pic(C} x C2) = Pic(C1) @ Pic(Cs)
for a general pair (C1,Cs). Moreover, we have the following

PROPOSITION (4.1). Let g1 = g(C1) and g2 = g(Ca) with gigs > 1 and My,
be the moduli space of curves of genus g;. Let W C Mg, x My, be the locus of the
products Cy X Co with p(Cy X Co) > 2, where p(S) is the rank of the Neron-Severi
group of S. Then codim W > 2.

We believe that the above proposition is well known. But since we cannot
locate a reference to it, we will give a proof at the end of this section.

Fix E = C5 and let Y — I' be a one parameter family of curves of genus
g1 = g(C1). For a general choice of Y, we assume that

(4.2) CH'(Y; x E) = CH'(Y;) @ CHY(E)

for every ¢t € I" by Proposition (4.1), where Y; is the fiber over a point ¢t € I". Here
we have to be a little careful about the singular fibers of Y as Proposition (4.1)
does not say anything about one of C; being singular. Let C' = Y; be a singular
fiber of Y. For a general choice of Y, C' has one node and its normalization C
is a general curve of genus g; — 1. Therefore, CH'(C' x E) = CH'(C)) & CH!(E)
and CH!(C x E) = CHY(C x E)/{F, ~ Fy}. where F, and Fy, are the fibers of
C x E over p,q € C which are the two points over the node of C. Hence (4.2)
follows for singular fibers Y. This is still true after a base change of Y followed
by a semi-stable reduction, in which case Y is a union of curves RyUR, U...UR,
with g(RQ) =4g1 — 1, g(Rl) =...= g(Rn) =0 and RiRi—i-l = RQRn =1.

For a subset U C I', we use the notation Yy for Yy = Usep ;.

Let ¢ € CH*(Yy x E, 1) for some open set U C T. We claim that & can be
extended to everywhere on Y, i.e., there exists £ € CH?*(Y x E,1) such that
cly (&) = cly, (&) for a general point ¢ € I', where & and &, are the restrictions
¢ and E to the fiber Y; x FE, respectively.

Let B =T\U. We have the localization sequence

(4.3) CH2(Y x E,1) — CH%(Yy x E,1) % CH'(Ys x E) L CHX(Y x E).

Let £ = ), (Da, fa), where D, is a divisor on Yy x E and f, is a rational
function on D,. We have

(4.4) div(§) =) div(fa) =0.

Let D, be the closure of D, in Y x E and f, naturally extends to a rational

function f, on D,. Let £ = Za(ﬁa,fa). We no longer have div(§) = 0.
Instead,

(4.5) div(§) =Y _div(f,) € Z' (Y5 x E)

where Z¥(X) is the free abelian group generated by the codimension-k algebraic
cycles of X. Obviously, div(€) is exactly the image of ¢ in the localization
sequence (4.3).

By our assumption,

(4.6) CH'(Yp x E) = (CH'(Yp) ® CH’(E)) ® (CH(Yp) ® CH'(E)) .
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Therefore,
(4.7) > div(f,) ~rat Dy ®E+ Y Y, @D,
e’ beB

where ~,q; is the rational equivalence relation, Dy € CHl(YB) and D, €
CH'(E). Therefore, there exist rational functions g, on Y; x E such that

(4.8) Z div(f,) + Z div(gs) = Dy @ E + Z Y, @ Dy
a beB beB
Hence we may replace € by & + > Yy X E, gp) and assume that
(4.9) div) =Dy ® E+ Y _ Y, @Dy
beB

Since y(div(€)) = 0,
(4.10) Dy @E+ Y, @Dy ~par 0
beB
in CH*(Y x E). Now choose any point p € (E\ Upep Dy). Then Dy x p is the
expression in (4.9) intersected with ¥ x p. But the expression in (4.9) being
~rqt 0 implies that the intersection cycle is ~y.q 0, ie. {Dy X p} ~pqt O.
Thus Dy = Pry«(Dy X p) ~pq 0 in CHQ(Y). Next, by definition of rational
equivalence, if D € Z2(Y) and D ~,.4; 0, then there exists a pre-higher Chow
cycle e = > 5(Dg, fg) on Y with div(e) = D. Therefore, there exists ¢ =

>-5(Dg, fg) on Y with div(e) = Dy. So we may replace £ by

(4.11) E—cwE=E—Y (Dsx B, fs x E)
B
with resulting € satisfying
(4.12) div(d) = Y Y, @Dy
beB
Obviously,
(4.13) > Yy @Dy = 7*(9)
beB

for some § € Z2(I" x E), where m: Y x E — I' x E is the projection induced by
Y —»T.

Note that if 7: X — Y is a surjective morphism between two smooth projec-
tive varieties. Then

(4.14) CHF(YV)®Q = CHM(X) 2 Q

is injective. This follows by reducing to the case where dimY = dim X, and
using the fact that 7w, o 7* = deg .

Thus there exists a pre-higher Chow cycle € on I' x E with div(e) = Nd.
Finally, we replace £ by

(4.15) - %w*s
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and obtain a higher Chow cycle £ € CH*(Y x E,1). It is easy to check that
cly (&) =cly; (&) for a general t € T

Next we use a monodromy argument just like in the proof of Theorem (1.1).
Applying the same monodromy action considerations to 7({s € I": Ys is smooth}) —
Aut (Hl(Y})), any class in H%(Y; x E) whose Hodge (p,q) components deform
horizontally, must be algebraic. But since 0_12,1@15) is induced by restriction from
a class C_12,1(E)7 and hence from a cohomology class in H(Y x E), it is clear
that the Hodge (p, ¢) components of cl, ; (¢,) deform horizontally as the restric-
tion H2(Y x E) — H?(Y; x E) is a morphism of Hodge structures, a fortiori
cly (&) = 0 for general ¢t. We are done.

It remains to give a proof for Proposition (4.1). We will use a deformation-
theoretic argument.

LEMMA (4.16). Let X/A be a family of smooth projective surfaces over disk A
with central fiber S = Xo and let D C S be an effective divisor on S. Suppose that
D can be extended to X, i.e., there exists a flat family Y /A with the commutative
diagram

y X
(4.17) ) !
A — A

such that Yo embeds into Xo with image D. For each w € HY(Kg), let ju, be the
map

(4.18) p s H' (Q5) =% H'(Q5(Ks))

where Kg is the canonical class of S. Then the Kodaira-Spencer class ks(0/0t) €
HY(Ts) of X lies in the subspace

(4.19) {ve HY(Ts): (v, pw(c1(D))) =0 for all w € H°(Kg)}
where (-,-) is the pairing H'(Ts) x H'(Qs(Ks)) — C given by Serre duality.

Proof. The pushforward m.Y is a divisor on X whose restriction to Xg is a
multiple of D, say nD. Fix a sufficiently ample divisor A of X and we embed
X to P9 x A with the linear series |[A + 7, Y|. Let Ng be the normal bundle of
S in P9. Then the Kodaira-Spencer map ks: Ta o — H'(Ts) factors through
H°(Ns). Note the exact sequence

(4.20) HO(Ns) — HNTs) L H(Tpo|y).
We claim that the kernel of f is contained in the space
(4.21) ker(f) € {v € HY(Ts): (v, piw(c1(Ag +nD))) = 0}

where Ag + nD is the restriction of A + 7Y to S. Then ks(9/0t) lies in the
space (4.21). The same argument with A+ 7, Y replaced by A will produce that
ks(0/0¢t) lies in

(4.22) {ve HY(Ts): (v, pw(ci(Ag))) = 0}.
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Then it follows that ks(9/0t) lies in the space (4.19). So it suffices to justify

(4.21).
Consider the dual map
(4.23) AR Hl(ng(KS)|5)—>H1(QS(KS)).

Obviously, (4.21) is equivalent to the statement that the image of f¥ contains
tw(c1(Ag +nD)).

From the Euler sequence, we see that H'(Qps|s) = H'(Qps) is generated by
c1(H), where H is the hyperplane divisor of P9. Of course, ¢1(H)|s = c1(Ao +
nD). Hence the image of H*(Qps|s) — H'(Qs) is generated by c1(Ag + nD).
From the commutative diagram

H'(Qpolg) =% H'(Qpo(Ks)ls)
(4.24) ! LY

H'(Qs) 2% HY(Qs(Ks))
we see that the image of fV contains i, (c1(Ag +nD)) for all w € H*(Kg). O

Now let us finish the proof of Proposition (4.1). First, let us deal with the

case that g1,g92 > 1.
Let D C S = C; x Cy be an effective divisor with D ¢ CH'(C;) @ CH(Cy).
Then under the decomposition

H' () = H' (K¢,) ® H(0c,) ® H*(Ke,) @ H'(Oc,)
® HY(Oc,)® H' (Kc,) ® H' (O¢,) ® H*(K¢,)
the projection wy 4+ ws of ¢1(D) to

(4.25)

(4.26) H(Ke,)® H'(Oc,) ® H'(Oc,) ® HO(Kc,)

does not vanish, where

(4.27) w1 € HY(K¢,) ® H (0¢,) and wy € H (0¢,) @ H(K¢,).
The restriction of p,, to the subspace (4.26) is

(4.28) p: HY(Kc,) ® HY(O¢,) — H°(2K¢,) ® H (K¢,)

and

(4.29) p: HY(Oc,) @ HY(K¢,) — H (Ke,) @ HY(2K ).

It is easy to see that the space spanned by i, (w;) for w € HY(Kg) has dimen-
sion g; if w; # 0. Therefore, the space spanned by g, (c1(D)) has dimension
at least min(gi, g2). By Lemma (4.16), the deformations of S preserving D
have codimension at least min(g1, g2) in the versal deformation space of S (the
deformations of S are unobstructed when g1, g2 > 1).

Suppose that one of C7 and C5 is elliptic. Let E = Cy be elliptic and let
B = (Cy. Let L be a line bundle on S = B x E. For each b € B, let S}
be the fiber of S over b € B and L; be the restriction L to S, = FE. This
gives a map B — Pic(F) by sending b — L;. By fixing a base point on E,
we obtain a map ¢: B — J(E) = E. If ¢ is constant, then it is easy to see
that L € Pic(B) @ Pic(E) and we are done. If not, we have a nontrivial map
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from B to E. Fix E and we see that the locus of the curves of genus g; that
dominates E has dimension 2g; — 3 (¢ has 2¢g; — 2 ramification points; —1 for
the automorphism of E). Proposition (4.1) now follows.

Received May 26, 2003

Final version received January 12, 2004

632 CENTRAL ACADEMIC BUILDING
UNIVERSITY OF ALBERTA
EDMONTON, ALBERTA T6G 2G1
CANADA

xichen@math.ualberta.ca
lewisjd@gpu.srv.ualberta.ca

REFERENCES

[Beil] A. BEILINSON, Higher regulators and values of L-functions, J. Soviet Math. 30 (1985),
2036-2070.

[Bei2] A. BEILINSON, Notes on absolute Hodge cohomology, Contemp. Math. 55, Part I, AMS
(1985), 35-68 .

[Blol] S. BLoOCH, Algebraic cycles and higher K -theory, Adv. Math. 61 (1986), 267-304.

[Blo2] S. BLocH, Algebraic cycles and the Beilinson conjectures, Cont. Math. (1) 58 (1986),
65-79.

[Col] A. CoLrLNO, Griffiths’ infinitesimal invariant and higher K-theory on hyperelliptic
jacobians, J. Algebraic Geometry 6 (1997) 393—415.

[Co2] A. CoLLINO, Indecomposable motivic cohomology classes on quartic surfaces and on
cubic fourfolds. In Algebraic K-theory and its applications (Trieste, 1997), 370-402,
World Sci. Publishing, River Edge, NJ, 1999.

[Co-Fa] A. CoLLINO AND F. NAJMUDDIN, Indecomposable higher Chow cycles on Jacobians,
Math. Z. 240 (1), (2002), 111-139.

[C-L] X. CHEN AND J. D. LEwIs, Indecomposable K1 and the Hodge-D-conjecture for K3
and Abelian surfaces, Preprint, Oct. 27, 2002, math.AG/0212314.

[EV] H. EsNAULT AND E. VIEHWEG, Deligne-Beilinson cohomology, in Beilinson’s Conjec-
tures on Special Values of L-Functions, (Rapoport, Schappacher, Schneider, eds.),
Perspect. Math. 4, Academic Press, 1988, 43-91.

[G] M. GREEN, A new proof of the explicit Noether-Lefschetz theorem, J. Differential Ge-
ometry 27 (1988), 155-159.

[GH] P. GRIFFITHS AND J. HARRIS, Principles of Algebraic Geometry, John Wiley & Sons,
New York, 1978.

[G-S] M. GREEN AND S. MULLER-STACH, Algebraic cycles on a general complete intersection
of high multi-degree of a smooth projective variety, Comp. Math. 100 (3), 305-309

(1996).
[Ha] R. HARTSHORNE, Algebraic Geometry, Springer-Verlag, 1977.
[Ja] U. JANNSEN, Deligne homology, Hodge-D-conjecture, and motives, in Beilinson’s Con-

jectures on Special Values of L-Functions, (Rapoport, Schappacher, Schneider, eds.),
Perspect. Math. 4, Academic Press, 1988, 305-372.

[La] S. LANDSBERG, Relative Chow groups, Ill. Jour. of Math. 35 (1991), 618-641.

[Lew] J. D. LEWIS, A note on indecomposable motivic cohomology classes, J. reine angew.
Math. 485, (1997), 161-172.

[MS] S. MULLER-STACH, Constructing indecomposable motivic cohomology classes on alge-
braic surfaces, J. Algebraic Geometry 6, (1997), 513-543.

[Na] J. NAGEL, Effective bounds for Hodge-theoretic connectivity, J. Algebraic Geometry
11, (2001), 1-32.

[No] M. Norli, Algebraic cycles and Hodge theoretic connectivity, Invent. Math. 111, (1993),
349-373.



K1 OF SURFACES 41

[Pal K. PARANJAPE, Cohomological and cycle theoretic connectivity, Ann. of Math. 140,
(1994), 641-660.



Bol. Soc. Mat. Mexicana (3) Vol. 10, 2004

POINCARE’S REDUCIBILITY THEOREM WITH G-ACTION

H. LANGE AND S. RECILLAS

ABSTRACT. A finite group G acting on an abelian variety A induces a
decomposition of A up to isogeny. In this paper we prove an equivari-
ant version of Poincaré’s reducibility theorem saying that up to isogeny A
decomposes into a product of G-simple abelian subvarieties. This decom-
position is unique up to isogeny.

Let G be a finite group acting on an abelian variety A defined over an al-
gebraically closed field k& of arbitrary characteristic. The abelian variety A is
called G-simple, if there is no G-equivariant isogeny A; x As — A with non-
trivial abelian varieties A; and A, with G-action. It is the aim of this note to
show that any abelian variety A with G-action admits a G-equivariant isogeny
p:Ap x...x A, — A with G-simple abelian varieties A;. Since the image of
A; under such an isogeny ¢ is a G-simple abelian subvariety of A, it suffices to
decompose A into a sum of G-simple abelian subvarieties. Our main result is the
following theorem which might be called Poincaré’s reducibility theorem with
G-action.

THEOREM (1). Let A be an abelian variety with G-action.
(a) There are G-simple abelian subvarieties Bi,...,B, of A such that the
addition map gives a G-equivariant isogeny

pw: By xX...xB. = A.

(b) This decomposition is unique in the following sense: Let Bi,...,B. be
another set of G-simple abelian subvarieties such that the addition map induces
a G-equivariant isogeny By x---xB.L — A. Thenr = s and there is a permutation
o of degree r such that for i =1,...,r there is a G-isogeny B; — B(I;(i)'

In the special case where G is the trivial group this is just Poincaré’s original
reducibility theorem (see [3]). For the proof we need some preliminaries.

Remark (2). If L denotes a polarization on A, that is the first Chern class of
an ample line bundle L on A, we say that G acts on the polarized abelian variety
(A,L), and L is called a G-equivariant polarization, if g*L ~ L (algebraically
equivalent) for any g € G. Note that for any abelian variety A with G-action
there exists a polarization L on A, such that G acts on (4, L).

To see this let G = {¢1,...,9n} and let M denote an arbitrary ample line
bundle on A. Then L = ¢giM ® --- ® g M defines a polarization on A with
giL~Lforalv=1,...,n.
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Remark (3). If p: A — B is a G-isogeny of abelian varieties with G-action,
it is easy to see that there is a G-isogeny ¥: B — A such that ¢»¢ = n4 and
1 = np for some positive integer n. Notice however, that if ¢: (A, L) — (B, M)
is a G-isogeny of polarized abelian varieties, there is in general no G-isogeny
b: (B,M) — (A, L). A

Now fix a G-equivariant polarization L on A and let ¢p: A — A denote the
associated isogeny and “’ 7 the corresponding Rosati-involution of Endg(A4), i.e.
@' = ¢ o for any endomorphism ¢ of A.

For an abelian subvariety B of A let tp: B — A denote the canonical embed-
ding. Let e(B) denote the exponent of the induced polarization ¢*L. By defini-
tion e(B) is the smallest positive integer such that 1,1 := e¢(B)¢.%: B — B
is an isogeny. Define the norm endomorphism Np € End(A) of B to be the
composition

Np := 1Y+ 1iBPrL.

Then
1

e(B)

is a symmetric idempotent of Endg(A), i.e. €4 = ep = €3. So to every abelian
subvariety B of A we associated a symmetric idempotent e of Endg(A). Con-
versely if € € Endg(A) is a symmetric idempotent, then ne € End(A) for some
n > 0 and Im (ne) is an abelian subvariety. Thus the polarization L induces
a bijection between the sets of abelian subvarieties of A and symmetric idem-
potents of Endg(A) (see [1], Theorem 5.3.2, where it is assumed that A is a
complex abelian variety. The proof however works for arbitrary algebraically
closed fields). For the proof of Theorem 1 we need 2 observations.

(1) For an automorphism g of A we have ¢*L ~ L if and only if ¢g«1, = ¢p.
Since ¢g+«1, = g¢rg this is equivalent to

(4) 9oL = drg™"

(ii) Let tp: B — A be the canonical embedding of the abelian subvariety B.
Then ¢B is an abelian subvariety with canonical embedding

EB = NB

(5) lgB = 9”3971
LEMMA (6). €45 = gepg™ '

Proof. Since g*L ~ L we have e(gB) = e(B). Hence the assertion follows
from

Nog = e(B)gipg ', ,,1y-00 'isger  (using (5))
= e(B)gpg 99,199 ipgdr (since g g-1yp =G 'yt
= e(B)gLB¢Eg1LZB¢L971 (by (4))
= gNpg™!

LEMMA (7). If ¢ € Endg(A) is a symmetric idempotent, so is geg~".
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Proof.
(geg™) = ¢, (geg ) ¢L
(prg™ ") 'é(prg™) (by (4))

g¢; eprg™?

= geg !

O

Hence the action of G on the set of abelian subvarieties corresponds to conju-
gation on the set of symmetric idempotents of Endg(A). In particular we have
with the notation as above

COROLLARY (8). gB = B if and only if gepg~* = €.

Theorem 1 (a) follows by induction from the subsequent lemma.

LEMMA (9). Let B be a G-stable abelian subvariety of A. There exists a G-
stable abelian subvariety C of A, such that the addition map induces an isogeny
uw:BxC— A

Proof. Since B is G-stable, € g is G-invariant by Corollary (8). Hence 1 —¢p is
a G-invariant symmetric idempotent. Hence again by Corollary (8) the abelian
subvariety C corresponding to 1 — e is G-stable. Moreover g + ¢ = 1 implies
that u: B x C' — A is an isogeny. O

Proof of Theorem (1) (b). Suppose By X...xX B, - Aand B} x---x B, = A
are 2 isogenies with G-simple abelian subvarieties B;, B} of A. By Remark 3
there is a surjective G-homomorphism By X ... X B, — B]. Now B; being G-
simple for all j there is an B;, which without loss of generality we may assume
to be By, such that the restriction B; — B is a G-isogeny.

Renumerate the B; and B; such that By,..., B, are and By, 11,..., B, are
not G-isogenous to B and similarly Bj,... B, are and B ,,,..., B, are not
G-isogenous to By. Then the G-isogeny By X ... x B, — Bj X ... x B splits
into the product of 2 isogenies fi : By x ... x B, — By x ... x B and
fa:Bpg1X...xBy = B 1 x...xBl. Sinceallof By, ..., B, ,Bl,... B, areG-
isogenous to each other we get 1 = s1 and the assertion follows by induction. [

The following example shows that the G-simple abelian subvarieties B; in The-
orem 1 are not uniquely determined in general.

Ezample (10). Let E; = C/(Z +iZ) be the elliptic curve with automorphism
group AwtE; =< i >~ Z/4Z and A = E; x E; with the principal product
polarization L. Then < i > acts on (A, L) and

w: (B x {0}) x ({0} x E;)) — A
is a decomposition into G-simple abelian subvarieties. On the other hand the
diagonal A and the antidiagonal E = {(z, —x) € A |z € E;} are G-simple abelian
subvarieties giving a G-decomposition
i AxE— A

Note that the induced polarizations ¢} L and (£ L are of degree 2.
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Next we will show that the abelian subvariety of A generated by all abelian
subvarieties, which are isogenous to a given one, is uniquely determined.

Let p: By X---x B, — A be as in Theorem (1). Renumbering we may assume
that there is a sequence of integers 0 = rg < r;1 <719 < ... < 7Ts_1 <Trg =7
such that B, y1,..., B, are G-isogenous to each other but not to the other
Bj for i =0,...,s — 1. Defining A; to be the abelian subvariety of A generated
by By, _,+1,-..,By;, fori=1,...,s we obtain a G-decomposition

viAp X ... x A, = A
with Homg(A;, Aj) = 0 for ¢ # j. Then we have

PROPOSITION (11). The decomposition v : Ay X ... X Ay — A is uniquely
determined.

Proof. Suppose v/ : A} x ... x A} — A is a second such decomposition.
According to Remark (3) there is a G-isogeny f: A} X ... x A} — A; x ... X As.
Now Homg(A;, A;) = 0 for ¢ # j implies that f(A}) is exactly one of the
components, say A; of A; x ... x A,. Similarly one obtains f(A}) N f(A}) =0
for i > 2. Hence f splits into a product

f=hxf
with G-isogenies f1: A7 — Aj and fa: A, X -+ x A} — Az x --- x A;. Hence
Al ~ Ay ~ B' with a G-simple abelian subvariety By. If A; # A) as abelian
subvarieties of A, we would have
A/l + A; ~ Bfl

with s; > 71, contradicting the uniqueness statement of Theorem (1). Now the
assertion follows by induction. O

The next proposition says that the abelian subvarieties A; above are of a
special isogeny type.

PROPOSITION (12). For any A; in Proposition (11) there is a simple abelian
variety C; uniquely determined up to isogeny and a positive integer n; such that

A; ~CIL
Proof. 1t suffices to prove the analogous statement for any G-simple abelian
subvariety B; of A;. Let C; denote any simple abelian subvariety of B;. The

sum ZgCi is a G-simple abelian subvariety of C; and hence coincides with B;.

geq
This implies the assertion. O

Note that C; and C; in Proposition (12) might be isogenous for i # j.

Let us finally observe that some of the symmetric idempotents can be described
in purely algebraic terms. The action of the group G on the abelian variety A
induces an algebra homomorphism

p: Q[G] — Endg(A4)
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where Q[G] denotes the rational group algebra of G. If « is any element in Q[G],
we define

Im (@) :=Im (p(ma)) C A
where m is some positive integer such that ma € Z[G]. Im (a) is an abelian
subvariety of A, which certainly does not depend on the chosen integer m. In
order to obtain proper abelian subvarieties we have to choose suitable elements

a of Q[G].
For this recall that Q[G] is a semisimple Q-algebra of finite dimension. Let

l=e1+---+er

denote the decomposition of the unit 1 into the sum of the central primitive
idempotents of Q[G]. Now consider the abelian subvariety A; = Im (e;) for
i = 1,...,r. The symmetric idempotent €4, does not make sense in Q[G].
However considering e; as an element of Endg(A) (instead of writing p(e;)), we
have

PROPOSITION (13). €4, = €;.

Proof. This is a consequence of the uniqueness of the central primitive idem-
potents in a semisimple algebra. It can also been seen directly using the explicit
description of the idempotents e; as given in [2]. O
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A NOTE ON THE ISOMORPHISM OF MODULAR GROUP
ALGEBRAS OF GLOBAL WARFIELD ABELIAN GROUPS

PETER DANCHEV

ABSTRACT. Let G be a global Warfield Abelian group and F' a field of
char F' = p > 0. It is shown that if for some group H the group algebras
FH and FG are F-isomorphic, then H is isomorphic to G modulo their
special torsion subgroups that are subgroups of elements of finite orders
which are invertible in I, namely H/[[,_,Hq = G/]1,.,Gq. This extends
a result due to W. L. May obtained when G is p-local Warfield Abelian
(Proc. Amer. Math. Soc., 1988).

Throughout the text, RG denotes the group algebra of a multiplicative Abelian
group GG over a commutative ring R with identity and prime characteristic p. All
notions and notations which we will further use are standard. For instance, G,
shall designate the p-component of G, V(RG) the group of normed units in RG,
and for every prime number p the ranks (=dimensions) of the vector spaces
GP" [p]/GP" " [p] and GP"/ (G”QHGgQ) are the Ulm-Kaplansky and Warfield p-
invariants respectively. As usual, the letter F' is reserved for a field of character-
istic p # 0.

Following [U], inv(R) is the set of all rational primes which invert in R, i.e.
primes ¢ such that ¢ - 1g is a unit of R. Put Gg = {[[ G, : ¢ € inv(R) C G},
the maximal torsion subgroup of G. Evidently Gr = ]_L#qu.

In 1988, May proved in [May] that when G is a p-local Warfield group the
R-isomorphism RG = RH for any group H gives G = H, thus improving a
result appeared in [BRW] in the case when G and H are both p-local Warfield
groups.

Our aim in this short note is to explore the isomorphism problem of com-
mutative modular group algebras of global Warfield groups, arguing in this way
that the above cited May’s theorem may be generalized to such a more large
class of mixed abelian groups.

Before formulating the major statement, we need a few technical conventions
beginning with

ProposITION (1). (a) The Ulm-Kaplansky p-invariants of G may be recap-
tured from FG [M],
(b) The Warfield p-invariants of G can be retrieved by FG.

Proof. (a) By definition, we elementarily see that the Ulm-Kaplansky p-func-
tions of G are precisely those of G,. Consequently, exploiting [M], we are done.
(b) Follows directly owing to [K] and to the method described by us in [D]. O
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Next, we emphasize some facts necessary for proving the main affirmation.

PROPOSITION (2). The isomorphism FG = FH as F-algebras implies:

(a) H is torsion provided G is torsion [M],

(b) F(G/Gr) = F(H/Hp) [U]. As a consequence, when G is torsion, FG, =
FH,.

So, we concentrate now on the verification of the central attainment (see [Dan]
£00).

ISOMORPHISM THEOREM. Supppose G is a Warfield Abelian group. Then
RH = RG as R-algebras for any group H yields H/Hr = G/GRr. In particular
when G is p-mized Warfield Abelian, H = G.

Proof. If we set F' = R/M for some maximal ideal M containing p, then F is a
field of characteristic p and RG = RH implies FG = F H as F-algebras. It is well
known that the latter isomorphism may be assumed to preserve augmentation.
We therefore write FG = F'H and regard H as a subgroup of V(FG) = V(FH)
that is a linear basis for F'G.

Foremost, presume G is p-mixed. It now easily follows that H is also p-mixed.
Let X’ be a nice decomposition basis for G. Because V(FH)/H is a p-group,
there is a subordinate X of X’ that is contained in H, and it follows that X is a
nice decomposition basis for both G and H with G/(X) simply presented torsion.
Moreover, F(G/(X)) = F(H/(X)) so that F((G/(X)),) = F((H/(X)),) and
H/(X) is torsion by Proposition (2). Whence, by the isomorphism theorem in
May], (G/(X))y = (H/ (X)),

We claim that (H/(X)), is simply presented for all primes ¢ # p, and thereby
establish that H is a global Warfield group. Since H has trivial g-torsion, the
g-height of an element of H must be either a finite ordinal or co, and the g-height
sequence contains no gaps. Therefore, the g-height sequence of an element of H
is of the form (n,n+1,n+2,...), where n is finite, or else (00, 00, 00, ...). Write
X = {z; : i < a} for some ordinal a and, for each i < a, let n; denote the
g-height of x;. Now take

P={(ye H:y? =z for some i < a and nonnegative integer r ).

Since H has no g-torsion, it is clear that P/(X) = @®;<oZ(¢"), a direct
sum of cocyclic (cyclic and quasi-cyclic) groups and hence simply presented.
Furthermore, to establish the claim, we need only show that (H/(X)), = P/(X).
Because the reverse inclusion is plain, it is enough to show that (H/(X)), C
P/(X). To this end, suppose that h(X) € (H/(X)), for some h € H\(X). Then,
h?" € (X) for some positive integer s, and we can write h? = R F
where i1, i9, . .., %; are distinct indices < «, and €1, €9, . . ., &¢ are positive integers.
Since (X) = @;<q(x;) is a valuated coproduct and k9 has g-height at least s, :cf;
has g-height at least s in H for j = 1,2,...,t. Consequently, h;l-b = xfj’ for some
h; € H. Note however that we may select the h; so that h; € P for all j. Indeed,
if n;; = oo, we get y;] = x;; for some y; € P and thus h; = ijJ has the desired
property. On the other hand, if n;; is finite, select y; € P with y?”“ = x;;. Since
the g-height sequence of z;; has no gaps, note that u; = ¢°~ ™ must divide €,

in which case h; = y3’ /us possesses the wanted property. Recalling once again
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that H has trivial g-torsion,

W = a5t aft = hT hY LAY
implies that h = hihs ... hy € P. Therefore, h(X) € P/(X) and this establishes
the claim that (H/(X)), = P/(X) is simply presented for all primes ¢ # p. So,
H is a p-mixed Warfield group as is G and, by Proposition (1), these groups have
the same Ulm-Kaplansky and Warfield invariants. That G = H now follows from
the uniqueness theorem of [HR].

After this, when G is arbitrary Warfield, we observe that G/ [, G4 is p-
mixed Warfield. In order to infer this, we know by definition from ([HR]) that G
is a direct factor of some simply presented group A, hence G/[ | ap G, is an outer
direct factor for A/][,,, Aq. Since [],,, Aq is torsion p-divisible, it is routine
checked that A/]] ap Ag is simply presented, that substantiates our claim. But
Proposition (2) ensures F(G/]],., Gq) = F(H/]1,., Hy) and so the first step
guarantees our general statement, as expected.

The proof is finished after all. O
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STABLE PARTITIONS AND ALPERIN’S WEIGHT
CONJECTURE FOR THE SYMMETRIC GROUPS IN
CHARACTERISTIC TWO

RADHA KESSAR AND LUIS VALERO-ELIZONDO

ABSTRACT. Alperin’s weight conjecture for the symmetric groups has been
proved using an enumeration of the weights and the simple modules (see [2]),
but so far there is no explicit way to associate weights with simple modules.
Based on data obtained using an algorithm for finding weights for small
symmetric groups in characteristic two (see [16]), we put forward a combi-
natorial conjecture which, if true, would provide explicit bijections between
weights and irreducible modules for the symmetric groups in characteris-
tic two. We prove some results towards the proof of this combinatorial
conjecture.

1. Introduction

Alperin’s weight conjecture is one of the most important and difficult open
problems in the representation theory of finite groups. This conjecture has al-
ready been established for several families of groups, but some of these proofs are
just enumerations of the sets of weights and irreducibles, with no explicit cor-
respondence between them. Such is the case of the symmetric groups. Alperin
and Fong proved in [2] that Alperin’s conjecture holds for the symmetric groups,
so we know that the number of weights for kS, equals the number of simple
kSp-modules, where k is a field of characteristic p > 0. In [16] the second author
used Brauer quotients to assign weights to the simple modules parameterized by
three infinite families of 2-regular partitions. Using computer software written
in GAP (sce [9]), he used Brauer quotients to give an explicit bijection bewteen
weights and irreducible modules for £S,, for n < 9. This information was gath-
ered in one Table of Partitions, whose rows are indexed by the weight subgroups
of all the symmetric groups, and whose columns are indexed by the triangular
partitions. This table is in Section 4. In this section we also observe some re-
markable properties of this Table of Partitions, and put forward a conjecture.
This conjecture is a stronger version of a reformulation of Alperin’s conjecture
for the symmetric groups in characteristic two.

In Section 2 we define weights and state Alperin’s conjecture. In Section 3 we
give James’ construction of the irreducible kS,-modules in characteristic p. At
the end of this section we also define skew-hooks and cores of partitions, which
are needed to determine the blocks of the irreducibles. Section 4 has the Table

2000 Mathematics Subject Classification: 20C30.
Keywords and phrases: group representation, Alperin’s conjecture, weight, Brauer quotient,
symmetric group, partition.

93



54 RADHA KESSAR AND LUIS VALERO-ELIZONDO

of Partitions and our proposed conjecture. Section 5 has the results we have
towards a proof of this conjecture.

2. Alperin’s Conjecture

We give the definition of weight and formulate Alperin’s Conjecture in its most
general form. We mention some classes of groups for which it is known to be
valid (including the symmetric groups) and we note the possible advantages of a
combinatorial proof, that is, an explicit bijection between weights and irreducible
modules.

Throughout this section, G will be a finite group, p a prime number, and k a
splitting field for G in characteristic p. All our modules will be finite dimensional
over k.

Definition (2.1). A weight for G is a pair (Q,S) where @ is a p-subgroup
and S is a simple module for k[N (Q)] which is projective when regarded as a
module for k[Ng(Q)/Q).

Remark (2.2). Since S is k[N (Q)]-simple and @ is a p-subgroup of N¢g(Q), it
follows that @ acts trivially on .S, so S is also a k[Ng(Q)/Q]-module and the
definition makes sense. Moreover, S is k[Ng(Q)/Q)]-simple as well.

Remark (2.3). If we replace S by an isomorphic k[N¢(Q)]-module we consider
this the same weight, and we make the same identification when we replace @
by a conjugate subgroup (so that the normalizers will be conjugate, too).

Now we can formulate the main problem that we shall discuss in this section.

Congecture (2.4) (Alperin’s conjecture). The number of weights for G' equals
the number of simple kG-modules.

A stronger version of the preceding statement is that there is a bijection within
each block of the group algebra.

Definition (2.5). If (Q,S) is a weight for G, then S belongs to a block b of
N¢(Q) and this block corresponds with a block B of G via the Brauer corre-
spondence; hence we can say that the weight (@, .S) belongs to the block B of G
so the weights are partitioned into blocks.

Congecture (2.6) (Alperin’s Conjecture, Block Form). The number of weights
in a block of G equals the number of simple modules in the block.

This version of the conjecture implies the original one, as it can be obtained
by summing the equalities from the stronger conjecture over the blocks. This
stronger conjecture has been proved when G is a:

Finite group of Lie type and characteristic p (Cabanes, [8]).

Soluble group (Okuyama, [14]).

Symmetric group (Alperin and Fong, [2]).

GL(n,q), p odd and p does not divide ¢ (Alperin and Fong, [2]).

GL(n,q), p=2 and ¢ odd (An, [3]).

The conjecture has also been checked in a variety of other cases (see [4], [5],
[6], [7], etc.).
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Alperin and Fong’s proof in the case of symmetric groups was just an ob-
servation of a numerical equality which did not suggest a deeper reason for the
relationship. For finite groups in general one does not expect to have any canon-
ical bijection between weights and simple modules; as a matter of fact, Alperin
himself says this is unlikely (see [1], p 369). For groups of Lie type in their
defining characteristic there is a canonical bijection (described in [1]). Since
symmetric groups and groups of Lie type have such strong connections in their
representation theory, it is reasonable to ask whether there is some canonical
bijection in the case of symmetric groups.

If true, Alperin’s conjecture would imply a number of known results, until now
unrelated (see [1]). It is also reasonable to expect that if an explicit bijection
can be given to prove it, this may reveal new connections between simple kG-
modules and weights; there are many results known about the former, and the
latter are related to the blocks of defect zero, which are not as easy to deal with
as the simple modules. In fact, this is really the true importance of Alperin’s
conjecture in that it provides a connection between the blocks of defect zero
and the set of all simple modules. More specifically, Alperin’s conjecture has
been shown by Knérr and Robinson [13] to be equivalent to a statement which
expresses the number of blocks of defect zero of a group in terms of the number
of p-modular irreducibles of sections of the group of the form Ng(P)/P, P <G
a p-subgroup. These latter numbers are easy to compute, since by a theorem of
Brauer the number of p-modular irreducibles of a group equals the number of
p-regular conjugacy classes.

3. Some important £S,-modules

We define the modules M*, S* and D> following James [11]. The simple kS,,-
modules, as is well known, can be parameterized by certain partitions of n called
p-regular, where p is the characteristic of the field k. Moreover, it is possible to
construct each simple module from its associated partition. We end this section
with the definition of p-core. In this section n is a natural number, k is a field
of characteristic p > 0 and A is a partition of n.

Definition (3.1). A A-tableau is one of the n! arrays of integers obtained by
replacing each node in the partition A by one of the integers 1,2, ..., n, allowing
no repeats. If ¢ is a tableau, its row stabilizer, Ry, is the subgroup of .S,, consisting
of the elements which fix all rows of ¢ setwise. The column stabilizer of t, denoted
Cy, is the subgroup of S, consisting of the elements which fix all columns of ¢
setwise. The signed column sum of t, denoted k¢, is the element of kS, given by

K = Z (—1)Sign(”)7r.

weC'y

We define an equivalence relation on the set of A-tableaux by t; ~ 5 if and only
if ¢ty = to for some w€ Ry, . The tabloid, {t} containing ¢ is the equivalence class
of ¢ under this relation. The kS,-module M* =M ,;\ is the vector space over k
whose basis elements are the various A-tabloids. The polytabloid, e;, associated
with the tableau t is given by

€t = Iﬁ}t{t}.
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The Specht module, SA:S,? for the partition X is the submodule of M* spanned
by polytabloids (this is indeed a k.S,-module).

We also define an Sj,-invariant, symmetric, non-singular bilinear form ( , )
on M?*, whose values on pairs of tabloids is given by

1 ifty =t
<t17t2> = 1 ! >
0 lftl #tg.

The partition A is p-singular if it has at least p rows of the same size; otherwise,
A is p-regular. The module D)‘:D,i‘ is defined as

D* := S /(S* N S*)
where A is a p-regular partition.

THEOREM (3.2) (James). As \ varies over p-reqular partitions of n, D varies
over a complete set of inequivalent irreducible kS,-modules. Each D* is self-dual
and absolutely irreducible. Fvery field is a splitting field for S,,.

For a proof of this result, see [11].

Definition (3.3). Let A be a partition. A skew-hook is a connected part of the
rim of A which can be removed to leave a proper diagram. The r-core of A is the
partition obtained by removing all possible skew-hooks of size r from A (this is
a well-defined partition, that is, the order in which we remove the skew-hooks
does not matter). A brick is a skew-hook of size 2 (compare to the definition of
domino in [10]). Recall that if A = (A\1,..., A) is a 2-regular partition, then its
rows must be of different sizes, i.e. A\ > Ay > -+ > Ag.

THEOREM (3.4) (Nakayama’s Conjecture). Let a and § be p-regular partitions
of n, and let k be a field of characteristic p > 0. Then D% and DP lie in the
same block of kS, if and only if « and B have the same p-cores.

For a proof of this result see [12], Thm 6.1.21.

4. Table of partitions

Since the number of weights for the symmetric group S,, equals the number
of simple kS,-modules, one can define explicit bijections between weights and
irreducibles. Given any such possible bijection, it is natural to ask whether there
is a pattern hidden in its construction. The following table of partitions shows
the pattern in the case of the partial correspondence described in [16].

Notice that the fact that the characteristic is 2 implies that each weight (Q, S)
for S, is uniquely determined by its weight subgroup @. Indeed, the quotient
Nsg, (Q)/Q is in general the semidirect product of some copies of GL(m;,2)
and S, (see [2]). Since any simple projective module for the direct product
of GL(m;,2) is Sp,-invariant and since S, has at most one simple projective
module, Clifford theory tells that (Q, S) is determined by Q.

Each weight subgroup of .S, is used to index one row of the table. In order
to determine the weight associated to a simple S,-module V', one should first
look up in the table the partition that parameterizes V', and locate the subgroup
Q@ of S, that indexes its row. By the previous remark, this subgroup can be
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completed to a unique weight (@, S) for S,,. This is the weight that corresponds
to the irreducible module V.

The correspondence for these small values of n was determined using Brauer
quotients. For these specific irreducible modules and weight subgroups, we con-
structed their Brauer quotients (see [16] for their definition) and determined
which ones were simple and projective. This algorithm worked for all but one of
the simple modules of £S,, for n < 9 and k a field of characteristic two. We used
software written in GAP (see [9]) to make these computations. The routines we
used were written by Peter Webb and Luis Valero-Elizondo.

{1} 0 | H EEP

FEs: O OO H:ED HEFED

Es 1 By oo mEEEE = p—
Es x (B3 Es): (1O EEEEEEE O

(B2 Eq)  Eo: I I IIITO

Ey: S £ EaEn

Ey x By x Ey: T H HH

Eyl Ey: O [

By x Ey: H- EEP: @]
(B2 E2) x Eq: H =

By B

E4 By: - HHH

Two-regular partitions
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Notice the following facts about this table of partitions:

1. The trivial subgroup indexes a row that consists of all triangular partitions
(we included the triangular partitions of size 0 and 1 for completeness).

2. Each weight subgroup ) appears for the first time inside a symmetric
group S, where n is such that @ has no fixed points on the set {1,...,n}.
Moreover, if a 2-regular partition of size m appears in a row indexed by
the group @, then @ is a weight subgroup of S,,.

3. The first partition of every row has empty 2-core. The second partition has
2-core of size 1, the third has 2-core of size 3 and the fourth has 2-core of
size 6. In other words, the 2-core of every partition along the i-th column
is the 4-th triangular partition (where () is the first triangular partition).

4. For every row, all partitions A in that row are such that the difference of
the size of A minus the size of its 2-core is constant.

5. Along every row, each partition is contained in the one to its right.

Item 1 is just stating the well-known fact that in characteristic 2, the only
symmetric groups with simple projective modules are the S; with ¢ a triangular
number, and that such modules are parameterized by the corresponding trian-
gular partitions. Item 2 is proved implicitly in [2].

It is rather straightforward to come up with the following conjecture:

Congecture (4.1). Tt is possible to arrange all 2-regular partitions in an infinite
table satisfying the five conditions mentioned above.

Note that the existence of an infinite table of partitions satisfying conditions
1, 2, 3 and 4 is equivalent to the block version of Alperin’s conjecture for the
symmetric groups in characteristic two. Indeed, all we have to do is choose arbi-
trary bijections between weights (or rather, weight subgroups) and irreducibles
in their blocks, which are parameterized by partitions with appropriate 2-cores.

In this paper we prove that if a table of matrices satisfying all five conditions
exists, then most of its data is completely determined by a few entries.

5. 2-stability
We define the main concept of this paper.

Definition (5.1). Let A be a partition. We call A 2-stable if it has the same
number of rows as its 2-core.

PROPOSITION (5.2). Let A = (A1, Ag, ..., At) be a partition. The following are
equivalent:

(i) A is 2-stable.

(ii) A = 1(mod 2) and A\; £ Aig1(mod?2) for alli=1,...,t—1.

(i) s =t — i+ L(mod2) for alli=1,...,t.

(iv) A is obtained from its 2-core by adjoining horizontal bricks to the non-
empty rows of the core.

Proof. (i) implies (ii): If A; were even, then the t-th row would be a string
of horizontal bricks, so we could remove it and the 2-core would have at most
t — 1 rows. Thus A; must be odd. If \;_1 were also odd, then we would be able
to remove all nodes but one from A, all nodes but one from its neighbour and
then remove a vertical brick, which means the 2-core would have at most ¢t — 2
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rows. Now assume that the parities of Ay, Ai—1,..., Ai+1 alternate. We must
show that A\; Z Aj+1(mod?2). Without loss of generality, we may assume that
A= 1,1 = 2,..., 11 = t — i (by removing all possible horizontal bricks
from the bottom row A\; and working our way up). Note that the 2-core of A
must have ¢ rows, so it must be the triangular partition (¢,¢ —1,...,1), and in
particular, its 7 + 1 row has size t — ¢. If A\; had the same parity as A;;1, then
we would be able to remove horizontal bricks from \; until we have ¢t — 7 nodes
left, and then we would be able to remove a vertical brick, so that the row 7 + 1
of the 2-core of A\ would have at most ¢ — ¢ — 1 nodes, contradicting the fact that
it had exactly ¢t — 7 nodes.

(ii) implies (iii): We have A\; = 1(mod 2), so (iii) holds when i = t. Now use
induction going down from i =t to i = 1.

(iii) implies (iv): Since A; = 1(mod 2), we can remove horizontal bricks from
the last row to leave one node, then proceed to remove horizontal bricks from the
previous row to leave two nodes, and work our way up until we get the triangular
partition (¢,¢ —1,...,1), which is the 2-core of .

(iv) implies (i): If we remove the horizontal bricks that were adjoined we shall
obtain the 2-core of A\, so both partitions must have the same number of rows
(no bricks were added to form new rows). O

COROLLARY (5.3). If X\ is 2-stable, then it is also 2-regular.

Proof. Since \; Z \iy1(mod2), no two consecutive rows can have the same
size. O

COROLLARY (5.4). If A = (A1, A2, ..., A\¢) is 2-stable, then the partition given
by M+ 1L, Aa+1,..., 0 +1,1) is also 2-stable.

Proof. This follows from Proposition (5.2), part (ii). O

Remark (5.5). Note that the rows of a 2-stable partition have the same parity
as the rows of its 2-core. A possible way to measure how far a partition is
from being 2-stable is to count the number of its “mismatched rows”, that is,
the rows that have a different parity from the corresponding rows of the 2-core.
The following lemma gives an estimate of how many of these rows an arbitrary
partition can have.

LEMMA (5.6). Let p = (p1, fho,-..,1s) be a partition (not necessarily 2-
regular) with 2-core v = (y1,v2, ..., Vk). Let A ={i|v; £ pi(mod2), 1 <i <k}
be the set of “mismatched” rows of p. Then s > k + 2|A|.

Proof. We use induction on |u|. If |u| = 0 or 1 then p is its own 2-core
and A = (). Now assume the result holds for all partitions of size smaller than
|¢|. If p is a 2-core, then once again A = (§ and the result holds. If p is
not a 2-core, let v be any partition obtained from g by removing a brick, so
|v| < |p| and the 2-core of v is also . Let s1 be the number of rows of v, and
Ay ={i| v £ vi(mod?2), 1 <i <k} the set of mismatched rows of v. By the
induction hypothesis, s; > k + 2|A1|. There are two cases:

Case 1: We removed a horizontal brick to obtain v from p. Then Ay = A, so
s> 81> k+2|A1| =k +2[Al
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Case 2: We removed a vertical brick to obtain v from p. Let i,i + 1 be the
rows where the vertical brick was removed. Then v; = v;41. If v;41 > V449, then
continue to remove all possible vertical bricks from rows 4,7 + 1 until rows i + 1
and i + 2 have the same size. If v;15 > v;13 then remove all possible vertical
bricks from rows i 4+ 1,7 + 2, and continue in this manner until you reach the
last two rows, s — 1, s (which could have been the original 4,7 + 1), and simply
remove them both (using vertical bricks). Let & = (ay, ..., as_2) be the resulting
partition. Notice that o and p have the same 2-core, |a] < |u| and a has exactly
two fewer rows than p. Let Ao = {i | 75 # a;(mod2), 1 < i < k}. All vertical
bricks removed from any of the first k£ rows kept the size of two consecutive rows
equal, so exactly one out of each such pair contributed to the set of mismatched
rows, and the number of mismatched rows remained the same. Similarly, no
vertical bricks removed from any of the rows k 4+ 1 through s changed the size
of the set of mismatched rows (because these rows do not appear in the 2-core).
The only time when the number of mismatched rows could have changed was
while removing vertical bricks from the rows k£ and £+ 1, and this number cannot
have been changed by more than one unit (depending on whether the k-th row
kept its mismatched status or not). This means that ||A| — |Az|| < 1, and since
« satisfies the induction hypothesis, we have

s —2>k+2[As| >k +2(A] - 1),

and the result is valid for p. O

Now we can prove our main result.

THEOREM (5.7). Let A = (A1,...,At) be a 2-stable partition, and let p =
(1, pe2y - - -5 pis) be a 2-regular partition containing \. If |p| = |A\| +t+ 1 and the
2-core of wis (t+ 1,¢,...,1), then u= (M + LA+ 1,...., 0 +1,1), and u is
2-stable.

Proof. Since A is a subpartition of p, it is possible to write p = (A +
01,y At g, g, ..., ). It suffices to show that a; > 1forall 1 <i<t+41
since then the equality || —|A| = t+1 forces a; = 1 where 1 < i < ¢t+1 = s. Note
that a1 > 1 since the 2-core of phas t+1rows. Let ' = {i | o; =0, 1 <7 < t}.
We must show that I = (). Suppose |I'| > 1. Note that

Zai: Z aiZt—|F|.

=1 i€{l,...,t}-T

Since A is 2-stable, by Proposition (5.2) (iii) it has no mismatched rows. However,
the 2-core of u is the next triangle, and all the rows of the smaller triangle must
change parity, so all the rows of A that kept their parity will be mismatched rows
of u, so T' is a subset of the set A of mismatched rows of p. By Lemma (5.6) we
have s > (t + 1)+ 2|A| >t + 1+ |, so

s—t> T+ 1.
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Since p is 2-regular, 1 < ag < az_1 < -+ < Q4i1, SO Zf:tﬂ o > Zf;fz =

(S—t)(;+1—t)7 and
S s
(s—t)(s+1-1)
t+1= i = i P> -
+ Za Z o + Z o 5 +t— 1T
i=1 i=t+1 e{1,...t}-T
I+ 1)(|T]+2 ['|2 4 3|0 +2
GRS V(RSN T g
2 2
r?2+|r

=t+1+ Hi;H >t+1

which is a contradiction. It is now immediate that p is 2-stable. O

If an infinite table of partitions satisfying the five conditions from Section 4
existed, then by Theorem (5.7) we see that for any 2-stable partition A in this
table, the partitions on the same row and to the right of A are completely deter-
mined. Now we shall prove that in any row of such a table of partitions there
are only finitely many partitions which are not 2-stable.

LEMMA (5.8). Let A be a 2-regular partition with 2-core vy, and let t be the
number of rows of . If X is not 2-stable, then |\ —|y| >t + 1.

Proof. Let vy = (1 > 72> - > 7% > 0=y41), A= (A1 > A2 > -+ > Ag).
Since A is not 2-stable, then A\;y1 > 1 =1+ v41. The partition A is 2-regular,
SO Ay > M1 +1 > 2 =1+ . Inductively we have that \; > 1+ X471 >
14 (14741) = 147 foralli = 1,..., t+1. Therefore, |\ —|y| > S5 (A=) >
t+ 1. O

COROLLARY (5.9). Let n be a positive integer. Then there exist only finitely
many non 2-stable partitions A such that |\| — |y| < n, where v is the 2-core of
M. In particular, in any table of partitions satisfying condition 4 from Section 4,
in any row of this table there are only finitely many non 2-stable partitions.

Proof. Assume A and v are as above. By Lemma (5.8), the number of rows
of « is less than or equal to n — 1, and since v is a triangular partition, then
7| < (n—1)n/2,s0 |\ < |y|+n < (n_;)n +n= "2;", and there are only finitely
many partitions whose size is bounded above. The last part follows because for
any row of the table, the difference between the size of any partition in that row
and its 2-core is constant. O
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ON A CAUCHY-TYPE INTEGRAL RELATED TO THE
HELMHOLTZ OPERATOR IN THE PLANE

OLEG F. GERUS AND MICHAEL SHAPIRO

ABSTRACT. Vector fields and quaternionic a-hyperholomorphic functions
in a domain of R? generalizing the notion of solenoidal and irrotational
vector fields are considered. Sufficient conditions are established for the cor-
responding Cauchy-type integral along a closed Jordan rectifiable curve to
be continuously extendable to the closure of a domain. Sokhotski-Plemelj-
type formulas are proved as well.

1. Introduction

The role of the Cauchy-type integral in holomorphic function theory of one
complex variable is widely known, and it would be trivial to explain its impor-
tance. Its study has led to numerous important results not only in holomorphic
function theory itself but in many other areas such as potential theory, singular
integrals and the corresponding operators, function spaces such as the Hardy
spaces, boundary value problems for some elliptic operators, etc. Thus one can
expect that any reasonably close generalization of the theory should possess an
adequate analogue of the Cauchy-type integral, and the richness of the properties
of the analogue can serve as a “measure of proximity” between the generalized
theory and the original one. In particular, classical holomorphic function theory
of several complex variables has either reproducing holomorphic kernels which
depend strongly on a domain or a single reproducing (the Bochner-Martinelli)
kernel which serves for domains of any shape but which lacks the property of
being holomorphic.

There exists a generalization of holomorphic function theory suggested for
both mathematical and physical reasons, namely, considering vector-fields satis-
fying the system

a1 {div f=0,
rot f=0,

see exact notations and definitions in the next section. Solutions to the system
(1.1) are called solenoidal and irrotational vector-fields, and the interested reader
can find a very good introduction to their theory in the first chapter of the
book [Zh], where some applications to geophysics are given. It is known that
solutions of (1.1) satisfy the Laplace equation and are sometimes called Laplacian
or harmonic vector fields.

2000 Mathematics Subject Classification: 30G35, 32V05.

Keywords and phrases: Cauchy-type integral, Helmholtz operator, hyperholomorphic func-
tion, quaternion.
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In [Zh] there is introduced the notion of Cauchy-type integral for the system
(1.1), and some of its properties are established for integration along Liapunov
surfaces with a finite number of conical points. It appears that in order to
preserve a deep analogy with the complex case, it is necessary to consider not
arbitrary Holder or L, densities but special subspaces of those space; the math-
ematical reasons for these restrictions are given in the Appendix of [Zh] written
by the author together with M. Shapiro and N. Vasilevski; see also [VZS], where
it is explained why and how the Cauchy-type integral for (1.1) can be studied
via its counter-part for the version of quaternionic analysis defined by the Moisil-
Theodoresco operator. This approach is presented in much more detail in [Sh]
and in the introduction to [KS] and allows one to make use of the deep structural
similarity between quaternionic analysis and holomorphic function theory.

Early results on solenoidal and irrotational vector-fields can be found, for
instance, in [M] and [B].

Solutions of (1.1) generalize holomorphic functions in such a way that their
components continue to be solutions of the Laplace equation. There is another
way of generalizing in which the components become solutions of the Helmholtz
rather than the Laplace equations; this way interests us here. The most direct
generalization, the system (2.1) below is obtained formally from (1.1) when the
right-hand side term in the second equation, becomes a (complex) vector collinear
to f. It is a direct verification to establish that a solution of (2.1) satisfies the
Helmholtz equation with wave number defined by the coefficient of collinearity.
It is interesting to note that such a mathematically formal generalization has
an immediate physical interpretation; see, for instance, [LS] and the book [Zh];
such vector fields are sometimes called force-free fields.

The main aim of this paper consists of introducing the Cauchy-type integral
for solutions of the system (2.1), in case where the integration curve is only
rectifiable and the density is assumed to be a continuous function. For that inte-
gral we establish its asymptotic behaviour near the boundary, thus generalizing
N. Davydov’s theorem for the complex case, in particular, the analogues of the
Sokhotski-Plemelj formulas are established; see Theorems (2.9) and (4.3) and
Corollary (2.15). This means of course that we have constructed the starting
point of many developments which can be obtained along usual lines, and using
our and other techniques.

The proofs are based on the idea of imbedding the theory of vector fields
into the corresponding version of quaternionic analysis for which the concept
of the Cauchy-type integral arises naturally because of a deep similarity with
holomorphic function theory. See the book [KS], the list of references there, and
further explanation in Section 1 below. Observe that in vectorial terms the above
version of quaternionic analysis is described by the system (2.2) whose solutions
are referred to as a—hyperholomorphic functions.

The class of rectifiable curves is quite wide and includes as proper sub-classes
many other important classes of curves. First of all, we would like to emphasize
that the study of the vectorial Cauchy-type integral, i.e., that of the system
(2.1), has practically no antecedents, at least as far as we are aware. At the same
time, the study of the Cauchy-type integral for a-hyperholomorphic functions
has been the subject of research in a number of papers. The case of smooth
(Liapunov) curves has been treated in [ST1], [ST2], see Appendix 1 in [KS] as
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well, and the treatment has been extended to piece-wise Liapunov curves in
[GSS]. Recently much work has been done in the setting of Lipschitz curves
(and surfaces) which are also rectifiable. A good reference for the part of that
work closely related to the present paper, is [McM], in which are considered the
Cauchy-type integrals for the Clifford analysis version of a-hyperholomorphic
function theory in Lipschitz domains but in the L, setting; thus the authors are
interested in the global behaviour of their Cauchy-type integrals (i.e., almost
everywhere) ignoring their local behaviour, i.e., near any specific point of the
surface or curve. The latter is exactly what distinguishes what we are interested
in from the Lipschitz domains case. In [McM] the Cauchy-type integrals serve
as an efficient tool in the study of the Hardy-type spaces of a-hyperholomorphic
functions of Clifford analysis; our results could be adapted as well to study the
analogous Hardy-type spaces in domains with rectifiable boundary. One may
find it interesting to read about both the rectifiable and non-rectifiable cases in
complex and hypercomplex analysis in [BA1], [BA2], [BA3].

It is instructive to make comments in terms of the theory of partial differen-
tial equations. Indeed, the system (2.1) is overdetermined, and the quaternionic
theory suggests how to complement it to the system (2.2) which is already deter-
mined. The latter possesses a fundamental matrix generating the corresponding
Cauchy formula and thus, the Cauchy-type integral with “more predictable” be-
haviour. It is essential to note that such an explanation reveals only a part of the
truth, namely, it omits an important and not so easy question: how to find such
a complement of an overdetermined system? It is the rich multiplicative struc-
ture of the quaternions, both real and complex, which allows to construct the
quaternionic theory which then shows explicitly how to obtain the complement.

2. A generalization of holomorphy in R?

Given a domain ©Q € R2, consider a C3-valued function f : Q + C3. Let
41,12, %3 be a canonical basis in C3, so f is of the form f = fi1i1 + foia + f3i3;
moreover, we let R? be a real linear space with the basis 41,42. Here fi, fo, f3
are complex-valued functions in Q and || £]|? := |f1]? + | f2|? + | f3]*.

In this paper we are interested in those vector-functions f which are solutions
of the following system:

(2.1) div f =0,
' rot f = —af,

where « is a given complex number and for z := xt1 + yiz € ,

. Oh 0f
div f = e + —8y ,

Ofs. Ofs. (O OR),
rot f = By 11 o 19 + < I By >13.

Solutions of the system (2.1) form a natural generalization of the notion of a
solenoidal and irrotational vector field, which corresponds to a = 0. There are
many papers about the cases @« = 0 and o € C\ {0}, see for instance [M], [B],
[KS], [RST]. The system (2.1) can be naturally considered in a domain of R?,



66 OLEG F. GERUS AND MICHAEL SHAPIRO

but since the two—dimensional case has its essential peculiarities, we present it
here; the former will be considered elsewhere.

There are deep mathematical reasons for considering a more general system,
namely, the following one:

(2.2) div f = afo,
rot f+ af = —grad o,
where fj is a C-valued function and grad fy := %il + %—J;Oig. Thus we shall be

working with pairs F := (fo, f) with norm ||F||? := |fo|® + || £||* and satisfying
(2.2) from where certain conclusions will be made for vector—functions satisfying
(2.1).
The particular case o = 0 of the system (2.2) has been considered in [VZS].
Another generalization of the system (2.1) (different from (2.2)) is found in [O].
Let H¥ be the Hankel function of the kind p € {1,2} and order n € {0, 1,2}
(see [GR]), and introduce the following notation:

i .

Koo(2) = (—1)PZH(§P)((J¢HzH), it o0,

| O’ if o = O7

xe" > ‘
(—UPZHfP)(aHzH)—, if a0,
Ka(z):=9 = B

o212 if =0
2722’ if a=0,

where z € R? \ {(0;0)}, i is the complex imaginary unit in C, and

(2.3) )1, if Im(a) >0 or a>0,
’ 12, if Im(a) <0 or a<0.

Now the following pair

(2.4) Kq(z):= <Ka,0(z), Ka(z)>

will play the role, in a sense, of the Cauchy kernel for the system (2.2). Tt
generates an analog of the Cauchy-type integral for a continuous pair F = (fo, f),
fo:T = C, f:T +— C3; by the formulas: if ¢ := &iy + iz, o = dniy — dfia,
and if I is a closed rectifiable Jordan curve which is the boundary of a bounded
domain QF :=Q, and Q~ := R?\ (Q+ UT) is its complement, then we define the
pair

(2.5) 0,[3](2) := <<1>(,70[3’](z), q’a[ff"](Z)>, z€R*\T,

with
D, 0[F)(2) =

(26) /((Kc«(C = 2),0)o(¢) + ([Ka(¢ ~ 2), 0] + Kao(¢ ~ Z)07f(C)>) 7

T

2,091 = [ ([[Ka(¢ = 20,01+ Kol = 200 £0)] -
r
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21 (Kol¢ = 2.0) FO+0)([Kal¢ - 2).0] + Kaol¢ - 2) ) ).

where < -,- > and [-, -] denote, respectively, the scalar and the vector products
in C3; i.e., for {a,b}, a =%_, apig, b=35_, brir, < a,b>=3"_ arby;

i1 t2 i3
[a,b] :==|a1 a2 as|.
b1 by b3

We shall write @1 [f] and @, [f] for the respective restrictions of ®,[f] onto QT
and Q.

If, in particular, the scalar component of the pair F is identically zero, F =
{0; f}, this does not mean, in general, that ®,[F] is vector-valued, which follows
directly from (2.6). Thus, thinking of an analog of the Cauchy-type integral
for the system (2.1) as a purely vectorial object, we must exclude the scalar
component of ®,[F] in the following sense. Let C(I'; C?) be the complex linear
space of all C3-valued continuous vector—functions f on I', and introduce
(2.8)

M€ = O (£ 5 [(IKal¢ — 2). 01+ Ka(C-2)0. Q) =0. 2 #T}.
r

Now for f € M(I';C3), the analog of the Cauchy-type integral for the system
(2.1) is given by the formula

2,111 = [ ([[#alc = 201+ Kaale - 210 £(0)] -

(Ka(¢—2), a>f(<)>~
One may verify that ®,[f] is a solution to (2.1).

THEOREM (2.9) (Analogue of N. A. Davydov’s theorem (see [D]) for the sys-
tem (2.2)). Let T be a closed rectifiable Jordan curve, fo : T+ C and f : T — C3
be continuous functions, F := (fo, f), and let the integral

(2.10)  Wa[J](t) := lim Ko=) - Nl - F(C) =F@), tel,
MTt,s

exist uniformly with respect to t € I' where Ty s :={{ €' : || — t| < }. Then

there exists the pair of integrals

where
(2.11)
Faol#(8) =~ lim [ ({Ka(¢ ~1),0) (fol¢) ~ folt))+
M\Tys

([Ka(C—1),0] + Kao(C —t) o, (£(C) = (1)),
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(2.12)
Fo[5](t) == lim / (Ko — 8),0] + Kaol¢ — ) o (FC) — F(£))] —

6——>OF\FMS
(Ka(€—1),0) (£(C) — f(1) +
(fo(¢) = fo(t)) ([Ka(C —t),0] + Kao(¢ — ) 0));

moreover, the functions ®X[F] extend continuously onto T' and the following

analogues of the Sokhotski-Plemelj formulas hold:
(2.13)
O3 0[F)(t) = (Taro(t) + 1) fo(t) = (Tar(t), f(1) + FaolT|(t), teT,
@, [F)(t) = Lar®), F(®)] + (Laro(t) + 1) F(E) + fo(t)Lar(t) + FalF)(t), t €T,
(2.14)
D, 0[F1(#) = Laro(t)fo(t) = (Lar(t), f(t) + FaolF](t), teT,

@, [F)(t) = Larx @), f®)] + Laro®)f(t) + fo(t)Lar(t) + Fu[F](t), teT,
where the following notation is used:

0(1“0 :—Oé//Ka() —tdfd??,
I.r(t =—a//K ¢ — t)dédn,

and ®E[F|(t) := lim ®4[F](2).

Q+fsz—t
The proof will be given after some preparatory work which is of independent
interest.

COROLLARY (2.15) (Analogue of N. A. Davydov’s theorem for the system
(2.1)). Let T be a closed rectifiable Jordan curve, f € M(L;C3), and let the
integral

(2.16) Vo [f](t) := lim / [1Ka(C =) - llall - [1£(S) = F@I

6—0
\I'¢,s

exist uniformly with respect to t € I'. Then there exists the integral
(2.17)

Folf)@):=lim [ ([Ka(¢—8),0]+ KaolC )0 (F(O) — £#))] -

6—0
\Tl¢,s

(Ka(C—1).0) (£(Q) - £(1));

moreover, the functions ®= [f] (z) extend continuously onto T and the following
analogues of the Sokhotski-Plemelj formulas hold:

(2.18) @) [f](t) = [Lar(®), F(®)] + (Laro(t) + 1) f(t) + Fa [f](t), tel,

(2.19) o [F1(@) = [Lar @), f®)] + Lar o) f(t) + Fo [fl(t), teT,
where &% [f] ()= Jim @, [f] (2).
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3. Quaternions and quaternion-valued a-hyperholomorphic
functions in R?

We shall denote as usual by H = H(R) and H(C) the sets of real and complex
quaternions, i.e., each quaternion is of the form

3
a = E akik
k=0

with {ax} C R for real quaternions and {ay} C C for complex quaternions; ig = 1
stands for the unit and i1, 2, i3 stand for imaginary units; the complex imaginary
units in C will be denoted by ¢. H has the structure of a real non-commutative,
associative algebra without zero divisors. H(C) is a complex non-commutative,
associative algebra with zero divisors.

3
For a complex quaternion a = Y axi the quaternionic conjugate is defined
k=0
3
by @ := ap— > agir. The modulus of a quaternion a coincides with its Euclidean
k=1
norm: |a| = |la||gs. In particular, for a € H we have |a| = ||a||gs and further
la|?> = a@ = @a while for a complex quaternion |a|? # a@. What is more, for a, b
from H there holds |ab| = |a||b|, which is extremely important in working with

real quaternions. For complex quaternions the situation is different.
LEMMA (3.1) (see also [HL]). |ab| < v/2]al|b] for all a,b € H(C).
Proof. Let

3
a = E ik, ak ‘= Qp + Ak, ag, A\p € R,
k=0

3
b= Zbkika b = ﬂk-l-i’yk, ﬂk,’yk€R.
k=0
We have a = a’ +ia” and b = b’ +4b”, where a’,a”, V', b" are real quaternions.
Since

3 3
lal> = (af +X0) = ld'P+1a"?, B> =D _(BF +) = b/ + P,
k=0 k=0
then
(Jal )? = 1o/ PIY? 416" + a2 B2 + |a" P}
Therefore
(3.2)

lab|? = |’V — a”"V" +i(a'b" 4+ a"'V)|* = |’V — a"V|? + |’V + a"V)? =
= (a'b — V") ('Y — a"b") + (a'V" + a”"V) (' + d"'V) =
— @ — @) (¥ — a"V') + (@ + @) (@b +a"V) = (|al o) + d,
where H 3 d = a/b"a"V + o'V a'b" — a/b'a’’b" — a’'b"a’b’, and
(3:3) d] < 20a'¥| 0"t | + 20a'b"] |a"¥'| < (|a] b))?.
Combining (3.2) and (3.3), we obtain the assertion of the Lemma. O
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Let © be a domain in the plane R2. We consider H(C)-valued functions
defined in Q. On the bi-H(C)-module C?(Q2; H(C)) we introduce the two-dimen-
sional Helmholtz operator with wave number ) € C:

A)\ = A]RQ +M)\,

where Agz = 97 + 02, O = %. For a € H(C) we denote by M® the operator
of multiplication by a on the right-hand side; of course, for a € C this coincides
with the operator of the left-hand side multiplication “M = a. The operators
0 := 01410, and 0 := 01 —id> determine, respectively, classes of holomorphic and
anti-holomorphic functions of a complex variable, and the following factorization
holds:
000 =000 = Ape.
Consider the following partial differential operators with quaternionic coeffi-
cients:
st0 =11 01 + 19 O2; 0 := 11 01 + i3 Oo;
gt =01 0o M + 9y 0 M™: 9y := 0, 0 MH—F&Q o M,
The following equalities can be easily verified:
ast o 5siﬁ = 5siﬁ o ast = A]Rz = sta © siﬁ5 = siﬁ5 © Sta;
which mean that
Staz = 3ft = —A]Rz.
For o € C a complex square root of A € C, i.e. a® = A, set
a0 =05t + a5 Oy := 510 + .
Then we have the following factorizations of the Helmholtz operator:
Ay=—0,00_4=-"0_0000 =—a00_o0=—_4,004,0.

In analogy with the usual notion of a holomorphic function, consider the following
definition of a-hyperholomorphic functions in R2.

Definition (3.4) ([ST1]). A function f € C1(,H(C)) is called a-hyperholo-
morphic if ,0f =0 in Q.

More precisely, such functions could be called, for instance, left-a-hyperholo-
morphic because there is a “symmetric” definition for d,, as well as for ,0 and
Oo. We shall deal with the above case only.

This definition for a-hyperholomorphic functions was introduced in [ST1] both
for complex and quaternionic values of «, and some essential properties were
established there. The main integral formulas for a-hyperholomorphic functions
were constructed in [ST2]. All proofs and details can be found in these papers,
see also [KS, Appendix 4]. Some developments of the topic are presented in
[RST] and [GSS]. One can find many other relevant bibliographical references
in all these papers.

In what follows we shall need some properties of the Hankel functions Hr(lp ) (1),
t € C, (see [GR]) which we concentrate in this section for the reader’s conve-
nience. The following equalities are valid:

(35) CHP ) =5 (HP0) - 5P W)
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(36) SHP (@) = —HP (1)
(3.7) tHY (1) = 2H (P () — tH (1),

and the following series expansions of the Hankel functions H,; (p )( t) and Hl(p ) (t)
hold:
(3.8)

o0 ( 1)kt2k % o0 k—i—thk

|
Hép)(t) = (1 - ( ) (IOg + C ) Z 22k +? 22k kl Z E
=0

k=1 =1
®) 1y _(— p% ¢ . ﬂ —_1)P & Z_t
H () (1 - ﬂ(10g2+c))222k+1k!(k:+1)!+( DGt "

P (—1)k+pg2h+1 k+1 koq
(3.9) Z 22k+1kl(k +1)! Z + 2—21 m

where C' is the Euler constant.

4. Quaternionic generalization of the Cauchy-type integral

Given a € C and real quaternions z := xii; + yis, ¢ := &i1 + niz, consid-
ered as points of Euclidean space R? equipped with the additional structure of
quaternionic multiplication, introduce the notation

(1P HP (al2]), if a £0,
9@(2) = 1 4
— log |2|, if =0,
2T

where p depends on « via formula (2.3). It is a well known fact (see e.g. [V]) that
the function 6, is the fundamental solution of the Helmholtz operator A,z :=
Agp2 + M o® for all values of a.

The a-hyperholomorphic Cauchy kernel, i.e., the fundamental solution to the
operators o0 and O, is defined as

Ka(2) = ——a0[la](z) = —0-al0a](2).

Hence one has explicitly

05 (B S + P k) ) it a0,

z .
_W’ lfOé:O.

(41)  Ka(s) =

Now, for a continuous function f : T' — H(C) and o := dniy — d&is, the Cauchy-
type integral of f is given by the formula

(4.2) Bolf](2) = / KolC—2) 0 f(O),  zeR\T

as in the previous section, I is a closed rectifiable Jordan curve.
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THEOREM (4.3). Let T be a closed rectifiable Jordan curve, f : T — H(C) be
a continuous function, and let the integral

@8 0=l [ K- 0lllO - @, e,
\T't,s
exist uniformly with respect tot € T', where T'y 5 :={C €' : [ —t| < &}. Then
there exists the integral
@)  ElAO=ln [ KC-00(©O-1@).  ter
D\Tl'¢,s

moreover, the functions ®Z[f] extend continuously onto T, and the following
analogues of the Sokhotski- Plemelj formulas hold:

(4.6) OIf1(t) = (Lar(t) + 1) f(t) + Falf](t), teT,
(4.7) O, [f1(8) = Lar () f(t) + Falf](t), teT,
where ®E[f](t) := Qihar,?ﬁt ®,[f](2), and

Inr(t) == —« // K, (¢ — t)dedn.
o+

The proof is based on several lemmas which are of interest independently.
Observe that the proof involves laborious computations and estimations similar
to those which can be found, for instance, in [MP] and [P-R]; we have included
many details for the reader’s convenience and for completeness.

LEMMA (4.8). The limit (4.5) exists uniformly with respect to t € T, and
F,[f] is a continuous function on I

LEMMA (4.9).

Ior(z)+1, ze€Qt,

(1.10) @al1](z) = {1 R

LEMMA (4.11). I, r is a continuous function in R2.

5. Proof of the results of Section 4
Proof of Lemma (4.8). Denote

W, (5,1) = / Ka(C — 0)] o] [7() — F(1)].

3
We have F,(5,t) = > (F(illl(é, t) + zFf,l((S, t))ix, where Fo(tllz and Fé,l are
k=0
real-valued functions.
Under the conditions of Theorem (4.3) the function ¥, (d,¢) tends to the

finite limit ¥, (¢), when § — 0, uniformly with respect to ¢ € I". Using the
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criterion of uniform convergence for the integral and Lemma (3.1), we get that
for Ve >036(s) >0Vt eT:

0<d <da<de) =

Vo (81.8) — (B2, 1) = / Ka(C— D] [0 [£(O) — f(B)] < =

Tt 55\t 8¢

(5.1)  |Fa(01,t) — Fu(d,1)] = / Ka(C— )0 (F(C) - £(1)
Ti65\Tt,5,
<2 / Ka(¢— )] |o] 1£(Q) — £(1)] < 26 =
Ti65\It,5,

FO) (81,8) — F;{,l(ag,t)‘ <2 (j=1,2 k=0,....3).
Therefore for each fixed t € T" there exist limits
G (5 — 15 (4) o C
Foz],k(t) . %%Fa{k(évt) (]*1a27 k*0773)
and consequently there exists

(5.2) Fa[f](t) = lim Fo(3,1).

Proceeding to the limit as é; — 0 in inequality (5.1) we obtain that for
Ve >036(e) >0Vt el

0<d<de)= [FAOGH) -FAM| <2 (=12 k=0,...,3) =
|Fa(8,8) — Falf](6)] < 4V/2e,
which is all that is required. O

Proof of Lemma (4.9). Let o £ 0. We have

(5.3) Bo[1]() = /Ka(g ~ o= (—1)1’*1%@(1@ + Iyig — Iy),

where
HP (a]¢ - 2|)

I =
¢ — 2|

((§ —z)dn — (n —y)dE),

I = / L ]

I — / HP (alC — ) (dri — dgiz).

Let z € QT, let p > 0 be such that B(z, p) := {¢ € C: |(—2z| < p} is contained
in QF, and let v, be the boundary of B(z, p).
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Using the Green formula and the equalities (3.5), (3.7) we get:

(»)
A2 (6~ i — (0 - i) =
MY,
HP(alc—2),, 0 (H(C-2), _
Il Q%< = A7 G b
QF\B(z,p)

(p) _
{ﬁiG%Wm>m—w#wmﬁww5ﬁ%%ﬂgamz

QF\B(z,p)

aH (a|¢ — 2|)de dn,

QF\B(z,p)

@l — »
/ Hy™ (of¢ — 2)) ((€ —z)dn — (n —y)d€) = 27rpH§p)(ap) =

¢ — =
Ve
44
(—1)P— —|— o(1) as p — 0.
Hence
H{P (al¢ - 2) _
h1ml(/‘ /) ST (€@ — (0 - w)de) =
(5.4) U=%
//aHO (a|C — 2z|)dEdn + (— )%
Furthermore,
(p) _
[ B2 (e - e + (0 -
¢ — =
MY,
H (al¢ — 2) 0 (Hi"(al¢ ~ =)
-/ (ag( o ) T T 6 e
QT\B(z,p)
(al¢ - 2)) (3|C—Z| Rl (Sl PP )
-/ mc—a( — ) e (1Y) = o, (6 ) ) dedn
QF\B(z,p)
=0,

HP (a|¢ - 2|)

oo (€= a)de + (g = y)dn) = 0

Yo

and, consequently,

(5.5) I, = 0.
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Analogously, using the equality (3.6), we have

[ 1 @l = <l ez

M\,
B OHYP (af¢ — 2)) . 8Ho(”)(oc|<—2|)
= // < o T oy dé
Q+\B(z,p)
H(ZD) _
- /= “'C o @l =2 (- g an,
Q+\B(z,p)
/ H (¢ — =) (dpiy — déin) =
Yo
and
H(p) _
(5.6) n-—|] W(c—zwgdn.
O+

Thus, from (5.3) — (5.6) we have

Dall)(z) = 1+ (-1 112 //( (al¢ = #I)

HP (o]¢ - 2|)

IC— 2] (C_Z)>d§d77=Ia,r(z)—|—1.

Now let @ = 0. We have

—F/KO(C—Z)U_ /|C—Z|2

1 (é—x)dn—(n—y)df 1 /(f—af)d€+(n—y)dni3

2 I — 22 2 I — 22
T T

75

Continuing as in the computation of the integrals I1 and I, and using the Green

formula, we obtain that ®y[1](z) = 1.

In the case of z € Q~ the proof of (4.10) is simplified because of the continuity

of the kernel K, on QF.

O

Proof of Lemma (4.11). Making use of the series expansions of the Hankel

functions (3.8), (3.9) we obtain

61 )= (CRE + 2O + T e).

8
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o // Z oM — 2 (ak p + brpa(¢ — 2))dE dn,

ol k=0

2k+1|< |2k
//1og|<—z|2 G 2k + 1)+ a(C - 2)de dn

and ay p, bk,p are complex coefficients.

(1

The continuity of I ml)“ follows from the continuity of the integrand. Let us

prove the continuity of IéS). For an arbitrary z € C and a measurable EF C C set

=
E

Let us fix any point 2y € C. For an arbitrary z € C we have

I§3)(Zo) - I§3)(2) = Io+nB(20,p)(20) + L@\ B(20,p))NB(2,p) (20)+
T\ (B(2,0)UB(20,)) (20) = Lot nB(z0,p) (2)—
L@\ B(20.0)NB(2,0)(2) = Iat\(B(z,0)UB(20.0)) (2)-

Fix an arbitrary ¢ > 0. Since |Ipnp(z,,p)(22)| < 16p for arbitrary p >
21 € C, 20 € C, E C C, there exists p(e) > 0 such that [Ignp(., p)(22)| <
Therefore

ol o

3 3 2e
1 (z0) - I (2)| < 5 Hor\(BGUB o) (20) = Tor\ (B pUB (0.0 (2)] <

2 + é|z — _ dédnp
3 €= 20l[¢ = 2[
QT\(B(z,p)UB(20,p))
Under the condition |29 — z| < p(e) we get:
Tr
d§ d77 <dr IOg d(207 ),
¢ = 20[l¢ — 2] ple)

QF\(B(2,p)UB(20,p))

where d(z9,T") = max|zo t|. By choosing |zo—z| < mm{ ple (4810g (pz(os)r)) }

we obtain
1 (z0) — 1 (2)] <&

The integrand in I((f% (z) is the sum of the function 2« log |¢ —z| and a function
which is continuous at ( = z and which has a removable discontinuity for ¢ # z.
Therefore it suffices to prove the continuity of the integral

i= [[1oglc - slagan
24
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Fix any point 29 € C. For any z € C denote § := |2—2z], Q] := B(20,35)NQ+,
QOf =0t \ QF
2 ¢ 1-
Then

1110 (2) = I{Y(20)] < / / log |¢ — zo|dé dn| + / / log |¢ — 2|d€ d| +
ot Qr

¢ — 2o

[[1os = dean) < 1+ 1+ 5
o

and setting 45 < 1 we get
36

1
I4<27T/p10g;dp:0(1) as 6 — 0,

45
1
Is < 27r/p10g;dp= o(1) as § — 0.

Using the inequality

=1 20 n
log < , ¢ e Ny,
I¢ =20l ~ ¢ — 20 ?
we have e d
Is < 25// $9 < trd(zo,1) 6.
¢ — 20|
of

O

Proof of Theorem (4.3). Let us prove (4.6) (the relation (4.7) is proved simi-
larly). We consider a sequence z, € QF, z, — t € ', and denote by ¢, the point
of the curve I" nearest to z,.

Applying formula (4.10) we have that

|q)a[f](zn) - (Ia,F(t) + 1)f(t) - Fa[f](t)| =
(5.8)  |®alf](zn) = alf(Cn)](zn) + Palf(Cn)](2n) — Falf1(Cn) + Falf](Cn)—
(La,r(t) + 1) f(t) = Fa[f1(0)] < My + Mo,

where

My =|@a[f = F(Ga)](2n) = Falf1(Cn)],

M =|(Io,r(2n) + 1) f (Cn) + Falf1(Gn) = (a,0(t) + 1) f (1) = Fa[f](®)]-

Let ae # 0. On the basis of the relations (3.8) — (4.1) we have the representation

(5.9) Ko(2) = Sa(2) + ¢al2),

where ¢4 (2) is a continuous function in C and

1 z
Sal(z) = —=— (W + alog|z|) .

2T
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Then

My < /SQ(C—zn)U(f(C)—f(Cn))—/SQ(C—Cn)U(f(C)—f(Cn)) +

r r

/ (¢ = 20) 0 (F(C) = £G)) = [ 9alC =)o (F(Q) = F(G))

T T
Ms + My,

By virtue of continuity of the functions Fy,[f] (Lemma (4.8)), I, r (Lemma
(4.11)), ¢ and f we get that My — 0 and My — 0, when z,, — t.
Let us fix an arbitrary € > 0. For any given § > 0 we have

(5.10) M3 < Ms + Mg + My,

where

Ms = / Sa(C =G o (F(O) = F(G)|

Fepnis

M = / 5a(C = 2a) 7 (F(O) = (&)

Fepnis

My = / (Sa(C = 2n) — SalC — Ca)) o (FO) — F(G))]

MI¢p s

By virtue of the equality (5.9) it follows from the uniform existence of Fy[f]
(Lemma (4.8)) that for all sufficiently small 0 and for all ¢, € I' the inequality
Ms < £ is valid.

Let us estimate Mg. For any § > 0 let us take z, near to t and so that
|Gn — 2n| < &. We have

M < / 5a(C = 2) 0 (F(O) = (G| +

Len3l¢n—2nl

(5.11)

Sa(C = 2n) o (f(Q) = f(Cn))| = Ms + M.

L ,6\L¢n 31¢n —2nl
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Let us estimate Mg. Using the inequalities | — (.| < 3|¢ —z,| < 49, we obtain
for sufficiently small § < §

Sa(C— =) \KzP+M%K o
1Sa(C =)l | &y + alog|c = Gal|

e+ lal[log ¢ = Gall + |l log 3
T — lal [log ¢ = ¢l

[Sa(C = 2n)|
Sa(C=Ca)l

Due to the uniform existence of the integral (4.4) and the equality (5 9) it
follows from (5.12) that for all sufficiently small & and for all |¢, — 2| < £ there
holds

(5.13)  Ms<4 / S0 (¢ = ) 1o 1£(0) = (Gl < &

D¢ .81¢n —2n
Let us estimate Mg. We get

(5.14) 15a(¢ = 2n)| < 1Sa(C = Ga) + [Sa(C = 2n) = Sal(C = Cn)|
As long as [z, — (o] < %K — znl, 3l — 20| <IC—Cnl <6 < g 7 and
27|So(¢ — ¢n)| we have

|Sa(< - Zn) - Sa(c - Cn)| <

N H

(5'12) |Soc(g_zn)| = |So¢(c_<n)| 4|S (C Cn)l

1C=Cnl Cn

i C_Zn _ C Cn Ml |<:_Zn|
2| — 2P =GP | 27 | B[ = Cal
12 — Gl o] [ ¢ = 2]
. —1
N T cn|+ Sl
1 o]

L+lal _ 1+]qf
TR e ey A
From (5.14), (5.15) we get
3
s Me<H [ isac— ol 1@ - 6l < 5

L6 \L¢p,31¢n —2n

a(c - Cn)|

for sufficiently small ¢ and for |(, — z,| < %

We have from (5.11), (5.13, (5.16) that Mg < 5.

In order to estimate M7 fix any ¢ satisfying all the conditions stated above
and take z,, near ¢ such that |(, — z,| < %.

We have 0 < |¢ — (), %(5 < |¢ — zy|. Therefore

20 — Gal
T S gk Gl
and by Lagrange’s theorem
IC Cnl

(5.17)

log

1 3
= Z|lc = ¢ = < 2 _
L I|[¢ = znl = ¢ = Gall < 25|Zn Cals
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where p lies between |¢ — z,| and | — (,|. Then using the relation (5.15) we get

1+ |alo
[Sa(C—2n) — Sa(C—¢Cn)| <3 o2

and taking into account the boundedness of f, we obtain for the above fixed §
and for z, sufficiently near to ¢

My < / 1Sa(C = 2n) — SalC — G |0 1£(C) = F(Gu)| <

|ZTL—CTL|5

MI¢, s
1+ |alo €
55z~ {1 max|f ()] [Gn — 2l < 3,

where {(I") denotes the length of I". Thus we have M3 < ¢ and, consequently,
the relation (4.6) is proved.

The continuity of ®X[f] on I' now follows from Lemmas (4.8) and (4.11). This
completes the proof of Theorem (4.3). O

6. Proof of main results

We identify a complex quaternion a = ZZ:O arty with the scalar-vector pair
(ag,a), where a = Eizl axiy is a vector of the complex linear space C3 with
the canonical basis 21, 2, 23. Then a quaternionic function f = 2‘2:0 Sfrip is
interpretable as a pair F = (fo, f), and the operator 9, as a pair («, s+0) where
st0 1= 0111 + Oa1o. Using the vectorial representation of the multiplication of
any complex quaternions a = (ag, a) and b = (bg, b) (see [KS], p. 24):

(61) ab= (aobo— <a,b>, [a, b] + apb + boa),

we obtain

Oaf = (afo — div f,rot f + af + grad fo),
arriving at the system (2.2) as the vector form of Definition (3.4) of an a-hyper-
holomorphic function.

Proof of Theorem (2.9). The representation (2.4) follows from the formula
(4.1) and we obtain (2.5) from (4.2) by using the equality (6.1). Combining the
vector form of the functions F,, I, r, ®2 in Theorem (4.3) with the equality
(6.1), we arrive at Theorem (2.9) as a vector reformulation of Theorem (4.3). O

Proof of Corollary (2.15). Applying Theorem (2.9) to the pair F = (0, f),
we obtain the desired conclusion. Because of the condition f € M(T;C?) the
Cauchy-type integral ®,[F] is purely vectorial and therefore its boundary values
®E[F] are also purely vectorial. O
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ON THE EXISTENCE OF POSITIVE SOLUTIONS OF A CLASS OF
SECOND ORDER NONLINEAR DIFFERENTIAL EQUATIONS

ZHAOYANG YIN

ABSTRACT. We present some results on the existence of bounded positive so-
lutions to a class of nonlinear second order ordinary diferential equations by
using the Schauder-Tikhonov fixed point theorem. An application to the ex-
istence of bounded positive solutions to certain quasilinear elliptic equations
in two-dimensional exterior domains is also given.

1. Introduction

We consider the second order nonlinear ordinary differential equation
/
(L1 WS fuu) =0, t>1,

where the nonlinear function f : [1, +00) X R x R — R is continuous.

The goal of the paper is to prove the existence of positive bounded solutions
to (1.1) under general conditions on the nonlinear function f. Problems of
this type were already considered several decades ago (see e.g. [1], [10] and
the citations therein) but this is still a very active area of research, cf. the
discussions in [4], [9], [12]. Our results are obtained by applying the Schauder-
Tikhonov theorem to an integral form of (1.1). While the fixed point approach
to this type of problems is extensively used in the mathematical literature,
by working in function spaces where the derivative is also involved, we are
able to obtain a considerable improvement with respect to previous works. In
particular, our results cover more general situations than the recent studies
[4], [8], [9], [12], [17]. Moreover, our main result can be applied to show the
existence of bounded positive solutions to certain quasilinear elliptic equations
in two-dimensional exterior domains, improving and enhancing some earlier
investigations (see [3], [11], [13]).

2. Main results

In this section, we shall prove the existence of bounded positive global solu-
tions to (1.1) under certain conditions on the nonlinearity f.

We first introduce a function space and present two propositions which are
used in the proof of Theorem (2.3) in the sequel. Define the set

X={ue CY([1, 00), R) : tlim u(t) exists and tlim u'(t) exists},

2000 Mathematics Subject Classification: 34A34, 47TH10, 35J60.
Keywords and phrases: positive solution, the Schauder-Tikhonov fixed point theorem, quasi-
linear elliptic equation.
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endowed with the usual linear operation for C! function. Then, we have the
following two propositions:

PROPOSITION (2.1). The space X is Banach space under the norm

| u ||= max{sup | u(®)|, sup|u'®) [}.
t>1 t>1

Proof. Obviously, X is a linear space, so we only need to prove its com-
pleteness. By means of the completeness of C([1, c0), R) endowed with the
supremum norm and the integral representation of u(¢), the statement follows
at once (see also Proposition 10 in [9]). O

PROPOSITION (2.2). Let K be subset of X. Then K is relatively compact in X
if and only if the following three properties hold:
(1) K is bounded, that is, there exists a number M > 0 such that for all t > 1
andallu € K,
lu@) |< M and |4 (@) |< M;
(ii) K is equicontinuous, that is, for every € > 0, there exists a o > 0 such
that forall | t1 —ty |< cand all u € K,

|u(t) —ute) |<e and |u'(t1)—u'(te) |<s;

(iii) K is equiconvergent, that is, for every & > 0, there exists a t, > 1 such
that forallt,s > t, and all u € K,

lut) —u(s) |<e and |W'@®)—u(s)|<e.

Proof. The statement is a consequence of the Arzela-Ascoli theorem (see
also Proposition 12 in [9]). O

We present now a result on the existence of bounded positive solutions to
the equation (1.1).

THEOREM (2.3). Assume that f satisfies the inequality
(2.4) ftw,u")| < Ft, |ul,|u ),

where F' € C([1, 00) x [0, co) x [0, c0), [0, o)) and F(¢,r, s) is nondecreasing in
both r and s for each fixed t € [1, co).
(1) If F satisfies for some ¢ > 0,

(2.5) / t max{l,Int} F(t,2¢, c)dt < c,
1

then there exists a 6 € (0, ¢) such that (1.1) has at least a bounded positive solu-
tion u. which satisfies 8 < u.(t) < 2c — 8 for t > 1, and such that lim;_, ., u.(t)
exists.

(i) If F satisfies for some ¢ > 0,

(2.6) / t Int F(¢, 2¢, c)dt < oo,
1

then there exist to > 1 and 6 € (0, ¢) such that (1.1) has at least a bounded
positive solution u. which satisfies 8 < u.(t) < 2¢c — 6 for t > to, and such that
lim;_, o u (%) exists.
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Proof. We first prove part (i). Using the hypothesis (2.5) and the mono-
tonicity property of the function F, by applying the Lebesgue dominated con-
vergence theorem we obtain that there exists an 6 = 8(c) € (0, ¢) such that

2.7) / t max{1,Int} F(¢,2c — 6,c — 8)dt < c — 6.
1

Set K ={veX:6<uv®) <2 -8, | V() |<c—5}. Define the operator
T:K— Xby

[e%e] t
(2.8) (Tv)#t) =c+1n t/ sf(s,v,v")ds + / slns f(s,v,v')ds,
¢ 1

for ¢t > 1, with (Tv)(1) = ¢. We shall apply the Schauder-Tikhonov theorem to
prove that there exists a fixed point for the operator T' in the nonempty closed
bounded convex set K.

(1) We check that T' : K — K. Note that from the inequalities (2.4) and (2.7)
and the monotonicity property of F', we have that for every v € K,

[e%s} t
|(Tu)(t)fc|:|lnt/ sf(s,v,v’)ds+/ slnsf(s,v,v)ds |

¢ 1

> Int , ! ,

(2.9) g/ (—)slns|f(s,v,v)|ds—|—/ slns | f(s,v,v') | ds
;, Ins 1
§/ slnsF(s,2c—6,c—86)ds<c—6, t>1.
1

It follows that 6 < (Tv)(¥) < 2¢ — 6 for ¢ > 0. On the other hand, differentiating
both sides of (2.8) with respect to ¢, we get

(2.10) (TvY(t) = %/OO sf(s,v,v)ds, t> 1.
t

Thus, by (2.7) and (2.10),
| (T @) | =| % / s f(s,0,0)ds |< / s F(s,v,v')ds
(2.11) ot t
g/ sF(s,2c—8,c—8ds<c—95 t>1.

1
It follows that | (Tv) () |< ¢ — 6. Thus, T': K — K is well-defined.

(2) We check that T'(K) is relatively compact in X. If {v, },>1 is an arbitrary
sequence in K, set M = ¢ — 5. We have by (2.11) that

(2.12) | (Tv,) (@) |<c—6=M, t>1,n>1.
An application of the mean value theorem yields

(2.13) | (Tv,)(t1) — (Tua)t2) K M |81 —t2|, ti,t20>1, n> 1
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On the other hand, from (2.10) we infer that for zo > #; > 1,
| (Tv,) (¢1) — (Tv,) (¢2)) |

e / $ (5, Uns (0) s — / (s, Uny (0 )ds |
tl t1 t2 to
%) to
<| 1 1 | sF(s,v,, (,))ds + 1/ s F(s,v,, (v,))ds
i ta Jy ta Ji,

[e%e] to
<|te—11 | / sF(s,2¢, c)ds + / sF(s, 2¢, c)ds.
i ty

Taking into account (2.13), by (2.5) and the above inequality, we infer that
{Tv,}n>1 is equicontinuous in X.

Note that

t e’}
/ |slnsf(s,v,v’)|ds§/ slnsF(s,2¢c —5,¢c—8)ds <c— 8,
1 1

so that lim;_, oo flt slns f(s,v,v')ds exists. Set

t
a=lim [ slnsf(s,v,v)ds.
t—o0 1

By (2.8), we have

o] t
(2.14) | (Tv)#) —c—a|=|In t/ sf(s, v, v’)ds—i—/ slnsf(s,v,v)ds —a| .
t 1

This shows that for every £ > 0 there exists #¢(e) > 1 such that
(2.15) | Top)@t) —c—a|<le t>to(e), n>1
Since by (2.10) we have

| (Tv,) @) |< / sF(s,2c —5,c—8)ds, t>1,
t

we deduce that for every ¢ > 0 there exists #;(¢) > 1 such that
(2.16) | Tv,) (@) |<e, ¢>ti(e),n>1.

The relations (2.15) and (2.16) show that {Tv,},>1 is equiconvergent in X.
Since Tv, € K, we also know that {Tv, },>1 is bounded in X. Thus, applying
Proposition (2.2), we obtain that {Tv, },>1 is relatively compact in X.

(3) We check that T' : K — K is continuous. Fix an ¢ > 0. In view of (2.5),
there exists some ¢, > 1 such that
£

(2.17) / s max{1,Ins}F(s, 2¢, c)ds < 3
t

*

Since f : [1,t.] x [, 2¢c — 6] x [—(c — 8), (¢ — 8§)] — R is uniformly continuous,
there exists an o > 0 such that
(2.18) | f(r,r1,81) — f(7, 12, 82) |<

&€
332Int, + 312+ 1)
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for all 7 € [1,¢,], all ri, 79 € [6,2¢ — 8] with | r1 — re |< o, and all sy, 59 €
[—(c—8), (c— )] with | 51 —s2 |< 0. A straightforward computation using (2.8)
shows that, for all vy, vs € K with || v1 — v2 ||< o, we have

| (Tv)@) — (Toa)(?) |< / s max{1,Ins} | f(s,v1,v)) — f(s,v9,05) | ds
1
ty
< / s max{1,Ins} | f(s,v1,v}) — f(s,ve,V5) | ds
1

+/ s max{1,Ins}|[| f(s,v1,v)) | + | (s, ve,v) || ds
t.

&
<
~3(32Int, + 22+ 1)
<&8,2% _
=373~ "
in view of (2.17)-(2.18). Similarly, from (2.10) we infer that

| (Tv)' @) — (Tve)' @) |

1 o0
< 2/ s | f(s,v1,V)) — f(s,v9,05) | ds
t

te )
/ s(Ins + 1)ds + 2/ s max{1, Ins}F(s, 2¢, c)ds
1 t

*

< / s max{1,Ins} | f(s,v1,v]) — f(s,v9,05) | ds < &.
1

It follows that
|| Tvy — Tvg || < max{sup | Tv1(¢) — Tva(?) |,
t>1
sup | (Tv)'®) — (Tue)' @) |} < e.
t>1

Hence, T : K — K is a continuous operator.

We have verified that T' : K — K satisfies all assumptions of the Schauder-
Tikhonov theorem [6]. Hence there exists u, € K such that Tu, = u.. Therefore
S <u(t)<2c—0o6fort>1,and

[e%e] t
ut)=c+1n t/ sf(s, uc(s), ul(s)ds + / slns f(s, uc(s), u.(s)ds, t > 1.
1

t
Differentiating both sides of the above equation with respect to ¢, we get that
u.(t) is a solution to (1.1) which satisfies

tlim (uet) —c—a)=0,

in view of (2.14). This proves part (i) of Theorem (2.3).
Let us now prove part (ii) of Theorem (2.3). In view of (2.6), if we take £y > 1
sufficiently large, then we have

/ t max{l, Int}F(¢ 2¢, c)dt < c.

to

For the equation (1.1) on [#y, c0), set

Xi1={ve C([¢g, 00), R) : tllrg v(¢) exists and tlinolo{v/(t)} exists},
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andlet K1 ={ve X;:6 <v@t) <2c-36, | V() |<c—34, fort > ¢y}. Define the
operator Ty : K1 — X, by

0 t
(Tyw)t) =c+ htl—t / sf(s,v,v)ds + / slns f(s,v,V)ds, t > to,
0 t to
with (Thv)(#y) = c.

Following the proof for the part (i) of Theorem (2.3), we verify that the
operator T; : K; — K, satisfies all assumptions of the Schauder-Tikhonov
theorem. Thus there exists a fixed point for the operator T} in the nonempty
closed bounded convex set K; and the statement (ii) of Theorem (2.3) is true.
This completes the proof. d

Example (2.19). Consider (1.1) with f(¢, u, u’) = q(¢) g(u), where g € C(R, R)
and g € C([1, c0), [0, c0)). Theorem (2.3) guarantees the existence of a solution
to (1.1) that is bounded and positive in a neighborhood of infinity if

(2.20) / h tq(t) Int)dt < oo.
1

For q(t) = t#, t > 1, note that (2.20) holds if and only if 8 < —2. To see that
this result is sharp, it suffices to restrict our attention to the particular case
g(w) = u. Then the substitution v(¢) = v/t u(t) transforms (1.1) into

1
(2.21) v 4 (tﬂ " 472) v=0, ¢>1.

It is known (see [7], page 461) that the necessary and sufficient condition for
the existence of a solution to (2.21) that is positive in a neighborhood of infinity
is precisely 8 < —2. Let us also note that the condition (2.20), the sharpness
of which we just established, can not be obtained in the same general setting
as above by using the results in [4], [5], [8], [9], [17].

Remark. The existence of non-oscillatory solutions to (1.1) has also been
recently investigated in [9]. However, the approach devised in [9] relies on the
use of nonlinear integral inequalities. For this reason, the global existence of
all solutions to (1.1) has to be ensured (we refer to [2] for a general discussion of
the global existence issue) and this leads to conditions that are more restrictive
than ours. Within our setting we allow certain solutions to blow-up in finite
time, as one can see from the particular case

D+t 5 2

f(t: u, u,) = t"+2 u — t27
with n > 2. In this case Theorem (2.3) applies despite the fact that the solution
u(t) = 2%, t € [1, 2), blows-up in finite time. O

3. Application to quasilinear elliptic equations

In this section, we shall apply the comparison method and Theorem (2.3) to
prove that there exists a bounded positive solution to the quasilinear elliptic
equation in two-dimensional exterior domains,

(3.1 Au + fi(x, w) + fo(x, u)x - Vu + fa(x, u)x - Vu)? =0, |x|> 1.
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We first recall the comparison method. Consider the elliptic equation
(3.2) Au+ d(x,u, Vu) =0, x € Ga,

where G4 = {x € R? ;| x |> A} for some A > 0. Fix some a € (0,1). Let
¢ € C«M x J x N,R) for every bounded domain M C Gy, every bounded
interval J C R, and every bounded domain N C R2. Assume that for every
bounded domain M C G4 there exists a nonnegative continuous function 6y,
such that

| p(x, t, p) |[< Ot DA+ | p 3, x€M, teR, pecR2

A solution u(x) of (3.2) in Gg for some B > A is defined to be a function
u € C2t%(M) for every bounded domain M C Gp, such that u(x) satisfies (3.2)
at every point x € Gg. A subsolution of (3.2) is defined to be a function u of the
same regularity that satisfies Au + ¢(x, u, Vu) > 0. Similarly, a supersolution
of (3.2) satisfies Au + ¢(x, u, Vu) < 0. Set Sp = {x € R? :| x |= B} for B > A.

The following lemma encompasses the version of the comparison method
that will be used in the sequel.

LEMMA (3.3). [11] Assume that ¢ satisfies the above assumptions. If for some
B > A > 0 there exists a positive subsolution w and a positive supersolution v
to (3.2) in Gg such that w(x) < v(x) for all x € GgU Sp, then (3.2) has a solution
u in G such that w(x) < u(x) < v(x) throughout Gg U Sg and u(x) = v(x) for
x € Sp.

We present now the main theorem of this section

THEOREM (3.4). Assume that there exists a number a € (0, 1) such that f1, fo,
and f3 € C*M x J,R) for every bounded domain M C R2?, every bounded
interval J € R, and these functions satisfy the following conditions

0 < filx, t), x € G1 C R? t €0, 00);
| fix,w [ <F(x||ul, i=123 x€G CR%, ueR,

where for everyi = 1,2,3, F; :[1, 00) x [0, 00) — [0, o0) is Holder continuous
and F;(r, s) is non-decreasing in s for every fixed r € [1, oco).
(i) If for some ¢ > 0 we have

(3.5)

(3.6) / s max{1, In s} (Fl(s, 2¢) + ¢s Fa(s, 2¢) + (cs)2Fs(s, 2c)> ds<ec
1

then (3.1) has a bounded solution u in G, with u(x) > 0 for | x |> 1.
(ii) If for some ¢ > 0 we have

/ slns (Fl(s, 2¢) + cs Fy(s, 2¢) + (¢s)?Fs(s, 20)) ds < oo
1

then there is some B > 1 such that (3.1) has a bounded solution u in Gg, with
u(x) > 0in Gp.

Proof. We first prove part (i) of Theorem (3.4). Let us consider the following
differential equation

B.7 Au+Fi(|x|,u)+ Fo(|x|,u)|(x-Vu)|
+Fs(|x |, w)x-Vu? =0, [x|> 1.
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The change of variables ¢t =| x |, u(x) = y(| x |), transforms the above equation
into

(3.8) y'()+ y7 + Fi(t, y(0))
+tFy(t, y@) | ¥ | +2F5E, y)y' > =0, ¢ > 1.

Applying Theorem (2.3), in view of hypothesis (3.6), we obtain that there exists
a & € (0, ¢) such that (3.8) has at least a bounded positive solution y(¢) which
satisfies 6 < y(t) < 2c¢—4fort > 1, and lim;_. . y(¢) exists. If we set v(x) = y(¢),
then we have that 6 < v(x) < 2¢ — & for | x [> 1, lim,_, v(x) exists, and

Av + f1(x, v) + fo(x, V)x - VU + f3(x, v)(x - Vv)?
<Av+Fi(| x|, v)+ Fo(| x |,v) | x- Vv | +F3(] x |, v)(x - Vv)?

=y"t)+ % + Fu(t, y@) + tFa(t, y(1) | ¥ | +82F3(t, y))y' > = 0

Hence, v(x) is a supersolution to (3.1) on | x |> 1. In addition, w(x) = § satisfies
obviously

Aw(x) + f1(x, w(x)) + folx, w(x))x - Vw(x) + f3(x, wx))(x - Vw(x)? > 0

for | x |> 1. The above inequality shows that w(x) = 6 is a subsolution to (3.1)
on | x |> 1. Applying Lemma (3.3) with B = A = 1, we deduce that there
exists a solution « to (3.1) such that 0 < 6 = w(x) < u(x) < v(x) forall | x |> 1,
and u(x) = v(x) > 0 on S;. This proves (i) of the theorem.

In addition, by part (ii) of Theorem (2.3) and the previous considerations,
we deduce that the statement for (ii) of Theorem (3.4) is true. This completes
the proof. O

Example (3.9). For the equation in G; U S; C R?

Aut u? . x-Vu  (x-Vw?
12004 [x 22 31+ |« 23 3+ |«x[23
. u2
with Fi(| x || w ) = ipee, Fol 2 || w D) = gy B3 x [l u ) =
m. A straightforward computation yields

/ s max{1,Ins} (Fl(s, 2) + s Fy(s, 2) + s Fs(s, 2)) ds < 1.
1

Therefore, Theorem (3.4) ensures that the above equation has a bounded pos-
itive solution u(x) with u(x) > 0 for | x |> 1. Observe that the results from [3],
[5], [11], [13], [16] are powerless.

Let us consider the particular case of (3.1),
(3.10) Au+ f(x,u)+ g)x - Vu =0, G1US; C R2

As a consequence of Theorem (3.4), we have
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COROLLARY (3.11). Assume that g is class of C L and there exists a number
a € (0,1) such that f € C*(M x J, R) for every bounded domain M C R?, every
bounded interval J € R and satisfies the following conditions

0 < flx, k), |x|>1, kel0,00);
| f,w) [<F(x|,|ul), |x|[>1, uck,
where F : [1,00) x [0, 00) — [0, 00) is Holder continuous and F(r, s) is non-

decreasing in s for every fixed r € [1, co).
(i) If for some ¢ > 0 we have

/Qo s max{1, In s} (F(s, 2¢) +cs | g(s) \) ds<c
1

then (3.10) has a bounded positive solution u(x) with u(x) > 0 for | x |> 1.
(i) If for some ¢ > 0 we have

/ slns (F(s, 2¢) +cs | g(s) |> ds < o0
1
then there is some B > 1 such that (3.10) has a bounded positive solution u(x)
with u(x) > 0in Gg U Sg.
Example (3.12). For the equation in G; U S; C R?

V1+u? x-Vu

A _
AT [P 204 | x PP

:O,

with F(| x |,| u |) = 2% and g(x) =

RERPEs 755 & straightforward compu-

1
T2«
tation yields

/ s max{1,Ins}(F(s,2)+ s | g(s)|)ds < 1.
1

Therefore, Corollary (3.11) ensures that there exists a bounded positive solu-
tion u(x) with u(x) > 0 for | x |> 1. Observe that the results from [3], [11], [13]
are not conclusive.

Consider the particular case of (3.1),
(3.13) Au+fle,u)=0, |x|>1
As a consequence of Theorem (3.4), we have

COROLLARY (3.14). Assume that f is locally Holder continuous in (G1US1) xR
and satisfies the following conditions

0< fx, k), |x|>1, kel0,o00)
| f,w | <a(xDw(ul), |x[>1 uecR,

where w(r) is non-decreasing for all r > 0, a € C([1, ), [0, )), and w €
C([0, c0), [0, c0)).
@) If for some ¢ > 0 we have

/Oo s max{1,Ins} a(s)w(2c)ds < ¢
1

then (3.13) has a bounded positive solution u(x) with u(x) > 0 for | x |> 1.
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(ii) If for some ¢ > 0 we have
/ slnsa(s)ds < >
1

then there is some B > 1 such that (3.13) has a bounded positive solution u(x)
with u(x) > 0in Gg U Sg.

Example (3.15). Among the equations of the form (3.13), we have the Emden-
Fowler equation

Au—+p(x) | u| sign(w)=0, r>0 G1US; C R2,

where p(x) is nonnegative and Holder continuous in R”.
(i) For the sublinear (0 < r < 1) or superlinear (r > 1) Emden-Fowler
equations, if

(3.16) / s max{1,Ins} 1‘rn|ax{p(x)}ds < 00,
1 X|=s8
then there exists ¢ > 0 large enough or ¢ > 0 small enough, such that
/ s max{1l,Ins} Ilnlax{p(x)} |2¢|"ds <c,
1 x|=s

Consequently, applying Corollary (3.14), we deduce that if(3.16) holds, then the
sublinear and the superlinear Emden-Fowler equation has a bounded solution
u in G, with u(x) > 0in G; U S; C R2.

(ii) For the linear Emden-Fowler equation (r = 1), if
(3.17) / s max{l,Ins} I‘n‘ax{p(x)} ds < %,

1 x|=s

then, applying Corollary (3.14), we obtain the existence of a bounded solution
u in Gq, with u(x) > 0in Gy U S; ¢ R2.

Note that under the same conditions (3.16) or (3.17), the investigations in
[3], [11], [13] show only that there is some B > 1 such that the Emden-Fowler
equation has a solution « in G, with u(x) > 0 for | x |> B. O

Remark: Our approach is typically 2-dimensional (n = 2). For the n-dimen-
sional case with n > 3, we refer to [14], [15]. a
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NEW CHARACTERIZATION OF BMO(R") SPACE

YONGSHENG HAN AND DACHUN YANG

ABSTRACT. The authors generalize the result of David, Journé and Semmes
about the LP(R™), 1 < p < oo, boundedness of the Littlewood-Paley g
function associated to a para-accretive function to the case where p = oo
and, therefore, give a new characterization of the classical BMO(R"™) space
by using an approximation to the identity which satisfies more general
cancellation condition adapted to para-accretive functions.

Introduction

It is well-known that the remarkable T'1 theorem given by David and Journé
provides a general criterion for the L?(R™)-boundedness of generalized Calderén-
Zygmund singular integral operators; (see [1], [8]). The T'1 theorem, however,
cannot be directly applied to the Cauchy integral on Lipschitz curves. Meyer in
[6] (see also [7]) observed that if the function 1 in the T'1 theorem is allowed to
be replaced by a bounded complex-valued function b satisfying 0 < 6 < Reb(z)
almost everywhere, then this result would imply the L?(R™) boundedness of the
Cauchy integral on all Lipschitz curves. Replacing the function 1 by an accre-
tive function, McIntosh and Meyer in [6] proved the T'b theorem, where b is an
accretive function. David, Journé, and Semmes in [2] introduced a more general
class of L>°(R™) functions b, namely, the so-called para-accretive functions. They
proved that the function 1 in the T'1 theorem can be replaced by para-accretive
functions, which is by now called the T'b theorem. Moreover, they showed that
the para-accretivity is also necessary in the sense that the T'b theorem holds for
a bounded function b, then b is para-accretive.

The LP(R™), 1 < p < o0, boundedness of operators which satisfy the Th the-
orem follows from the Calderén-Zygmund operator theory. In general, however,
such operators are not bounded from the classical Hardy spaces HP(R™) to it-
self even if T satisfies T'(b) = T*(b) = 0. Meyer in [7] observed that if b(z) is
a bounded function and 1 < Reb(z), one can then define the modified Hardy
space H} (R™) simply via the classical Hardy space H'(R™). More precisely, the
space H} (R™) is defined by the collection of all functions f such that bf is in the
classical Hardy space H!(R™). This space has the advantage of the cancellation
adapted to the complex measure b(x) dz and is closely related to the T'b theorem,
where b is an accretive function. More recently, Lee, Lin and the first author of
this paper in [5] proved that if T7%(b) = 0, where b is a para-accretive function,
then the Calderén-Zygmund operator T is bounded from classical H?(R™) to a
new Hardy space HY (R™) for n/(n+¢€) < p <1, where € € (0, 1] is some positive
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Keywords and phrases: BMO(R™), BMOy(R™), para-accretive function, Carleson maximal
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constant which depends on para-accretive function b. In fact, they generalize the
result of David, Journé and Semmes in [2] on the L?(R™), 1 < p < oo, bounded-
ness of the Littlewood-Paley g function associated to a para-accretive function
to the case where n/(n+¢) <p < 1.

1. Proof of the main result

The main purpose of this paper is to generalize the result of David, Journé
and Semmes in [2] to the classical space BMO(R™). More precisely, we will
establish a new characterization of the space BMO(R"™) via the so-called discrete
Carleson maximal function defined by an approximation to the identity having
the cancellation condition adapted to para-accretive functions. See also [3].

We first recall some definitions and notation. A function f € BMO(R") if f
is a locally integrable function on R™ and satisfies

1
I fll Brro®ny = SUP—/ |f(x) — foldz < oo,
Q 1QJg

where the supremum is taken over all cubes Q whose sides are parallel to the

axes and )
fo=1g1 /Q f(@)da.

The following definition of the para-accretive function was given in [2].

Definition (1.1). A bounded complex-valued function b defined on R™ is said
to be para-accretive if there exist constants C, + > 0 such that, for all cubes
Q C R™, there is a cube Q' C Q with v|Q| < |Q’| satisfying

x)dz| > C > 0.

1
[ ‘ Q'
Remark (1.2). Tt is easy to deduce, by the Lebesgue differential theorem, that

for any given para-accretive function b as in definition (1.1), |b(z)| > C > 0 a.e.
in R"™.

We now recall the space of “test functions” in [4].

Definition (1.3). Let b be a para-accretive function. Fix two exponents 0 <
B <1and vy > 0. A function f defined on R" is said to be a test function of
type (B,7) centered at xy € R™ with width d > 0 if f satisfies

. d’
@) |f(z)] < C(d+ |z — @)t

(ii) |f(z) = f(a)] <

xz—a A d’ d+ |z —zo
C<d—||—|x—lro|) AT =z for |z —2/| < — |2 |7and
(i) [gn f(2)b(x)dz = 0.
We denote by M) (g, d) the collection of all test functions of type (8, 7)
centered at ¢ € R"™ with width d > 0. If f € J\/[(Bm(xo, d), then the norm of f
in M(Bm(xo, d) is defined by

£l e (wod) = inf{C : (i) and (ii) hold}.
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We denote M(BM(O, 1) simply by M,

Banach space under the norm | f[[,.s-). The dual space (M(ﬁm)/ consists of
(B

It is easy to see that M7 s a

all linear functionals £ from M to C satisfying

L) < Cl Il

for all f € M. We denote by (h, f) the natural pairing of elements h €

(M([M))/ and f € M7 Tt s easy to check that for any zg € R™ and d > 0,
/
M (x0,d) = M with the equivalent norms. Thus, for all h € (M(Bm) ,

(h, f) is well defined for all f € M (zo,d) with any g € R™ and d > 0.
As usual, we write

(B,7)

M ={f: f =bg for some g € M

.

@ ond f=bgforge M([M), then the norm of f is defined by

If febM

||f||bM(/3rv) = ||9HM<1M>-

We need the definition of an approximation to the identity in [4], see also [2].

Definition (1.4). Let b be a para-accretive function. A sequence of operators
{Sk}kez is called to be an approzimation to the identity associated to b if the
kernels Si(z,y) of Sy are functions from R™ x R™ into C such that there exist
constant C' and some 0 < ¢ < 1 satisfying that for all k£ € Z and all z, 2/, v,
and y' € R™,

—ke
(i) Su(, )] < O

277 4 Jz —y|)mre’

. o — /| )6 27
S 3 - S ,a S C
(ii) |Sk(z,y) k(2 y)] (Q—k +lz—yl) 2% +]|z—y|)nte

1
for |z — 2’| < 3 (2*k+|x—y|),
2—k5
P

(iif) |Sk(2,y) — Skl y')| < © <2k|y+_|xy/|— yl) (

1,
for [y —y/| < 5 (2 Flz—yl),

(1) |[Sk(z.9) — el )] — [Sk(ev) — e, 4]
el N (vl ) 27"
§C<w*+m—m><2*+m—m><r*+m—mww

1 1
for [o — 2| <5 (27" + [z —yl) and [y — /| < 5 (27" + e —yl),

(V) Jgn Sk(z,y)b(y)dy =1 for all k € Z and z € R",
(vi) Jon Sk(x,y)b(z)dz =1 for all k € Z and y € R™.

The main result of this paper is the following theorem.
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THEOREM (1.5). Let b be a para-accretive function. Suppose that {Sk}rez
is an approximation to the identity as in Definition (1.4) with the regularity
exponent € and set Dy = Sy, — Sk—1 for k € Z. Letly € Z. Then f € BMO(R")

!
if and only if f is in (waw)) for some 0 < B, v <¢e and

1/2

1 oo
1l 53r0@n = _ sup —/ > IDe(bf)(2)]? dz| < oo,
P dyadic | |P| Jp b loss 1) 4o

where the supremum is taken over all dyadic cubes P and l(P) is the side length
of the dyadic cube P.

Moreover, there is a constant C > 0 only depending on ly, n and b such that
for all f € BMO(R"™),

CHIfllBmomn) < 1l 5376@n) < ClfllBrOER)-

To prove this theorem, we need the following continuous version of Calderén
reproducing formula provided in [4].

THEOREM (A). Let b be a para-accretive function. Suppose that {Sk}rez is
an approzimation to the identity defined as in Definition (1.4) with the reqularity
exponent € and set Dy, = Sy, — Si_1 for k € Z. Then there exists a family { Dy}

of operators such that for all f € bM(ﬂ/’vl),

(1.6) f@) =Y bDRbDy(f)(x),

k=—o00

)

where the series converge in the LP-norm, 1 < p < oo, in the M norm for

o !
0<pf <B<eand <~ <vy<e;and foradl f e (J\/[(ﬁ 7 )) , (1.6) also holds

o / —
m (M(ﬂ 7 )> forO0< B <f <eand0 <y < <e. Moreover, Di(x,y), the

kernel of Dy, satisfies the following estimates: for 0 < & < e, where € is the
reqularity exponent of Sy, there exists a constant C > 0 such that

_ 27’{76/
i) |Di(z,y) < C 7
(1) | k(m y)| = (Z_k + |J) _ y|)n+5

- S -yl \° 27k

(i) [Dr(z,y) — Di(z,y")| < C ((Q_k Y- y|)> (27F + [z — y[)nte’
for lz —a'| < (27" + ]z —yl) /2,

(i) fon Dr(z,9)b(y)dy =0  for all k € Z and x € R™,

(iv) [gn Dr(z,9)b(x)dz =0 for all k € Z and y € R™.

Proof of Theorem (1.5). Let f € BMO(R™). By using Theorem 4.3 in [5]
and some trivial computation, it is easy to verify that kM7 ¢ H LR™). From
this fact and the fact that the space BMO(R™) is the dual space of H'(R") (see

!
[8]), we easily see that f € (waw)) .

Let P be any dyadic cube. We denote by P* the cube with the same center
as P and 4y/n times the side length of P. We then decompose f into

f=h+fo+fs
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where fi1 = (f — fp<)xp+, f2 = (f — fp+)Xrr\p~ and f3 = fp-. Let {Dy}rez be
as in the theorem. Then, for all k € Z,

Dy (bf)(x) = Dr(bfi)(x) + Di(bf2)(x) + Di(bfs)(z) = Di(bf1)(z) + Dr(bf2)(x),

since

i Dy.(z,y)b(y) dy = 0.

The result of David, Journé and Semmes in [2] states that for p € (1, 00),

o 1/2
{ Z |Dk(f)|2} ~ I fllze@nys

k=—00 Lp(R™)

which yields

IPI/p

— log, l(P )+lo

< |p|+/2{/R > IDubA)@) dx}m
k=—o00
(1.7 O { [ oA dx}m

< ClfllBmoEn -

Let 2o be the center of P. To obtain a desired estimate for fs, we first note that
if y e R"\ P* and z € P, then

1/2
| Di(bf1)(2)? dx]

IA

IN

ly — x| = CU(P) and |z —y| > CU(P) + |y — 2ol).

From this, Definition (1.4) (i) and some basic properties of BMO(R"™) functions
(see [8]), it follows that for = € P,

|Dr(bf2)(x)| = A Dy.(z, y)b(y) f2(y) dy
2—ke
< C Ctld
> R\ P (ka + |£L' _ y|)"+€ |J;(y) Ip
1.8 < (Q2ke ) — foul dy
( ) & ly—z0o|>CIl(P) (l(P) + |y —x0|)n+s | ( ) P |
2— €
< CWHJCHBMO(R”) .
By (1.8), we obtain
1/2

[|P| /p |Di(bf2)(z)|” dx

— log, l(P )+lo
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1/2
1 oo
< n - 2—2k‘€
(19) > CHfHBMO(]R ) l(P)Qs Z
k=— log, [(P)+lo
< ClfllBmo@ny-

The estimates (1.7) and (1.9) tell us that
||f||m)(Rn) < C|lfllBmon)-

We now establish the converse. Without loss of generality, we may assume
I I
that lp = 3. Let f € (bM(ﬂﬂ)) and g € (Mwﬂ)) and 7 > 0. We define

1/2

1 o0
M@= s | /P k S IDehwP |

=—log, I(P)+3

which is called the discrete Carleson maximal function, where the supremum is
taken over all dyadic cubes containing x;

00 1/2
S(g)(x) —{ > 2 | Dy (9) ()| dy} ;

ke —oo ¥ lz—y|<27F

[eS) 1o
2 /|| 2 [ Dy (bf) () dy} ;

k=—o0

S(f)(x) ={

and
1/2

ST(f)(z) = 3 25 | D (bf) ()] d ,
=g > [ 2D dy

where [z] for € R is the maximal integer no more than z. It is easy to verify
that S7(f)(x) is increasing with 7 and Sp°(f)(x) = Sy(f)(z).
For every fixed f and x € R™, we define the “stopping-time” 7(z) by

r@) =it {veZ: S} () < AB(H@)],

where A > 0 is a large constant to be determined later, and we will fix A which
depends only on n.

We first prove that for all y € R™ and any j € Z, if we suitably choose A,
then there is a constant C; > 0 such that

(1.10) HzeR": jz—y| <277, j>7(2)}| > Cr277".

Let By = B(y,277). It is easy to see that we can find a dyadic cube P such that
P contains all balls B(x,27%) with z € By and k > j, moreover, [(P) = 27713,
Thus, for this dyadic cube P, we have

s @] a

|Bol J g,



(1.11)
(fol =

<
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3 L kn 2
: ; |Bol /BO /:C—z§2—k 27" |Di(bf)(2)|” dz dx
— C
= kzjm/l:’/Bo 2kn |Dk(bf)(z)|2 XB(z,2-+)(7) dr dz
1 [ee]
:CQWL;|Dk(bf)(Z)

< inf 2

<Gy Anf Jo(f)(2)7,

where Cy > 0 depends only on n. From this, it follows that if A% > Cy, then
-3 C

{zeBo: s (N@) > A0()@)}| < 3 1Bol,

which, in turn, tells us (1.10) if we choose A > 0 large enough such that Cy; =
1-— CQ/A2 > 0.

Let g € bMWY c HY(R") and ||g|| g2y < 1. By Theorem (A), (1.10), the
Fubini theorem and the Holder inequality, we obtain

‘<f, > kakag>‘

k=—o0
S (Dibf,bDg)
k=—o0

12

<CrtA
< Cl_lAHgb(f)HLoo(]R")

< Clfl 536 @n)
<C|fl

> [ DNl |(eDug) )] dy
k=—o00 Rn_

SC;l/
SC;l/

> / 2" Dy (bf)(y)| | (bDrg) (v)| dy} dx
k=7(z) |z—y|<2—k
r 1/2

>/ 2 Dy (b)) dy}

| k=7 () lo—y|<2-F

1/2
Z / |<2- k2kn (bDrg) (y)f dy} dx
lz—y

k=7(x)

/R ST (@5 (g) () da

3(f)(2)S(9)(x) dz
|5(
|g||H1(]R")

9 ||L1(]R")

BMO(R")’

where we used the fact that

||S(9)HL1(R7L) <C ||gHH1(]R”) ’

which is a simple corollary of Theorem 3.3 and Theorem 4.3 in [5]. By Theorem
5.4 in [5], we know that bM () is dense in H'(R™). From this, (1.11) and the
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fact that the space BMO(R™) is the dual space of the space H!(R"), it follows
that f € BMO(R"™) and

I fllBro®n) < C Hf||§pro(Rn) .
This finishes the proof of Theorem (1.5). O

Similar to the definition of H} (R™), if b is a para-accretive function, we define
BMOy(R") = {f € L1, (R") : f = bg for some g € BMO(R")}

loc
and
I fll Brro, ey = HgHBMO(]R") :
Then it is easy to verify that BM Oy (R") is the dual space of H} (R™). Moreover,
from Theorem (1.5), we can easy to deduce the following consequence.

COROLLARY (1.12). Let b be a para-accretive function. Suppose that {Sk}rez
is an approximation to the identity as in Definition (1.4) with the regularity
exponent € and {Dy}rez as in Theorem (A). Let lg € Z. Then f € BMO,(R™)
if and only if f is in (M(f577)), for some 0 < B, v < e and

1/2

1 = 2
sup ﬁ/pk S DdH@P de| <o,

530, = SU
| | BMOZ)(]R ) P dyadic —log l(P)+lO
- 2

where the supremum is taken over all dyadic cubes P and l(P) is the side length
of the dyadic cube P.

Moreover, there is a constant C > 0 depending on ly such that for all f €
BMO,(R™),

CHIf N Breoum) < fll 5376, @) < CllFlBrro,@n)-

Finally, we remark that if T is a Calderén-Zygmund operator and T'(b) =
0, where b is a para-accretive function, then 7' is bounded from BM O,(R™)
into BMO(R™), which can be proved by the result in [5] via a dual argument.
We leave the details to the reader. This result together with the results in [5]
completes the theory of the Calderén-Zygmund operators.
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ON THE ALGEBRA GENERATED BY THE BERGMAN
PROJECTION AND A SHIFT OPERATOR II

J. RAMIREZ ORTEGA, E. RAMIREZ DE ARELLANO, AND N. L. VASILEVSKI

ABSTRACT. Let G C C be a domain with smooth boundary and let a be a
C2-diffeomorphism on G satisfying the Carleman condition a 0 & = ida. We
denote by R the C*-algebra generated by the Bergman projection of G, all

multiplication operators al (a € C(G)) and the operator We = +/ | det Jo| @oc,
where det J,, is the Jacobian of a. Index formulae for Fredholm operators in
R are given.

1. Introduction

Let G C C be a bounded domain whose boundary is a finite union of non-
intersecting simple closed curves of class C!. Let a be a C?-diffeomorphism of
G satisfying the Carleman condition a o & = id=, and let J,(z) stand for the
Jacobian matrix of @ with respect to the real variables x and y, where z = x+1y.
The mapping « induces the unitary operator W on Lo(G) defined by

(We)(2) = /| det Jo(2)|ple(2)).

Let K stand for the orthogonal projection of Ly(G) onto the Bergman space
A2(G), which consists of all analytic functions of Ly(G) [1].

We denote by R = R(C(G)I; K, W) the C*-algebra generated by K, W and
C(G)I. Analogously we define Ry = R(C(G)I; K, WKW). Let C stand for the
ideal of all compact operators in Ly(G) and let 7 be the natural mapping from
R onto the Calkin algebra R := R/C. This work is an application of the paper
[13] which describes, in an abstract setting, the C*-algebra generated by an
orthogonal projection and a shift operator. Using local techniques [10], it is
proved in [9] that R and also Ry are isomorphic to the C*-algebra of all contin-
uous sections of a C*-bundle with G as a base space. For every z; € G the local
algebra (fiber) of R at z; is isomorphic to a subalgebra of My ® R((zg), where
Ro(zp) denotes the local algebra of Ry at zy. When z; belongs to the boundary
of G, Ro(zp) is isomorphic to the C*-algebra generated by the non-zero local
images of the orthogonal projections K and WKW but R¢(z) is isomorphic to
Cifzy € G. Itis well known (see, for example, [6, 11]) that the C*-algebra gen-
erated by two orthogonal projections P; and P; is isomorphic to a subalgebra of
M(C(A)), where A = sp(P; — Py)?. Thus, most of the work developed in [9] was
devoted to the computation of A, = spy,._, (K — WKW)? (the local spectrum of
(K—WKW)? at 2¢). Itis interesting to note that the local spectrum of K + WKW
is independent of « when det J, is negative; whereas Azy = {0, B(zo)} if det J,,

2000 Mathematics Subject Classification: 47A53, 47B33, 47B34, 47L15.
Keywords and phrases: Bergman projection, shift operator.
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is positive, where B is the function defined in (1.4). We point out that the local
principle theory for singular integral operators played a very important role
in the computation of A,,. See for instance [8].

This paper is devoted to the index calculation of Fredholm operators in R
and is organized as follows. Theorems (1.8) and (1.9) below give index formu-
lae for Fredholm operators in Ry. The proofs of these theorems are relegated
to Section 2. Index formulae for Fredholm operators in R are given in Subsec-
tion 3.9. Finally, some simple examples are considered in Section 4.

The following two theorems describe the (Fredholm) symbol algebra of R.

THEOREM (1.1) ([9]). If detdJ, < O, then every operator in Ry has the form
(1.2) A=a1(I - K- WKW)+ a3K + asWKW + T,
where T is compact and a; € C(G). The Ccilkin algebra of Ry is isomorphic to
C(G) x (C(0G))?. Under the identification Ry = C(G) x (C(0G))? we have
m(A) = (a1, azlsg, aslac)-

Define Ay =1—-K, Ai =K, Ay=(I—-KWKW(U - K) and Ay = Aj,
where

1

1.3 As = KWEKW)I — K

(1.3) 5= =5 KWEWNI - K)
2 _

(1.4) B(z) = UIJu(22)* — 2det J(2)

 ([[Ja(2)][2)2 + 2 det Ju(2)

and ||/,(2)||2 is the Euclidean norm of J,(2); that is, ||J,(2)|3 is the sum of the
squares of all its entries. The simplest representation of the function 8 is given
by

da )0z |

Bz) = da/oz

Let I be the C*-algebra consisting of all pairs (a, o) € C(G)x Ms(C(9G)) with
the following property: if B8(z) = 0, then o(2) is diagonal and a(z) = g92(2).

THEOREM (1.5) ([9]). If detJ, > 0, then the algebra (not necessarily closed)
of all operators of the form

(1.6) A =a0Ao+a1A1+ a2y + a3As + a Ay + T,
withT € Cand a; € C(G), is dense in Ry. The Calkin algebra of Ry is isomor-
phic to I'. Under the identification Ro = I' we have

_ a1lsa (VBas)laa
ma) = (“0’ ((\/304)a0 (Bas + a0)o ))

Remark (1.7). If = 0, then Ry = C(G) x C(4G) and m(A) = (ao, a1]se). If B
does not vanish on dG, then Ry = C(G) x My(C(8G)).

The group of all invertible elements of a Banach algebra A will be denoted
by A1
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Let 93601 be the connected component of ﬁa ! which contains the identity. By
definition the abstract index group of Ry is AA = Rfl /ngol, and the abstract

index of Ry is the natural mapping ind : CR — AA .

To obtain an index formula for all Fredholm operators in Ry first of all
we have to determine the group AAO. In Section 2 we will see that AA is

isomorphic to a direct sum of Z. The desired index formula will be obtalned by
considering the index mapping as a composition of the natural homomorphism
from Fred Rg to AA with a homomorphism from AA to Z, where Fred Ry

denotes the semlgroup of all Fredholm operators in fRO

Let U vr be the (positively oriented) boundary of G, where vy, ..., y, are
k=0
non-intersecting simple closed curves. We can assume that vy}, is inside vy, for
each & > 1. We define the k-th winding number of a € C(0G)~! as follows:

1
Ky = kpla) = %[arg aly,.
Asusual, the index of a Fredholm operator A is defined by Ind A = dim ker A
— dim ker A*.
THEOREM (1.8). If the Jacobian of a is negative, then Ay = 7372, If oper-
ator (1.2) of Theorem (1.1) is Fredholm, then

1) ind7w(A) = (k1(a1), ..., kn(@1), Ko(@2), ..., kn(a2), ko(as), ...kn(a3)) and

1 1
2) IndA = o ;[arg asly, — o ;[arg asly,.

THEOREM (1.9). If the Jacobian of a is positive, then Ay = 7271 If the
operator (1.6) is Fredholm, then

1 1<
IndA = - Z[arg aoly, — o Z[arg{al(ao + Baz) — Basas}ly,.

k=0 k=0
COROLLARY (1.10) ([12]). If A = a(I — K) + bK is Fredholm, then

1 & 1 &
IndA =~ > largal,, — o > largbl,,.
k=0 k=0
Note that Corollary (1.10) does not depend on the sign of det </,,.

2. Proofs of theorems (1.8) and (1.9)

We denote by [ﬂA%a 11 the group of all homotopy classes of elements in ﬁa 1
Actually AA = [fR‘l] see for instance [2].
Let 771(X ) denote the fundamental group of X C C[5]. Assume thatdetdJ, <

0. By Theorem (1.1), the group R; ! is isomorphic to C(G)~ x [C(9G) 2. Since
the fundamental group of a simple closed curve equals Z, we have

2.1) [CO ™M = mi(|yr) = milyo) x -+ x mlyn) = 27
k=0
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On the other hand, G is homotopically equivalent to the suspension of 7 + 1
points [5], thus

(2.2) [C@ M= m(|ye) = my) x - x mily,) = 27
k=1
By (2.1) and (2.2) we have that Aﬁo = 7372 consequently the abstract index
is given by

ind : Ry1 > (@1, ag, a3) — (k1(@1), ..y Kn(@1), Ko(@2), -y Kn(@2), Ko(a3), -..kn(a@3)).

Proof of Theorem (1.8). Let Ay = I — K + (z — z0)K, where 2o € G. By
Theorem (1.1), the operator Aj is Fredholm. The equality Ind Aj = —1 was
established in [12], although it is easy to see that Aj is injective and that
kerA" =V+ =C, where V = {§y € Lo(G) : (Ki))(29) = 0}.

It is well known that an operator A € Ry is Fredholm if and only if w(A) €
fJA%g 1 If D is a connected component of ﬁa ! then all operators in 77— 1(D) have a
common index. This fact implies that there exists a linear mapping E : A§O —

Z such that the following diagram is commutative:

Fred Ry i 5\261 ind Aﬁo = 73n+2
Ind l:
Z

Since E is an homomorphism, there exist integers /; ; such that the index
of every Fredholm operator of the form (1.2) is given by

n 3 n
(2.3) IndA = Z lk,lxk(al) + Z Z lk}ij(aj).
k=1 J=2 k=0

The equality /oo = —1 can be obtained by applying formula (2.3) to the
operator Aj. For each k € {1,..,n}, let z; be a complex number inside vy;.
It is easy to see that A) = I — K + (z — 2;)K is invertible, consequently
Ind A}, = 0. Applying formula (2.3) to A}, we obtain loy — ;2 = 0. Therefore
lpog = —1for k =0, ..., n. To simplify our arguments we assume that a(yo) = vo.
The assumption det<J, < 0 ensures that «a reverses the orientation of dG. If
a(yr) = v, then one more application of formula (2.3) to the invertible operator

WA,W =1 — WKW + (a(z) — 2z, ) WKW
results in —lo3 + lp3 = 0. However, if a(y,) = y; with k& # [, then we get
—los + 13 = 0. Since | alyr) = U yr we have —lo3 + I3 = 0 for every

k=1 r=1
ke{l,..,n}

From —lp3 = Ind WA)W = —1 it follows that /;, 3 = 1. This equality is valid
even if a(yg) = vy, with &, # 0. Now if operator (1.2) is Fredholm, then a; does
not vanish on G (Theorem 1.1). This means that a;I is invertible, thus

IndA = Ind(J—K— WKW + %K+ %WKW)
1 1
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Z( Kk(—>+xk<—>>

The equality «(a;/a1) = ki(a;) — kz(a1) completes the proof. O

Proof of Theorem (1.9). Suppose that the operator (1.6) is Fredholm. By
Theorem (1.5) the coefficient a does not vanish on G. Without lost of generality
we can assume that a; does not vanish on dG. Let @, € C(G) be an extension
of (1/a1)|sg. Setting m(A) = (aop, M), the mapping

B al \/B(l - t)a3
H; () = (ao, < VB —tlas ao+ Baz — {2 — t)Basas/ar )

is a homotopy between 7(A) and

)

oG

m(D1)m(D3) = (ay, ( %1 (detl(\)/.f)/m >)’

where D1 = ag(I — K) + a1 K and Dy = I + (a1a9 — a3a4)(d1/ao)A2.

Let
B V1i—t Vi
v =(, < N =7 >).

The mapping Hj defined by Hy(¢2) = U@)m(D)U@)* € JAQ(; ! is a homotopy
between 7(D2) and w(D3) = (1, diag{(det M)/(apa1), 1}), where Dg =1 — K +
((det M)a1/ap)K. Therefore, w(A) is homotopic to 7(D1)7(D3) = m(ae(I — K) +
(det M/ap)K). Corollary (1.10) completes the proof. O

3. Index formulae for Fredholm operators in R

The symbol algebra of R given in this section differs a little from that given
in [9]. This new approach is convenient because it allows us to understand the
algebraic structure of the group [R~1].

Let C,(G) be the space of all functions @ € C(G) such that a o a = a. Let
M, denote the quotient space induced by the following equivalence relation on
G: Z/ ~ zif and only if either 2 = z or 2/ = a(z). Then C,(G) is isomorphic to
C(M,).

Let J,, be the maximal ideal of Zy = w(C(G)I) corresponding to zo € G, and
let J(z9) = JAQO - oJ,, be the ideal of JAQO generated by J,,. We refer to Ro(29) =
SAQO /J(zp) as the local algebra of Ry at z9. Using Z = @(C,, (GI), the construction
of R[20] is similar to that of Ro(29). We denote by v,, the natural mapping from
R into R[zo].

In [9] a symbol algebra of Ro (R) was obtained by means of local techniques
and using Z, (Z) as central subalgebra of Ro (iR) see also [13] for details. The
local algebra R[z] is a subalgebra of M3(Ry(zp)), and the natural images of the
generators of R into R[zy] are given by

a(zo)e + b(z0)p1 d(zp)e )

@D valal +bK+dW) = < dazo)e  ala(zo)e + blalz0)ps

where e, p; and ps are the images of I, K and WKW into Ry(zy), respectively.
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Let 7., be the natural mapping from Ry into R¢(2¢). For C = A+ BW € R,
with A, B € Ry, the equality

(3.2) v (C):( 5 (A) 75, (B) )

7., (WBW) 1, (WAW)

holds.
Theorems (1.1), (1.5), and relation (3.2) establish a symbol algebra for R in
a natural way as we will see below.

(3.3) Case detdJ, < 0. Let O be the C*-subalgebra of Ms(C(G)) x Ma(C(0G))
consisting of all pairs of the form

ai b1 (2] b2
(3'4) <( bloa aloa>’(bgoa agoa)>’
where a1, b; € C(é) and ag, be, as, bs € C(0G).

Remark (3.5). Since aly¢ is an automorphism of 9G, the second matrix in
(3.4) has no restriction on its entries. We have used the above notation for
convenience.

THEOREM (3.6). If detJ, < O, then the Calkin algebra of R is isomorphic to
Q1. Under the identification R = 4, the element (3.4) is the natural image in
Q) of the operator

(3.7) C=A+BW+T,
where

A=a1(I - K—-WKW)+ asK + asWKW,
B =bi(I - K—-WKW)+ bK + bsWKW,

ap, by, € C(G) and T is compact. If C is Fredholm, then D = a1I + biW is
invertible and

1
-1
b= ai(a; o a) — b1(by o a)

THEOREM (3.8). If the operator (3.7) is Fredholm, then

(a1 0al —b1W).

n n

1 1
IndC=— ;[arg{al(aloa)—bl(bloa)}]yk o ;[arg{ag(ag)oa)—bg(bgoa)}]yk.

Proof of Theorem (3.6). From (3.2) and Theorem (1.1) we obtain the follow-

ing symbol for C:
as b3
aG’(bgoa agoa)aG)'

6,_ al b1 as b2
o bioa ajoa )\ bsgoa azoa

Let u be the isomorphism on My(C(0G)) defined by

a b . doa coa
c d boa aoa |

The application of I & I & u to C shows that R = ;.
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Suppose that C is a Fredholm operator. Then its symbol is invertible in ();.

Thus the matrix
w (i )
bl o Qa1ow

is invertible in My(C(G@)), which means that a1(a; o @) — b1(b;1 o @) does not
vanish on G. A simple computation proves the last part of the theorem. O

Proof of Theorem (3.8). Suppose that the operator (3.7) is Fredholm. By
Theorem (3.6), the operator D = a1I + b1 W is invertible. It is easy to see that
the symbol of D equals

(M: M|6G ):

where M is the matrix given in the proof of Theorem (3.6). Actually M is the
first matrix appearing in the symbol of C. Therefore the symbol of D~1C is as

follows:
1 as bg
<I2’M <b3oa a3oa>)’

where I, denotes the 2 x 2 identity matrix.
Taking into account Remark (3.5), it is easy to see that the symbol of D—1C
is homotopic to

M, = (12,< l/d(e)tM (1) ) < ag(a3oa)0—bg(b3oa) (1) >)

Note that M, is the symbol of the operator

Co =1—-K+ i(az(ag o) — bg(bg oa))K.

det M
Since the symbol of D~1C is homotopic to the symbol of C, we have Ind C =
Ind D~'C = Ind Cy. Now Corollary (1.10) completes the proof. O

(3.9) Case det<J, > 0. We will obtain an index formula for Fredholm opera-
tors in R via an index formula for Fredholm operators in Ry ® My(C). Let 1l
be the natural mapping from Ry ® M5(C) into f/J\Qo ® Ms(C) =T ®@ My(C) (see
Theorem (1.5)).

Consider A = (Ajz);r-1,2 € Ro ® M3(C).

al, ad
Setting W(Ajk)z(agk,( g )), we obtain

aj, a},
1 3 1 3
TR B Sl e
) = %1 %2 dn Oy G G |y
PR (Y EH RS S R S .
21 Q92 21 Qg1 Qg9 Aoy

Introduce V = Iox2, 17), where Iy is the 2 x 2 identity matrix and

10 0 0
~ 0 0 10
U=10 10 0

0 0 0 1
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Then

- - 0 0 1 3
(3.10)  TI(A):= V(H(A))V=(< AL o ) i G S o )
21 22

By Theorem (1.5) (a9,) = (a%,), and the second matrix in (3.10) is 2 x 2 block
diagonal at each point z € 9G for which B(z) = 0.
Let Y be the C*-algebra consisting of all pairs
(N, M) € My(C(G)) x My(C(0G)

such that both M({) is 2 x 2 block diagonal and N({) = My({) whenever
B() = 0, where Ms; is the 2 x 2 block (m); ,-34 and m ;, is the (j, k) entry of
M.
Note that Y = My(C(G)) x M4(C(3G)) when B does not vanish on dG.
THEOREM (3.11). If detd, > O, then thAe Calkin algebra of Ry x My(C) is
isomorphic to Y. Under the identification Ry x Mo(C) =Y, the element (3.10)
is the image of A into Y. If A is Fredholm and B does not vanish on dG, then

1< 1 &
IndA = — > “larg det Nyl,, — o > larg det Mal,,,
k=0 k=0

where (N4, M 4) = I1(A).

Introduce the unitary self-adjoint matrix
(T )
VB V1-B)
where B(= B o a) is defined in (1.4). Since 7(WKW) = (1, V)Z(K)(l, V), the
isomorphism V¥ : 7w(A) — 7(WAW) acts on the symbol algebra R, as follows:
_ aioa VB(az o a)
\P(W(A)) - (aO o, V < \/B(a4 ° a) 3((12 o a) + apoa ) V):

where A is the operator (1.6). -
Let Qg be the C*-subalgebra of Ma(C(G)) x M4(C(6G)) generated by all pairs
of the form

(3.12) (( o bo >,M),

bo oca Qpouw
where
(3.13) M =

a \/Bag by \/Bb3
VBas  Baz +ag VBby  Bbz + by

v bioa V/B(b3 o a) v v ajoa VBlasg o @) v
VBbgoa) Bbyoa)+byoa VBlagoa) PBlagoa)+agoa

Since @ o @ = id;; and « preserves the orientation of 9G, we have that either
a is the identity function on vy, or it does not have fixed points on vy, [7]. We
will assume the latter case for all %.
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THEOREM (3.14). If detJ, > 0, then the algebra (not necessarily closed) of
all operators of the form

4
(3.15) C =) (aA;+bAW)+T,

with T € C, is dense in R. The Calkin algebra R is isomorphic to Qg. Under

the identification R = Qo, the element (3.12) is the natural projection of C into
Qs. If B does not vanish on oG and C is Fredholm, then

1< 1<
(3.16) IndC = kz:;[arg{ao(ao o @) —bolbo o}y, — ;[arg det M1,,.

Proof. Suppose that C is Fredholm. Without loss of generality we can as-
sume that ay = 1 and by = 0 (see the proof of Theorem (3.8)). Let 0, denote
the 2 x 2 zero matrix, and let d € C(G)~! be an extension of d lag, Where
d(z) = a(z) — z. We have

0 I, 09
w<d1)_<(0 P ),d<02 12)).

Introduce the operator

1 I I
v=lw w)
Setting A = > a,Apand B=> b, A;, weget C = A+ BW + T. It is easy

to see that m(dICd—1I) = w(A — BW). This implies that C and A — BW have
the same index. Let

[ A+BW 0 ([ A B
X—U< 0 A—BW)U_<WBW WAW)'

Since X € Ry ® M2(C), formula (3.16) follows from the equality 2Ind C =
Ind X and Theorem (3.11). The proof is complete. O

4. Examples

Example (4.1). Let G = D be the unit disk, and a(z) = 2. Then (Wo)(2) =
©(2). In this particular case the operator K = WKW is the orthogonal projec-
tion from Ly(D) onto the subspace of all anti-analytic functions. The following
integral representations are well known [3]:

¢({) = @)
Kol = [ T dun, R -+ [ 7505 duo

By Theorem (1.1) the Calkin algebra of Ry = R(C(D)I; K, K) is isomorphic
to C(D) x C(4D)?, and every operator in R = R(C(D)I; K, W) has the form

C=a1l+ asK + asf + [611 + boK + b3K]W +T.
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The operator C is Fredholm if and only if both a1(a; o a) — b1(b1 0 ) does not
vanish on D and f(goa)— p(qoa) does not vanish on T = oD, where f = a; +ag,
g=a1+as p=>by+byand q = by + b3. If C is Fredholm, then

IndC = —%[arg{f(g oa)— p(qoa)llr.

Example (4.2). Now consider the annulus G = {z : 1 < |z| < 2}. Let
f 11, 2] — [1, 2] be a smooth function with negative derivative. If f o f is the
identity function on [1, 2], then

z
a(2) = f(|2D—
2|
is a C2-diffeomorphism on G satisfying the inequality det </, > 0 and the Car-
leman condition. Let W be the shift operator induced by «. A straightforward

computation shows that

, 2
pro - (MDA B

f(lzD) — [2f"(|2D
In particular, consider the function f = g o ho g~ !, where h(¢) = 3 — t and
1
(4.3) g(t) = gs(t) = o5 1(11‘S -D+1, s#0.

In this example the function defined in (1.4) is constant on the boundary of
G. For |z| = 1 we have

B (8@ -28(D\? (1 - 23—2>2
B(z) = B2z) = (g’(2)+ 2g’(1)> =\i592) -
For a fixed r € (—1,1), we have (1) = B(2) = r? whenever 22 = (1 —
r)/(1+r).
In case r # 0 we have

Ro = C(G) x My(C(SY) x My(C(S?)),

R = Ma(C(G)) x My(C(SY) x My(C(S?)),
where S® = {z: |z| = a}. R
In case r = 0 (s = 2), the Calkin algebra R is isomorphic to C(G) x C(S) x
C(S?). Furthermore, every operator in R has the form
C=aiI-K)+a1K+1[bg(I-K)+ b KIW+T, TeC.

By Remark (1.7) and the equality S2 = a(S!), the symbol of C (see (3.12)) can
be simplified to

_ ao bo ai bl
(4.4) W(C)_(( byoa aoOLY)’(bloa aloa)

Thus R contains M2(S?) as a subalgebra. Note that this example is not con-
templated in Theorem (3.14) because 8 = 0. However the index formula for
Fredholm operators in R can be computed as follows. Assume that C is Fred-
holm and that ag = 1, by = 0. Then 7(C) is homotopic to w(I — K + aK), where
a is any continuous function such that a = ai(a; o @) — b1(b; o @) on S! and
a = 1 on S2. Corollary (1.10) gives the index of C. If ay # 1 and by # 0, then

).

St
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we consider the operator (agl +byW)~1C to complete the proof of the following
formula:

1 1
IndC = %[arg{ao(ag o a) — bo(bo @) 0()}]51 — %[arg{al(al o a) — bl(bl ) Ol)}]sl,

where S! is negatively oriented.

Example (4.5). Let s = s(6) # 0 be an even smooth function in the variable
6 = arg z. Once again consider G = {z: 1 < |z| < 2} but define

al2) = f(|2], 5() =,
|2

where

ft,5) = gs(h(g; ")),
h(t) = 3 — ¢t and g; is the function on [1, 2] defined in (4.3). The mapping «, as
defined above, has all required properties. The function 8 can be determined
by using the equality B8 = |az/a,|?, where a, = da/dz and a; = da/dZ. Setting
1— 25((9)—2
a straightforward computation leads to

B(z) = B22) = (r(0)?, || =1.

In particular, consider

r0) =

s(0) = cos(mb) + 1+ 2,

with 0 < 6 < 7and m € Z. Asin case s # 2 in Example 2, for 6 < 7 the
algebra R, is isomorphic to C(G) x My(C(S1)) x My(C(S2)) but the symbols of
two operators that have the same form are not equal to each other, for example,
the symbol of WKW changes from one example to another.

Define S(9) = 25?~2. Now suppose that § = 7. In such a case s(f) takes
the value 2 at 0 = (2k + D)7/m for £ = 0, ..., m — 1. This means that r(6)
vanishes at § = (2k + 1)m/m. Since B(z) = B(2z) = (r(arg z))?, the symbol
of operator (1.6) in Theorem (1.5) becomes diagonal at each point z satisfying
arg z = (2k 4+ 1)w/m, i.e.; each of these points induces only one-dimensional
irreducible representations of Ry. The rest of the points in G generate two-
dimensional irreducible representations of Ry. Thus the set M, = GUM sUMiq

can be identified with the space of all irreducible representations of fJAQo, where
Mg={(z,B(2): z€ 9G} and M, ={(z1): B2 =0, zciG}.

The figure shows M, for m = 3 and 6 = 7 = 1. The subspace G U My, is
isomorphic to the space of all one-dimensional irreducible representations of
CJAQO; whereas My is isomorphic to the space of all two-dimensional irreducible
representations.
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B(2) * two-dimensional
representation

¢ one-dimensional
representation

¢ two one-dimensional
representations

Ql

Figure 1. Space of irreducible representations

Acknowledgements

This paper was supported by CONACyT and done at the Centro de Investi-
gacion y de Estudios Avanzados-IPN, México.

Received March 13, 2003

Final version received October 3, 2003

E. RAMIREZ DE ARELLANO
DEPARTAMENTO DE MATEMATICAS
CINVESTAV-IPN

Mgxico D.F., MeExico, C.P. 07000
A. P. 14-740
eramirez@math.cinvestav.mx

N. L. VASILEVSKI

DEPARTAMENTO DE MATEMATICAS
CINVESTAV-IPN

MEexico D.F., MExico, C.P. 07000
A.P. 14-740
nvasilev@math.cinvestav.mx

J. RAMIREZ ORTEGA
DEPARTAMENTO DE MATEMATICAS
CINVESTAV-IPN

Mgxico D.F., MExico, C.P. 07000
A.P. 14-740
josue@math.cinvestav.mx

REFERENCES

[1] S. BERGMAN, The Kernel Function and Conformal Mapping, Amer. Math. Soc., Providence,
1970.

[2] R. G. DouGLAS, Banach Algebra Techniques in Operator Theory, Academic Press, New York,
1972.

[3] A. DZHURAEV, Methods of Singular Integral Equations, Longman Scientific & Technical,
New York, 1992.



THE BERGMAN PROJECTION 117

[4] J. M. G. FELL, The Structure of Algebras of Operator Fields, Acta Math. 106 (1961), 233—-280.
[5] B. GrAY, Homotopy Theory: An Introduction to Algebraic Topology, Academic Press, New
York, San Francisco, London, 1975.
[6] P. R. HALMOS, Two Subspaces, Trans. Amer. Math. Soc. 144 (1969), 381-389.
[7] V. G. KRAVCHENKO AND G. S. LITVINCHUK, Introduction to the Theory of Singular Integral
Operators with Shift, Kluwer Academic Publishers Group, Dordrecht, 1994.
[8] S. G. MIKHLIN AND S. PROSSDORF, Singular Integral Operators, Springer-Verlag, Berlin,
Heidelberg, New York, Tokyo, 1986.
[9] J. RAMIREZ ORTEGA, N. L. VASILEVSKI AND E. RAMIREZ DE ARELLANO, On the Algebra Gen-
erated by the Bergman Projection and a Shift Operator, Integral Equations Operator Theory
46 (4), (2003), 455-471.
[10] J. VARELA, Duality of C*-Algebras, Mem. Amer. Math. Soc. 148 (1974), 97-108.
[11] N. L. VASILEVSKI AND I. M. SPITKOVSKY, On the algebra generated by two projectors, (Russian)
Dokl. Akad. Nauk Ukrain. SSR Ser. A, No. 8 (1981), 10-13.
[12] N. L. VASILEVSKI, Banach algebras produced by two-dimensional integral operators with a
Bergman kernel and piecewise continuous coefficients I (II), Izvestiya VUZ. Matematika, 30,
No. 2 (3), 12-21 (33-38), 1986.
[13] N. L. VASILEVSKI, On an algebra generated by abstract singular operators and a shift operator,
Math. Nachr. 162 (1993), 89-108.



Bol. Soc. Mat. Mexicana (3) Vol. 10, 2004

DYNAMICS OF PROPERTIES OF TOEPLITZ OPERATORS
ON THE UPPER HALF-PLANE: HYPERBOLIC CASE

S. GRUDSKY, A. KARAPETYANTS, AND N. VASILEVSKI
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ABSTRACT. We consider Toeplitz operators Ty‘) acting on the weighted
Bergman spaces A%\ (II), A € [0,00), over the upper half-plane II, whose
symbols depend on 6§ = argz. Motivated by the Berezin quantization
procedure we study the dependence of the properties of such operators on
the parameter of the weight A and, in particular, under the limit A\ — oo.

1. Introduction

This is a part of the two-paper set devoted to the study of Toeplitz operators
acting on weighted Bergman spaces on the upper half-plane. Both are motivated
by the same ideas and are a continuation of our research started in [6]. We
have mentioned in [6] the papers [1, 2, 3, 9, 10], where Toeplitz operators with
smooth (or continuous) symbols acting on the weighted Bergman spaces, as well
as C*-algebras generated by such operators, appear naturally in the context of
problems in mathematical physics. In particular, recall that given a smooth
symbol a = a(z), the family of Toeplitz operators T, = {Téh)}, with h € (0,1),
is considered under the Berezin quantization procedure [1, 2]. For a fixed h the
Toeplitz operator T(Eh) acts on the weighted Bergman space A?. In the special

quantization procedure each Toeplitz operator Téh) is represented by its Wick
symbol ay, and the correspondence principle says that for smooth symbols one
has

lim a; = a.
h—0
Moreover by [8] the above limit remains valid in the L;i-sense for a wider class

of symbols.

The same, as in a quantization procedure, weighted Bergman spaces appear
naturally in many questions in complex analysis and operator theory. In the last
cases a weight parameter is normally denoted by A and runs through (—1,4+00).
In the sequel we will consider weighted Bergman spaces A?\ parameterized by
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A € (—1,400) which is connected with h € (0,1), used as the parameter in the
quantization procedure, by the rule A + 2 = %

At this stage an important problem emerges: study of the behavior of different
properties (boundedness, compactness, spectral properties, etc.) of Té)‘) in
dependence on A, and comparison of their limit behavior under A\ — oo with
corresponding properties of the initial symbol a.

It seems to be quite impossible to get a reasonably complete answer to the
above problem for general (smooth) symbols, even for the simplest case of the
weighted Bergman spaces on the unit disk (hyperbolic plane). At the same time
the recently discovered classes of commutative *-algebras of Toeplitz operators
on the unit disk suggest classes of symbols for which a satisfactory complete
answer can be given. Recall in this connection (for details see [11, 12]) that
all known cases of commutative *-algebras of Toeplitz operators on the unit
disk are classified by pencils of (hyperbolic) geodesics of the following three
possible types: geodesics intersecting in a single point (elliptic pencil), parallel
geodesics (parabolic pencil), and disjoint geodesics, i.e., all geodesics orthogonal
to a given one (hyperbolic pencil). Symbols which are constant on the cycles, the
orthogonal trajectories to the geodesics forming a pencil, generate in each case
a commutative *-algebra of Toeplitz operators. Moreover these commutative
properties of Toeplitz operators do not depend at all on smoothness properties
of symbols, the symbols can be merely measurable.

The model case for elliptic pencils, Toeplitz operators on the unit disk with
radial symbols, was considered in [6]. In the present paper we consider the
model case for hyperbolic pencils, while another paper [5] of this two-paper set
is devoted to the study of the model case for parabolic pencils. Both papers
together cover the part remaining after [6]. The results for other (non model)
cases can be easily obtained by means of Md&bius transformations.

We study Toeplitz operators on the upper half-plane equipped with the hyper-
bolic metric, where the model case for hyperbolic pencils is realized as Toeplitz
operators with symbols depending only on 8 = arg z.

The key feature of symbols constant on cycles, which permits us to obtain
much more complete information than when studying general symbols, is as
follows. In each case of a commutative *-algebra generated by Toeplitz operators
the Toeplitz operators admit a spectral type representation, i.e., they are unitary
equivalent to multiplication operators, by a certain sequence in the elliptic case
and by certain functions on Ry and R in the parabolic and hyperbolic cases,
respectively.

We mention a difference between the previously studied elliptic case [6] and
the remaining cases. In particular, in the elliptic case the Toeplitz operators
have a discrete spectrum and can be compact even having symbols unbounded
near the boundary, while in both the parabolic and hyperbolic cases the Toeplitz
operators always have only a continuous spectrum and, being nonzero, can not
be compact.

As in the preceding paper [6], the word “dynamics” in the title stands for the
emphasis on our main theme: what happens to properties of Toeplitz operators
acting on weighted Bergman spaces when the weight parameter varies.
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In the paper, as is a custom in operator theory, we consider weighted Bergman
spaces depending on a real parameter A € (—1, 00).

Denote by II the upper half-plane in C, and introduce the weighted Hilbert
space Lo(IT, dpy) which consists of measurable functions f on II for which the
norm

1/2
lsatnann = ([ 176 Ra))
is finite. Here dux(z) = pa(2)dv(z) with
pa(z) = (A +1)(2Im 2)?, dv(z) = % dxdy, z =z +1y.
Let further A3(II) denote the weighted Bergman space defined to consist of
functions belonging to Lo(Il, duy) and analytic in the upper half-plane II.

It is well known (see, for example, [10]) that the orthogonal Bergman pro-
jection By of Lo(I,duy) onto the weighted Bergman space A3 (II) has the

form
o) [ 1 (j:%)w e

= A2 _JQ
_ +/H( SV NG

2= 0P

(Buaf)(2)

Given a function (symbol) a = a(z), z € II, the Toeplitz operators TN acting

on A3 (II) is defined as follows
TNV f = Bupaf,  feAZ(I).

The key result, which gives an easy access to the properties of Toeplitz
operators studied in the paper, is established in Section 2. Namely, we prove
that the Toeplitz operator T(E)‘) with symbol a(f) is unitary equivalent to the
multiplication operator -y, xI acting on Ls(R), where

1r(© =2 O+ DR [Ca@)e = st o dp e

where the function 9, (&) is given by (2.2).
We mention in this context (see, for example, [1, 3]) the Wick (or covariant,
or Berezin) symbol ay(z,Zz), z € II, of the Toeplitz operator Té/\), which together
with the so-called star product carries many essential properties of the corre-
sponding Toeplitz operator. Recall that given a bounded operator A acting on a
Hilbert space H which has a system of coherent states {kq}geq, its Wick symbol
is defined as
(Akg, kg)
(kg kg)

In our particular case we have A = T\M, H = A3(ID), and k, = k.(¢) =
iM2(¢ - Z)~ A2 where z, ¢ € II. The star product defines the composition
of two Wick symbols a4 and ap of the operators A and B, respectively, as the
Wick symbol of the composition AB, i.e., a4 xap = aApB.

aalg,9) = geq.
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In Section 3 we give the formulas for the Wick symbols of Toeplitz operators
Té)‘), whose symbols depend only on 8, and the formulas for the star product in
terms of our function 7, x.

An interesting and important feature of Toeplitz operators on the (weighted)
Bergman spaces is that such operators can be bounded even when they have
symbols unbounded near the boundary. In Section 4 we study in details bound-
edness properties of Toeplitz operators with such unbounded symbols. We give
several separate sufficient and necessary boundedness conditions, as well as a
number of illustrating examples. It turns out that for unbounded symbols, the
behaviour of certain means of a symbol, rather than the behaviour of the symbol
itself, plays a crucial role in the boundedness properties. Given a symbol a, it is
natural to introduce the set B(a) of values A € [0, o) for which the correspond-
ing Toeplitz operator Té)‘) is bounded on A3 (IT). We show that being nonempty
the set B(a) may have only one of the following three forms: [0,00), [0,v), or
[0, v].

Section 5 is devoted to the spectral properties. The (continuous) spectrum of
each Ty‘) coincides with the closure of the image of the corresponding continuous
function 7,,x. For each fixed A the spectrum seems to be quite unrestricted, as the
definite tendency starts appearing only as A tends to infinity. The correspondence
principle suggests that the limit set of the spectra has to be somehow connected
with the range of the initial symbol a. This is definitely true for continuous
symbols. Given a continuous symbol a, the limit set of the spectra, which
we will denote by My (a), does coincide with the range of a. As in [6], the
new effects appear when we consider more complicated symbols. To understand
the impact of each type of a discontinuity of a symbol we consider two model
cases, piecewise continuous and oscillating symbols. In particular, in the case of
piecewise continuous symbols the limit set M. (a) coincides with the range of
a together with the line segments connecting the one-sided limit points of our
piecewise continuous symbol.

Proofs of various theorems and construction of examples in the section are
analogous to those of [5] and we omit them. On the other hand side to diminish
somehow an imbalance with [5] we give a few illustrating graphical examples.

2. Representations of the weighted Bergman space

We start with the description of the weighted Bergman space A3 (II)), where
A € (—1,+00), which is compatible with the polar coordinates in II. Passing to
polar coordinates we have

Lo(T, dpy) = La(Ry, 7l dr) @ Ly([0, 7], 1/72* (X + 1) sin™ 6d6),

Rewriting the equation %ap = 0 in polar coordinates, we have that the Bergman
space A3 (II) as the set of all functions satisfying the equation
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Introduce the unitary operator
U, = 1/\/E(M®I):L2(H,d,uA)
= Ly(Ry,rdr) ® Ly([0, 7], 1/72* (X + 1) sin™ 0d6)
— Lo(R) @ Lo([0, 7], 2} (A + 1) sin* 6d6),
where the Mellin transform M : Lo(Ry, 7 1dr) — Lo(R) is given by

(M)(€) P2 () dr,

1
B V2r Jr,

The inverse Mellin transform M1 : Ly(R) — La(R,,7*1dr) has the form

(M) () = — [ #2271y (¢) de.

V2T Jr

It is easy to see that

g .0 1 : .0
U, (7“5 —l—z@) U =i+ N2+ 1)@)[—1—1@.

Thus, the image of the Bergman space A%,A = U;(A3(II)) can be described as

the (closed) subspace of La(R) ® La([0, 7], 2 (X + 1) sin™ #d) which consists of
all functions (&, 0) satisfying the equation

<(§ + A2+ 1)) + %) ©(£,0) = 0.

The general Ly(R) @ Lo ([0, 7],2* (X + 1) sin® 8df) solution of this equation has
the form

(2.1) Q(€,0) = (DA€ e EHITNNI = (&) € Ly(R),

where (see, for example, [4] formula 3.892)

= —1/2
<2)‘()\ +1) / e~ 289 sin* 0d0>
0

B i6 22 — i) 2 op PO 4O ey

/T VAT 1212

IA(€)

(2.2) -

and
”50(579)||L2(R)®L2([O,7r],2>‘()\+1)sin>‘ 0do) — ||f(§)||L2(lR)~
LEMMA (2.3). The unitary operator Uy = 1/\/7(M ® I) is an isometric
isomorphism of the space La(Il,duy), where X € (=1, +00), onto

Ly(R) ® Lo ([0, 7], 22 (X + 1) sin* 6df) under which the Bergman space A3 (I1) is
mapped onto

A3 5 = {2(6,0) = F(E) (€)™ XN f(6) € Ly(R) }.

As above, let Ry : Lo(R) — Ai)\(ﬂ) C Ly(R) ® Ly ([0, 7], 22 (A 4 1) sin* 0d6)
be the isometric imbedding given by

(Rof)(&,0) = f(£) 0r(€) e~ EFAHA/2D0,
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The adjoint operator R} : La(R) @ La([0, 7], 2* (A + 1) sin* 0df) — Lo(R) has
the form

(Ry)(€) = 22\ + 1)95(€) /O i W(€,0) e~ E-HA2D0 6ind g qp,

and
RSRQ =1 : L2 (R) — L2 (R),
RoRy=B1 : La(R)® La([0,7],2) (A + 1) sin* 0df) — A7,

where By = U; BjU; ! is the orthogonal projection of La(R) ® Lo ([0, 7], 22 (A +
1) sin* 6d) onto Ai)\.

Now the operator Ry = R§U; maps the space La(II, dpuy) onto La(R), and its
restriction

Rxlaz ) : AX(IT) — Lo(R)
is an isometric isomorphism. The adjoint operator
R} = U Ry : La(R) — A3 () C Lo(T1, duy)

is an isometric isomorphism of Ls(R) onto A3 (II).

Remark (2.4). We have

R)\Rf\ =1 LQ(R) — LQ(R),
RiRy = B : Lo(T) — A3(I).
THEOREM (2.5). The isometric isomorphism
R; =U{Ry: Loy(R) — A3 ()
s given by
* 1 & —

(26) (B)) =5 [ #0203(6) £(€) de.
V2 Jr

Proof. Calculate

(R3f)(z) = (UiRof)(2)
= VA(M L@ D) f(E)9r(€) e EFATA/2)D0

= %/riéf(ux\/ﬂf@) 9r(€) e~ EHATN/26 g
R

= L@ e

COROLLARY (2.7). The inverse isomorphism
Ry : A3(IT) — Lo(R)
s given by
_ ) [ oy—ie—a4a/2) d
(2.8) (Rap)(§) = —== [ (2) p(2) pa(z) dv(z).
V2 Jn

The above representation of the Bergman space .A?\(H) is especially important
in the study of the Toeplitz operators with symbols depending only on 6§ = arg z.
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THEOREM (2.9). Given a = a(f) € L1(0,7), the Toeplitz operator Ty‘) acting

on A3 (1) is unitary equivalent to the multiplication operator ya xI = Ry T(E)‘)R;,

acting on La(R). The function vy, (§) is given by

Yar(§) = 2)‘()\ + 1)19§(§) /07T a(0) e~ 29 sin* 0 do

T -1 T
— ( / e %0 sin)‘ede) / a(f) e 2 sin* 0 d, € € R.
0 0

Proof. Calculate

(2.10)

RA\T™W RY = RxBnaaBuaR; = Ra(RiR))a(RiR))R}
= (R,\RK)R,\GRT\(R)\RT\) = R)\aRf\
RyUa(0)U; ' Ry

= RSG(Q)RO
Thus
(Fia(®)Rof)() = 20+ D0a(6) [ a0)e 032 rig
0

X 05(€) e” EFAFN2D0 ginA g g9

= Ya()f(E),
where

Yar(€) =20 A+ 1)3(€) /W a(@) e %% sin* 0 dh £ €R.
0

Here the function ¥, () is given by (2.2). O

The above theorem suggests considering not only L..-symbols, but unbounded
ones as well. Note that given a bounded symbol a(z), the Toeplitz operator
T(E)‘) is bounded on all spaces A3 (Il), for A € (—1,00), and the corresponding
norms are uniformly bounded by sup, |a(z)|. That is, all spaces A3 (I), where
A € (—1,00), are natural and appropriate for Toeplitz operators with bounded
symbols. As one of our aims is a systematic study of unbounded symbols, we wish
to have a sufficiently large class of them common to all admissible \; moreover,
we are especially interested in properties of Toeplitz operators for large values
of A. Thus it is convenient for us to consider A belonging only to [0, 00), which
we will always assume in what follows.

We have obviously:

COROLLARY (2.11). The Toeplitz operator TV with symbol a(0) is bounded
on A3 (I1) if and only if the corresponding function v, x(§) is bounded.

3. Toeplitz operators with symbols depending on 6 = arg z

Reverting the statement of Theorem (2.9) we come to the following spectral-
type representation of a Toeplitz operator.
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THEOREM (3.1). Let a = a(f) € L1(0,7). Then the Toeplitz operator TV
acting on A3 (1) admits the representation
1

(3.2) (T o) (2) = ﬁAzig“l+A/2) Ux(8) Yan(8) £(8) dE,

where f(€) = (Rag)(€) € La(R).

Proof. Follows directly from Theorems (2.9), and (2.5), and Corollary (2.7).
O

THEOREM (3.3). Given a = a(f) € L1(0,w), the Wick symbol ax(z,Z) of the

Toeplitz operator Ty‘)

(3.4) %@=%®@=T“m”wéfw%@wxﬂﬁ

depends only on 6 (= argz) and has the form

and the corresponding Wick function is given by formula

(T ko, k)
<kw; kz>

5>\(z,w) =

) ,L'f()\+2)

(3.5) = (z—0)? (zw)” O+ 5

Z i
JRES R GEAGES
R W
Proof. Consider k. (w) = it (w — 2)~A+2) = 2+ (pei> — re=?)=(A2) and

calculate
i2+’\

Ulkz 57 Q) =
w0 =5 [
Using formula 3.194.3 from [4] and (2.2), we have
BOE — e, 242 1 ig) .

(Uik:)(& ) = v o€ ol (1) ig- 42

19% (g) e—fa—i#a (E)_ig_ﬁ

NG s

p—i§+)\/2 (pei(y o ?)_()‘+2)dp.

Thus
<T(§)\)kz; kz> = <ak27 kz> = <U1akz; Ulkz> = <aU1kz; Ulkz>

A+2

= % / / ala) 95 (€)e 2 (E)*%*Tzif*#?()\ + 1) sin* a dédo
R /0

7'7()‘4'2) ™
= / 93(€) e~ 20de 22 (N 4 1)93(€) / a(e) e sin* a da
R 0
r_()‘+2)

T [BE© e s

Similarly
(Zw)—(k+2)/2

T(k) wy Nz) =
(T Vka 2) .

[ & RO
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Furthermore (ky,k.) = ky(2) = i*2(z — @)~ M2 and (k. k.) = k.(2) =
(2Im z)~(*+2). Thus we have both (3.4) and (3.5). O

Remark (3.6). Given a symbol a = a(f) € Lq1(0,7), writing the Toeplitz

A)

operator Té in terms of its Wick symbol we obtain formula (3.2). Indeed

w i)‘ 2
(TVe)(z) = /H a(a@)%ﬂﬂw)d”(w)

= 3 / (5) O () o) o) [ (2 R(9)70(6)

A+2

_ f / SEE 9, (6) yan (€) dE
/ (@)~ () i (w) do(w)

) f/ 2 026 10 (6) (Rag) () de.

COROLLARY (3.7). Let Té)‘ and Tb N be two Toeplitz operators with symbols
a(0),b(0) € L1(0,7) respectively, and let ax(0) and bx(0) be their Wick symbols.
Then the Wick symbol ¢(8) of the composition Té/\)Tb()‘) is given by

an(0) = (@ xb))(0) = 22 sin 29 / €720 92 (€) Yar (€) 1.0 (€) dE.
R

Proof. This can be verified directly from the formula for the star product,
and also follows immediately from Theorems (2.9) and (3.3). O

4. Boundedness of Toeplitz operators with symbols depending on
0 = argz.

Recall (Corollary (2.11)) that the function

™ -1 ,r
(4.1)  vaa(§) = (/ e 289 sin? 9d9> / a(f) e %% sin*0dh, EcR
0 0

is responsible for the boundedness of a Toeplitz operator with symbol a(f)
(€ L1(0,m)). If the symbol a(f) € Lo (0, ), then the operator TV is obviously
bounded on A3 (II) for each A, and ||T(§)‘)H < ess-supla(0)|.

For a(#) € L1(0, ) the function 7, (&) is continuous at all finite points £ € R.
For a “very large £” (£ — 400) the exponent e~2¢? has a very sharp maximum
at the point § = 0, and thus the major contribution to the integral containing
a(f) in (4.1) for these “very large £” is determined by the values of a(f) in a
neighborhood of the point 0. The major contribution for a “very large negative
& (£ = —o0) is determined by the values of a(f) at a neighborhood of 7, due
to a very sharp maximum of e=2¢? at § = 7 for these values of £. In particular,
if a(#) has limits at the points 0 and 7, then

EEIJPOO IYa,)\(g) = gg% a(@),

lim v,(§) = lim a(9).
£——o0

0—m
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As a matter of fact, 0 and 7 are the only worrying points for unbounded symbols
a(f) € L1(0, 7). Moreover, the behaviour of certain means of a symbol, rather
than the behaviour of the symbol itself, plays a crucial role under the study of
boundedness properties.

Given A € [0, 00) and a function a(f) € L1(0, 7) introduce the following means:

cM(0) = /0 i a(0) sin* 0d6),
DM (o) = / ' a(0) sin* 0d6),
cé{;(a)—/oacﬁg”(e)de, =23,
DY\(0) = Wij;”(f))df), J=2,3,....

o

THEOREM (4.2). Let a(f) € L1(0, 7). If for certain Ao € [0,00) and jo,j1 € N
the following conditions hold

(4.3) ) (0) = O(o% ™), o =0,
(4.4) D) (o) = O((r =0y *™), o=,

then the corresponding Toeplitz operator Té)‘) is bounded on Ai(H) for each
A€ [)\0, OO)

Proof. Note that the function v, x(§) is continuous at finite points. Let
& — 400 and the condition (4.3) holds with jo = 1. Then

() =22 (1 + D) / Csin o (0)e a0, (0)

AN+ 193¢ C'((ll))\O [(A = Xo)sin* "1 hcos @

— 2¢sin? o H]e_deG‘
< const 2} (A + 1)93 (€) [(A - o) / 0 e—260 4o 1 25/ 9A+16259d9]
0 0

< const 92 (€) [(A — X0)(26) "IN+ 1) + (26) AT (A + z)}

< const (2X — Ao + )2 (A 4+ 1)93(€)(26) "MV (A + 1).

It is easy to get the asymptotic representation of the function 93 (). According
o0 (2.2) we have

AT = /W e~ 5in* 0dy
0
(4.5) _ / "2 g1 + 6
0

= (26" FIr(+ )L+ 0]
Thus we finally have
Yax(€)] < const (2A — Ao + 1).
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The case £ - —oo (and j; = 1) is reduced to the previous one using the change
of variable § = 7 — ¢’ in the integral for v, ().
The cases jo,1 > 1 are considered analogously using integration by parts. [

The proof of the following statement is analogous to that of Theorem 4.3 in
[5].

THEOREM (4.6). 1. Let conditions (4.3), (4.4) hold for jo = ji, j1 = ji, and
some Ag. Then these conditions hold for jo = ji+ 1, j1 = j1 + 1, and the same
Ao-

2. Let conditions (4.3), (4.4) hold for jo = j{, j1 = ji, and some \g. Then
these conditions hold for jo = jj, j1 = ji, and Ao replaced by any A1 > Ao.

Ezample (4.7). Consider the following family of unbounded symbols

a(f) = (sin#)~? sin[(sin ) ~].

As in Example 4.4 in [5] it can be proved that for all A > 0 the operator Té)‘) is
bounded for each 5 € (0,1) and a > 0.

THEOREM (4.8). Let the Toeplitz operator T(E)‘), with a(8) € L1(0,7), be
bounded on some A3 (II). Then it is bounded on each A3 (II), with X € [0, Ao].

Proof. Let supgcg [Ya,x, (€)| < co. We split a(f) in two functions which vanish
on neighborhoods of 0 and 7, respectively. The study of these two cases is quite
similar, thus we suppose that a(6) vanishes in a neighborhood of 7, for example.
Suppose also that £ — co. A similar argument is applicable for the study of the
behavior of v, 1 (€) when & — —oo. For A € [0, \g), write

22/\7)\0 1 2 [e%} T in
Yax(§) = A+ )ﬁk(g)/ y’\O*)‘*ldy/ a()e 2 EHTEY) gino 9.
’ LA —A) 0 0

Using % =14+ 0(6?), as § — 0, for some c # 0, we have

Yar(€) = (ex+0(1)93() / h yro A dy / i a(f)e20E+Y) sin*o gdh
0

0
_ ot dDIRO) [ poa TalE ),
2000 +1)  Jo B, E+y)

Using (4.5) and supgcg |Va,x, (§)| < 00 we have

|'Ya,)\(£)| < const f)‘Jrl/ y)\oi)\il(f-f—y)*()‘(’*l)dy
0

oo
= const/ AT 4 )Pty < oo,
0

since A < A\g and A\g +1 > 1. O
As an immediate corollary of Theorems (4.2) and (4.8) we have now.

THEOREM (4.9). Under the hypothesis of Theorem (4.2) the Toeplitz operator
TV is bounded on A3 (IL) for each X € [0, 00).

The proof of the next theorem is analogous to one of Theorem 4.8 in [5].
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THEOREM (4.10). 1. Assume that a(f) € L1(0,7) and a(f) > 0 almost
everywhere. Let the operator T(EX) be bounded on A3, (1) for some X > 0. Then
the conditions (4.3) and (4.4) hold for jo = j1 =1, A\g = 0 and consequently the
operator TV is bounded on A3 (ID) for arbitrary X € [0,00).

2. Assume that the means satisfy C((IJ% () > 0 and D((Lj;h)l (o) > 0 almost
everywhere for some jo > 1, j1 > 1 and po > 0, pu1 > 0, and that the operator
Té)‘/) is bounded on A?\/ (IT) for some X' > 0. Then the operator Ty‘) is bounded
on A3(I1) for arbitrary A € [0,00).

For a nonnegative a(f) we set

mao(o) = ess-infye g ) a(f),

Ma(0) = ess-infye(o malf).

COROLLARY (4.11). Given a nonnegative symbol, if either limg,_,o mqo(0) =
00 or limy_yxr Mg (o) = 00, then the Toeplitz operator Ty‘) is unbounded on

each A3 (II), with X € [0, c0).

For a symbol a(f) € L1(0,7) we denote by B(a) the set of points A € [0, 00)
for which the corresponding Toeplitz operator Té)‘) is bounded on A3 (II). Like
in the parabolic case we have the following result, the proof of which is analogous
to one result in [5].

THEOREM (4.12). There exists a family of symbols a, g(#), where v € (0,1),
B € R, such that

a) B(G‘V,O) = [Oﬂ V]; B = O;

b) B(a,g)=1[0,v), £>0.

5. Spectra of Toeplitz operators with symbols
depending on 0 = argz

Continuous symbols. Let E be a subset of R having 400 as a limit point
(typically E = (0,+00)), and suppose that, for each A € E, we are given a set
M)y C C. Define the set M, as the set of all z € C for which there exists a
sequence of complex numbers {z, }nen such that

(i) for each n € N there exists A\, € F such that z, € M,_,
(i) limy,—oo A = +00,
(i) z = lim, 00 2n-
We will write
Ms = lim My,

A—~+oo
and call M, the (partial) limit set of the family { M} er when A — +o0.
For the case when FE is a discrete set with a unique limit point at infinity, the
above notion coincides with the partial limit set introduced in [7], Section 3.1.1.
Following the arguments of Proposition 3.5 in [7] one can show that

My = ﬂclos U M,

A w>A
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Note that obviously
lim M)\ = lim M)\ = Moo

A——+o0 A——+o0

The a priori spectral information for Lo-symbols (see, for example, [1], [2])
says that for each a € Lo (II) and each A > 0
(5.1) spTN C conv(ess-Range a).

Given a symbol a = a(#), the Toeplitz operator T(E)‘) acting on the space A?\ (IT)
is unitary equivalent to the multiplication operator -y, I, where the function
Yax (&), € € R, is given by (2.10). Thus we have obviously

sp TN = My (a),
where M) (a) = Range v, x.
THEOREM (5.2). Let a = a(f) € C[0,n]. Then

lim sp Té)‘) = Rangea.

A—00

Proof. We find the asymptotic of the function 7y, (§) when A — £00 using the
Laplace method. Introduce the large parameter L = /A2 + (2£)2 and represent
Ya,x(€) in the form

(53) 106 =220+ DIR(E) [ al)e H0Da,
0
where
S(6, ) = sinplIn(sinf) " + (cos )b,
sinp=MA/L, cosp=2¢/L with ¢ € [0,).
To find the point of minimum of S(6, ) calculate
S0, ) = —(sin p) cot 6 + cos .

It is obvious that Sj(0,, ) = 0, for 8, € (0, ), if and only if 6, = ¢.
Rewrite (5.3) in the form

Tarl€) —ale) = 2*<A+1wi<€>u]< o 1) PN
@)N|0,w

+ / (a(0) — a@))e—LSW)de] =I(L) + I(L)
[0,7\U ()

where U(p) is a neighborhood of ¢ such that supgey(,) la(f) — a(p)| < ¢ for
sufficiently small e. We have used

2\ + 1)53(€) / " a(@)e B = ().

Further,

/ (a(0) — a(g))e 25O dp
Ul(yp)

< 5/ e LS04 < 2 (22 (A + 1)02(€))
U(e)
and finally,

/ (a(0) — a())e 509 dp| <2 sup |a(0)] LS00 gp
[0,7\U (¢)

0€[0,7] [0,7\U(¢)
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<(2M sup [a(@)]e 7)) (22 (A + 1)193(5))71 ’
0€[0,n]

where o(e) = mingejo,-\v(e)(S(0,¢) — S(¢,¢)). We note that o(e) and M can
be taken independent on ¢ € (0, 7).
Since e can be arbitrary small uniformly for ¢ € (0, 7), we have

(5.4) Yax(u) = a(p)(1 + (L))

where lim a(L) = 0 uniformly for ¢ € (0, ), which proves the theorem. O

L—o0

We illustrate the theorem on the continuous symbol (hypocycloid)

3 4. )
a(e) _ Z6419 + 6—219,

and show the image of v, » for the following values of A: 0, 5, 12, and 200.

i i i i i B -15h i i i i i
-0.5 0 0.5 1 15 -0.5 0 0.5 1 15

The function v, 5 for A=0and A =5

-1.5

-0.5 0 0.5 1 15 -0.5 0 0.5 1 15

The function 7, » for A =12 and A = 200
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Piecewise continuous symbols. Let a(f) be a piecewise continuous function
having jumps on a finite set of points {6;}7"; where
Oh=0<b01<0<...<0,, <7=0p11,
and a(8; £0),j =1,...,m, exist. Introduce the sets
Ji(a):={z€C:z=a(6), 0 € (0;,0,11)}

where j = 0,...,m, and let I;(a) be the segment with the endpoints a(f; — 0)
and a(6; +0), 7 =1,2,...m. We set

R = | J i@ |u|UL@
§=0 j=1

THEOREM (5.5). Let a(f) be a piecewise continuous function. Then

lim spTN = Myo(a) = R(a).

A—00

Proof. We use the Laplace method as in Theorem (5.2). For any ¢ > 0 we
take 6 > 0 such that for each interval I C (6;,6;41) with length less then ¢,
7 =1,2,...,m, the following inequality holds

sup |a(s1) —a(s2)] < e.

s1,82€1

Suppose first that the minimum point s, = ¢ satisfies the condition

inf | —6,] > 0.
m

We have
p+0
106 =ale) + PO+ DRE [ (@l0) - alee D9
©—05
(50 +2X (A + 193 (6) / (a(8) — a(sp))e*LS(ew)dg
0,7\ (¢—8,+5)
=a(p) + O(e) + O(e™ ")
where

= min S(8,0) — S(e, 0)).
7 [0777]\(<P—5,<p+6)( (0, ¢) (o, )

Thus varying ¢ € UL, (6;,0;11) we have that

Ji(a) C M(a), j=0,1,...,m.
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Now suppose that there exist j such that |¢ —6;| < . Then we have

0,
Yar(§) = XA+ DR <a(9j_o) / " -L80.9) g9
p—0

o+6
+ a(9j+o)/ e E509)qp

i
0;

+ 2)‘()\ + 1)19%\(5) </ (a(0) — a(b; — O))e*LS(G’@)dL‘)

-0

p+d
- / (a(0) — a(8; +0))e L2 gg
6

J

- / a(@)eLSw»Wde) .
(Ovﬂ)\(tpféﬁp‘i'é)

Taking ¢ small enough we suppose that

01 T+ 0,

§<5¢(:Sﬂ)< 5

Thus the function
(Sgo(e, )" = —sing

is uniformly bounded on ¢ and the following asymptotic calculations are uniform
on :

2+ 13 () = / " L50.0)4p
0

_ —LS(p) / " BT D69 go(1 4+ 0(1))
0

(5.7) L R PN
= e—LS(w,vJ)/ e~z (sin" pu du(1 + O0(1))
—¢
i e—LS(ep) foo 2
:\/28111%0?/7006 dv(1+0(1))
Analogously
$+6 e—LS(ep) poo R
(58) / e—LS(@#P)dQ = 4/ 2SiH§0 W / e v d’l)(l -+ 0(1))
0; zj
and

e—LS(¢,0)

Gj Zj
(59) / s eiLS(G’AP)dQ =V 2 sinf9 W / 67v2d’0(1 -+ 0(1)),
w— —o00

I 1/2
Lj = (m) (0; — ).

Thus from (5.7)—(5.9) we have
(5.10)  ya(€) = (a(f; — 0)t +a(8; +0)7)(1 + O(1) + O(e) + O(e™7)),

where
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where

- (/_; e‘”zdv)/(/_(: e=dv) and 7= (/:O e‘”zdv)/(/_(: = do).

Now it is evident that ¢,7 € [0,1] and 7 + ¢ = 1, which implies I;(a) C M (a).
Thus

R(a) C M(a).

Representations (5.6) and (5.10) imply the inverse inclusion

R(a) D M (a).

O

We illustrate the theorem on the following piece-wise continuous symbol which
has six jump points,

expi [—§ + 5 - T 6el0,%)
bepilf+ - (2-0], 0c[z%)
cpil-F+3 (2], 0c[F%)
w0)= 1 Feril-F 4% (2-3)], ve[£.%)
ewil-F+5-(2-4)], 0c[£.%)
bewi [F+% - (2-3)]. 0c[2.%)
CeXp (_Z%)a NS [6771'77_[_]

We show the image of the symbol a = a(f), the image of v, » for the following
values of A: 1, 10, 70, and 500, as well as the limit set Mo, (a).

1

0.8

0.6

041

0.2

0

-0.2

04l

06

I I I I I I = I I I I I I I
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

The symbol a(#) and the function 4, 5 for A =1
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1

0.8

06

041

0.2

ok

-0.2

04l

06

—08hF

I I I I I I I = I I T I I I
-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1 -1 -0.8 -0.6 -0 4 -0.2 0 0.2 0.4 0.6 0.8 1

The function 7, » for A =10 and A =70

1

0.8

0.6

04

0.2

0

_*1 *0‘.8 *0‘.5 04 -0.2 0 0.2 0‘.4 0‘6 0‘3 1 B -1 *0‘.8 *0‘.5 04 -0.2 0 0.2 0‘.4 0‘6 0‘3 1
The function 7,5 for A = 500 and the limit set M (a)

We have obviously

(5.11) lim sp 7Y = My (a) C conv(ess Rangea).

A—00
To illustrate the possible interrelations among these sets we can repeat the
arguments of Examples 5.3 - 5.6 in [5] and construct the (piecewise continuous)
symbols a = a(6) to realize the following possibilities:

Moo (a) Rangea (= essRangea),
My (a) = conv(essRangea) (= conv(Rangea)),
My (a) C O conv(Rangea),
My (a) = 9conv(Rangea).

Unbounded symbols.
THEOREM (5.12). Let a(f) € L1(0,7) N C(0,1). Then
Rangea C Moo (a).
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Proof. We apply the Laplace method as in Theorem (5.2). Fix any point
¢ € (0,7) and consider for each £ large enough the value A\ = 2¢ arctan . Then
by (5.4) we have

Yaa(€) = alp)(1 + a(Ay/1 + (2arctanp) ~2)
where lim a(L) =0. Thus if £ — co then A — oo as well and we have

L—o0
a(p) € Mwo(a).

O

The next theorem, whose proof is analogous to that of Theorem 5.11 in [5],
shows that the property (5.11), previously established for bounded symbols,
remains valid for summable symbols.

THEOREM (5.13). Let a(f) C L1(0, 7). Then
Moo (a) C conv(ess Rangea).
Note that for functions a(f) € L1(0,7) N C(0,7) Theorems (5.12) and (5.13)
imply that
Rangea C My (a) C conv(Rangea),
and we show that Rangea can coincide with each of these extreme sets.
Ezample (5.14). For each j € N define I; = [j71 —;73,j7] and let {{;};en =
[0, 27]. Define the symbol as follows
Jje7, S E J € )
a(f) = o'}
=17 S\ UL
It can be easily shown that
My (a) = C = conv(Rangea).
Ezample (5.15). Given « € [0,1), introduce a(f) = (sin#)*~®, which is un-

bounded for « € (0,1), but bounded and oscillating for o = 0. Calculate using
[4], formula 3.892.1,

o (sin @) i=e=2049
Jy (sin@)re=260d9
2071\ + 1) B(34+1+i¢5+1—1i)
Ati—a+1 B (M= 1 44g, M=% 1 — i)
207 A +1) T(A+2+i—-a) T (53+1+i)
Ati—a+1  TA+2) T (A2 4146
I(3+1-i)
[ (A2 +1-4€)
Applying the asymptotic formulas for the I'-function (see [4], formulas 8.327 and

8.328.2) we have |
(i) | (o))

'Ya,/\(g) =

'Ya,/\(g) =
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Given any v € (0, 7), we can take £ and A such that

(A+2? \*
(M—2+4£2) = Simwo.

Thus

YaA(§) = (sinv)' ™ (1 A (ﬁ)) ’

and in this case M (a) = Rangea.
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WEYL’S THEOREM THROUGH FINITE ASCENT PROPERTY

B. P. DUGGAL AND S. V. DJORDJEVIC

ABSTRACT. If T is a Banach space operator, with spectrum o(7T') and Weyl
spectrum o,(T), then a necessary condition for T to satisfy Weyl’s theorem
is that o(T) \ ow(T) = meo(T) = W%O(T), where 7o(T') denotes the set of
eigenvalues of T' of finite geometric multiplicity and wgo(T) = {X € mpo(T) :

(T' — M) has both finite ascent and descent}. The condition 7go(T) = WEO(T)
by itself is not sufficient for T' to satisfy Weyl’s theorem: however, if T' has
SVEP at points A € o(T) \ ow(T), then this condition is sufficient too. This
generalizes the result (proved by a number of authors in the recent past) that
a sufficient condition for T' to satisfy Weyl’s theorem is that the quasinilpotent
part Ho(T — A) of (T — A) equal (T' — A)~P(0) for some integer p > 1.

1. Introduction

Given a Banach space X, let B(X) = B(X, X) denote the algebra of bounded
linear transformations (equivalently, operators) on X into itself. T' € B(X) is
said to be Fredholm if T(X) is closed and both the deficiency indices o(T) =
dim 7-1(0) and B(T) = dim(X/T(X)) are finite, and then the index of T, ind(T"),
is defined to be ind(T') = a(T') — B(T). The ascent of T', asc(T), is the least non-
negative integer n such that 7-"(0) = T~"*1(0) and the descent of T, dsc(T),
is the least non-negative integer n such that 7"(X) = T""1(X). (We shall,
henceforth, shorten T' — A to T — A.) The operator T is Weyl if it is Fredholm
of index zero, and T is said to be Browder if it is Fredholm “of finite ascent and
descent”. Let C denote the set of complex numbers. The (Fredholm) essential
spectrum o,(T'), the Browder spectrum o(T") and the Weyl spectrum o,,(T") of
T of are the sets

0.(T)={Ae€C:T — ) isnotFredholm};
op(T)={AeC:T—A isnot Browder}
and
ow(T)={Ae€C:T — X isnot Weyl}.

If we let o(T') denote the usual spectrum of 7' and acc o(T') denote the set of
accumulation points of ¢(T'), then:

0o(T) C 0,(T) C 0p(T) C g.(T) U ace o(T).
Let 7o(T') denote the set of Riesz points of T' (i.e., the set of isolated eigenvalues
of T of finite algebraic multiplicity) and let 7yo(T') denote the set of eigenvalues

of T of finite geometric multiplicity. Also, let m,o(T) be the set of A € C such
that A is an isolated point of ¢,(T") and 0 < dimker(T' — A) < oo, where o, (T)

2000 Mathematics Subject Classification: Primary 47B47, 47A10, 47A11.
Keywords and phrases: Weyl’s theorems, ascent, descent, single valued extension property.
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denotes the approximate point spectrum of the operator 7' € B(X). Clearly,
7woo(T) C m4o(T'). We say that Browder’s theorem holds for T € B(X) if

a(T)\ 0w(T) = mo(T),
Weyl’s theorem holds for T if
o(T)\ 0u(T) = moo(T),
and a-Weyl’s theorem holds for T
Owa(T) = 04(T) \ 7ao(T),

where 0,,,(T') denote the essential approximate point spectrum (i.e., 0,o(T) =
N{o.(T + K) : K € K(X)} with K(X) denoting the ideal of compact operators
in B(X)). Recall that a-Weyl’s theorem for T' — Weyl’s theorem for 7' [16].

An operator T' € B(X) has the single-valued extension property at Ay € C,
SVEP at A¢ € C for short, if for every open disc D), centered at Ay the only
analytic function f : D,, — X which satisfies

(T—MDfM) =0 forall AeD,,

is the function f = 0. Trivially, every operator T has SVEP at points of the
resolvent C \ o(T"); also T has SVEP at A € isoo(T'). We say that T has SVEP
if it has SVEP at every A € C.

The study of operators satisfying Weyl’s theorem was initiated by Hermann
Weyl [17], who showed that self-adjoint Hilbert space operators T satisfy o(T)\
0,(T) = moo(T). This study has since been carried out by a large number of
authors (see [5], [8] and [9] for further references). A particularly useful,
though fairly demanding, criterion for a Banach space operator T to satisfy
Weyl’s theorem is that the quasi-nilpotent part Hy(T — A) of T — A equal (T —
A)~P(0) for all complex A and some integer p > 1(see[3],[5] and [14]). Although
the condition Hy(T — A) = (T'—A)~P(0) is satisfied by a number of the commonly
considered classes of Banach space operators (see [141], [3]), it is certainly not
satisfied by a number of equally as commonly considered classes (such as k-
quasihyponormal operators on a Hilbert space and paranormal operators on a
Banach space). The property Ho(T — A) = (T — A)~P(0) implies finite ascent
(and hence, SVEP) at all A, and finite descent at all A such that A ¢ o,(T).
We prove that T' satisfies Weyl’s theorem if and only if 7" has SVEP at all
A € o(T)\ 0,(T) and mpo(T) = W%O(T) ={rempT) :asc(T—A) =dsc(T— ) <
oo}. Furthermore, if T* has SVEP and myo(T) = W%O(T) (or, T has SVEP
and moo(T*) C moo(T) = WéO(T)), then T satisfies a-Weyl’s theorem (resp., T*

satisfies a-Weyl’s theorem).
2. Main results.

SVEP is enough to guarantee Browder’s theorem, but SVEP (even the finite
ascent property) is not enough to guarantee Weyl’s theorem. Let

A e mhy(T) = {A € moo(T) : ase(T — \) = dse(T — \) < oo}

Then A € wéO(T) = A is a pole of T', of some finite order p > 1, of finite rank
= A € 7mo(T) C moo(T). The set WgO(T) coincides with the set 7go(T') in the
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case in which Ho(T — A) = (T' — A)~P(0) for all A € C, where
HoT - N ={x€X: lim |(T-n"|Y" =0}

is the quasi-nilpotent part of (T' — A). (Recall that (T' — A)~™(0) C Ho(T — A) for
alln =0,1,2,...[13].) To see this, let

K(T — M) = {x € X : there exists a sequence {x,} CX and 6§>0

for which x = xo, (T — Mxp1 =%, and |x,|| <8"|x| forall n=1,2,...}
denote the analytical core of (T — M) (see [13]). Observe that (T' — MHK(T — \) =
K(T — A). Let A € wgo(T'). Then A € isoo(T), and it follows that

X = HT-MDoKT-MND=T-MV)V?”X)eoKT-»
= [T -M)PX)=(T - ANPK(T — )N =K(T - M.
Hence X = (T' — A)72(0) & (T — MP(X), i.e. A is a finite rank pole of order
p = A e mhy(D).

In the sequel we shall denote the set of Riesz points of T' by WBO(T) (rather
than by 7(T)): our reason for this preference is partly explained by our Re-
mark 2.7 infra. The following lemma says that the conditions 7' has SVEP
at points A € o(T) \ 0,(T) and o(T) \ 0,(T) = wéO(T) are necessary for T to
satisfy Weyl’s theorem. (Note that the condition o(T") \ 0,(T) = ng(T) implies
T satisfies Browder’s theorem.)

LEMmMmA (2.1). If T € B(X) satisfies Weyl’s theorem, then o(T) \ 0, (T) =
mo0(T) = ho(T).

Proof. If T satisfies Weyl’s theorem, then o(T") \ 0,,(T) = moo(T) 2 ng(T).
Let A € 7po(T). Then A is an isolated eigenvalue of T such that T — X is a
Fredholm operator of index 0. The point A being isolated in o(T"), T' has SVEP
at A. This, taken together with the fact that T — A is a Fredholm operator of
index 0, implies that both asc(T' — A) and dsc(T — )) are finite [1, Corollary
2.10], and hence equal (see [10, Proposition 38.6 (i)]). O

The condition o(T) \ 0,(T) = ng(T) is not sufficient for T' to satisfy Weyl’s
theorem. Consider for example the operator T = T; & Ty, where T} is the
operator T1(x1, X2, ...) = (3, %, ...) on a Hilbert space and T3 is a p-nilpotent on
a finite dimensional space. Then 7o(T") = {0}, o(T") = 0,,(T) = {0}, ﬂéO(T) =0
and T does not satisfy Weyl’s theorem. Again, the condition oy (T") = wéO(T)
is not sufficient for T to satisfy Weyl’s theorem. Thus, let T = U @ U*, where
U is the simple unilateral shift on a Hilbert space. Then, o(T") is the closed
unit disc D, 0,,(T) is the boundary aD of D, 7oo(T) = ng(T) = () and T fails to
satisfy Weyl’s theorem. However, the condition 7o(T") = ng(T) does become
sufficient in the case in which T has SVEP, as the following lemma shows.

LEMmMmA (2.2). If T € B(X) has SVEP at all points A € o(T) \ 0,(T) and
oo(T) = W%O(T), then T satisfies Weyl’s theorem.

Proof. Let A € a(T)\ 6,(T). Then T has SVEP at A and T' — A is a Fredholm
operator with index zero. Arguing as in the proof of Lemma (2.1) it follows
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that asc(T — A) = dsc(T — A) = p < oo, for some p > 0 which taken together
with fact that 7' — A is a Fredholm operator implies that T' — A is a Browder
operator, i.e. A € mo(T) C 7o(T). Hence, o(T) \ 0,,(T) C moo(T).

For the reverse inequality, let A € 7o(T) = W%O(T). Then A is an isolated
point in o(T") such that 0 < a(T' — A) < oo and asc(T — A) = dsc(T — A) < oo,
which implies (by [10, Proposition 38.6]) that 0 < a(T' — A) = B(T — A) < oo,
i.e. T — A is a Fredholm operator of index 0. Hence, A € o(T") \ ¢,,(T). O

Putting Lemmas (2.1) and (2.2) together, we have the following necessary
and sufficient conditions for T' € B(X) to satisfy Weyl’s theorem.

THEOREM (2.3). T' € B(X) satisfies Weyl’s theorem if and only if it has SVEP
at all points A € C\ o(T) and meo(T) = ng(T).

Proof. The points A € myo(T') being isolated in o(T), if T satisfies Weyl’s
theorem then T has SVEP at all points A € C\ ¢,,(T") and 7o(T) = wéO(T)
(by Lemma (2.1)). The proof being clear from Lemma (2.2), the theorem is
proved. O

The following corollary shows that the condition 7y (T") = ng(T ) of Theorem
(2.3) is sufficient for T to satisfy Weyl’s theorem in the case in which 7* has
SVEP.

COROLLARY (2.4). Let T € B(X). If T or T* has SVEP at all points A €
o(T)\ op(Tand me(T) = ng(T), then T satisfies Weyl’s theorem.

Proof. The proof being clear from Lemma (2.2) in the case in which T has
SVEP at all A € o(T) \ 0,(T), we consider the case in which 7* has SVEP. The
argument of the proof of Lemma (2.2) show that 7y (T) = w(t)o(T) C o(TM)\ow(T).
Since A € o(T) \ 0,(T) implies T' — A is Fredholm with ind(T" — A) = 0, T* has
SVEP at A implies that dsc(T' — A) < oo [1, Theorem 2.9]. Taken together with
a(T — A) = B(T — A) < oo this implies that asc(T — A) < oo [10, Proposition
38.6]. Consequently, o(T) \ 0,(T) C moo(T) = ng(T), which implies that
o(T)\ 0,)(T) = meo(T), and T satisfies Weyl’s theorem. O

Theorem (2.3) contains information about 7 satisfying Weyl’s theorem. One
has:

COROLLARY (2.5). If T or T* has SVEP and myo(T) = wéO(T), then the fol-
lowing conditions are equivalent:

(1) T* satisfies Weyl’s theorem;

(i) moo(T™) C moo(T);

(iii) moo(T™) = moo(T) .

Proof. Suppose, to start with, that T' has SVEP. Then T satisfies Weyl’s
theorem (by Corollary (2.4)). Since o(T*) = o(T) and 0,(T*) = 0,,(T), o(T*) \
0w(T*) = o(T)\ 0p(T) = moo(T") = wgo(T). This proves the equivalence (i) <
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(7). The implication (iiz) = (ii) being obvious, it remains to prove the impli-
cation (it) = (ii1). Suppose 7oo(T*) C moo(T"). Then, since 7go(T) = wgo(T),

A€ moo(T) = A € mhy(T)
= asc(T —A)=dsc(T —A) <oo and X =T —AN)"P0)® (T — MNP(X)
for some integer p > 1. By duality,
X =T"-MNP0) T —NX")
= asc(T*—AN)=dsc(T" —AN) <oco= A€ ng(T) C moo(T™).
Hence ’7T()()(T*) = ’7T()()(T).

Suppose now that T* has SVEP. If T* satisfies Weyl’s theorem, then o(T™*)\
o(T*) = 7o(T™*). Since A € oo(T™*) implies T* — AI* is Fredholm and asc(T* —
A*) = dsc(T* — A[*) < oo, T — Ais Fredholm with asc(T'—A) = dsc(T' —\) < co.
Thus A € 7oo(T'), and (i) = (27). For the reverse implication (i) =—> (i), observe

that the hypotheses T* has SVEP and WEO(T) = moo(T) imply that T satisfies
Weyl’s theorem (see Corollary (2.4)). Since moo(T*) C moo(T),

o(T*)\ 0w(T*) C meo(T™) € meo(T) = o(T') \ 0,(T),
which implies that T* satisfies Weyl’s theorem. Hence (i) <= (ii). Obviously
(itt) = (i1). To complete the proof we have to show that (i1) — (iiz). But
this is immediate since (by duality) o(T) \ 0,,(T) = o(T*) \ 0,(T™*), and o(T) \
0w(T) = meo(T) and o(T*) \ 0,(T*) = meo(T*) (since both T and T satisfy
Weyl’s theorem). O

Remark (2.6). T* may fail to satisfy Weyl’s theorem in the absence of the
hypothesis moo(T*) C moo(T) in Corollary (2.5). Thus let T € B(/*(N)) be

the operator T'(x1, x9, x3, ...) = (0, 3§, 2, ...). Then T*(x1, x9, x3, ...) = (3, 3, ...).

Both T and T* have SVEP (since they are quasi-nilpotent), moo(T') = WéO(T )=10
and T satisfies Weyl’s theorem, but oo(7*) = {0} and T* does not satisfy Weyl’s
theorem.

Remark (2.7). The credit for Theorem (2.3) goes to Karl Gustafson [8, Theo-
rem 1]: what we have done in Lemmas (2.1) and (2.2) is to use techniques from
local spectral theory to single out the role played by SVEP to identity points
of moo(T') as being points of W%O(T) and to show that T* also satisfies Weyl’s
theorem under the additional hypothesis that 7oo(T™*) C moo(T).

In the presence of SVEP, the hypotheses of Theorem (2.3) ensure a-Weyl‘s
theorem for T*; an additional hypothesis is required for an a-Weyl’s theorem
for T. Let

®,.(X)={T € B(X) : T(X) isclosed and a(T) < o0 }
denote the class of upper semi-Fredholm operators,
®_(X)={T € B(X) : codim T(X) < oo}
denote the class of lower semi-Fredholm operators, and let
B.(X)={T € ®(X) : asc(T) < o0}

denote the class of upper semi-Browder operators. Let 0,;(T') denote the upper
Browder spectrum of T'. 1t is then clear that ¢,,,(T") is the complement of all
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those A € C for which (T' — A) € ®,(X) and ind(T' — A) < 0 (see [15]; see also
[2] for further information about SVEP and semi-Browder spectrum). Clearly,
Owa(T) C oyp(T).

THEOREM (2.8). If T* € B(X) has SVEP and moo(T) = myy(T)(resp., T has

SVEP and moo(T*) C moo(T) = WéO(T)), then T satisfies a-Weyl’s theorem (resp.,
T* satisfies a-Weyl’s theorem).

Proof. Assume to start with that 7* has SVEP. Then o(T') = o,(T) [12, p.
35] and 7§ (T') = moo(T'). Since T satisfies Weyl’s theorem (by Corollary (2.4)),
A€ wlo(T) = moo(T) = A € o(T) \ 0(T) C 0(T) \ 0ue(T). Hence to prove
0 (T) \ 0uo(T) = 7§, (T) we have to prove that oo(T) \ 0w (T) C w§y(T). If
A € 04(T)\ 0o(T), then (T — A) € ®,(X) and ind(T" — A) < 0. Since T* has
SVEP, (T — A) € &, (X) = dsc(T — )) < oo [1, Theorem 2.9], which in turn
implies that ind(T"— A) > 0[10, Proposition 38.5]. Hence ind(7'— A) = 0. Since
ao(T — A) < oo and B(T — A) < oo, it follows that asc(T — A) = dsc(T — A) < o
[10, Proposition 38.6], which implies that A € 7, (T) = moo(T) = & (T). This
completes the proof for the case in which 7* has SVEP.

If T has SVEP, then o(T*) = 0,(T*) [12, p. 35]. If also moo(T*) C moo(T) =
wéO(T)), then T* satisfies Weyl’s theorem (by Corollary (2.5)), which implies
that o(T*) \ 0,(T*) = mweo(T*) = Wéo(T*) = 7§o(T*). Let A € 0o(T*) \ 0a(T™).
Then (T — A) € ®_(X) and ind(T — A) > 0. Because T has SVEP, it follows that
asc(T — A) < oo and ind(T — A) > 0[1, Theorem 2.6] = asc(T' — A) < co and
ind(T — A) = 0 [10, Proposition 38.5], which in turn implies that asc(T' — A) =
dsc(T — M) < oo and ind(T' — A) = 0 [10, Proposition 38.6], and hence that
AE wéO(T*) = 78o(T*). Since A € 7wl (T*) = mwoo(T*) = WgO(T*) trivially implies
A € 04(T*) \ 0ye(T™*), the proof is complete. O

Remark (2.9). The example of Remark (2.6) shows that the hypotheses T, T*
have SVEP and myo(T) = WéO(T) are not sufficient for T' and T* to satisfy an
a-Weyl theorem. It is however clear from Theorem (2.8) that if both 7' and
T* have SVEP and moo(T*) C moo(T) = mhy(T), then both T and T* satisfy
a-Weyl’s theorem.

3. Applications.

The hypotheses of Theorem (2.3) are satisfied by a large number of classes of
operators, among them generalized scalar and totally paranormal operators on
a Banach space, multipliers of semi-simple Banach algebras, and hyponormal,
p-hyponormal (0 < p < 1), log-hyponormal and M-hyponormal operators on a
Hilbert space. All these classes of operators satisfy the property that

(H) Ho(T — 2 =(T - 1"70)

for all A € C and some integer p > 1. (See [3], [5] and [14] for the definitions
and other properties of these classes of operators.) We prove in the following
proposition that if hypothesis (H) is satisfied, then the hypotheses of Corollary
(2.5) are satisfied.

PROPOSITION (3.1). Let T € B(X). If T has property (H) for all A € C and
some integer p > 1, then asc(T — A\) < p forall A € C, dsc(T — A) < p for all
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A€ oM\ 0,(T) and 7oo(T) = W%O(T). Moreover, both T and T* satisfy Weyl’s
theorem, and T* satisfies a-Weyl’s theorem.

Proof. That asc(T — A) < p for all A € C and hence T has SVEP is obvious.
Let A € o(T) \ 0,(T). Then T' — A is a Fredholm operator and ind(7" — A) = 0.
Since T has SVEP, it follows from [1, Corollary 2.10] that dsc(T — 1) < oo,
and this since asc(T — A) < p implies that asc(T' — A) = dsc(T — ) < p
for all A € o(T) \ 0,(T). As already seen (see the beginning of Section 2),
if T satisfies property (H) then myo(T) = ng(T). Again, if A € 7yo(T*), then
A€ isoo(T) = X = (T -N)"PO0)DK(T —)A) = (T—-1)"20)a(T - 1)P(X), which
implies that A € mo(T). The proof is completed by appealing to Corollaries
(2.4), (2.5) and Theorem (2.8). O

Property (H) implies much more. Recall that T' € B(X) is said to be reguloid
if for every A € iso o(T') the operator T — A is relatively regular, i.e. there exists
an operator S, € B(X) such that

T —0S\T —-MN=T—-N.

Reguloid operators are isoloid (i.e., isolated points of the spectrum are eigen-
values of the operator). Property (H) (with p = 1) implies that T and T*
are reguloid (see [3, Theorem 2.5]). The reguloid property of T' implies that
X =T-Y0)® T(X). Thus, if Hy(T — A\) = (T — A)~1(0) for all A € C, then

X=TY0)aTX) = T 10) L T(X),

where by T-1(0) L T(X) we mean “kernel T is orthogonal to range T”and
“orthogonality” is defined in the sense of Garret Birkhoff (see [7, pg. 93]) by

x| < |lx+y|, forallx € T~*0)andy e T(X).

This property fails for certain operators which satisfy Weyl’s theorem. An
example of such operators is provided by the class of k-quasihyponormal op-
erators on a Hilbert space H (i.e., operators T € B(J() such that T**(T*T —
TT*)T* > 0 for some integer £ > 1): if T € B(H) is k-quasihyponormal then
T satisfies Weyl’s theorem, asc(T — A) = k&, isoo(T) = o,(T), eigenspaces
corresponding to non-zero eigenvalues of T' are reducing, but the eigenspace
corresponding to the eigenvalue 0 of T' is not reducing (see [4] for these re-
sults). Another example is provided by paranormal operators (i.e., operators
that satisfy ||Tx||? < || T2x| for all unit vectors x € X, see for example [10, p.
229]). Paranormal operators do not satisfy property (H) (see [6, Remark fol-
lowing Lemma 3]: we prove that paranormal operators satisfy the conditions
of Theorem (2.3).

ProposiTION (3.2). If T € B(X) is paranormal, then T has SVEP at all
points A € C\ a,,(T) and moo(T) = WBO(T).

Proof. Clearly T has SVEP at all points of the resolvent set of T. If A €
o(T)\ 0,(T), then T — A is a Fredholm operator of index 0 (which implies that
T —\is Kato type[1, Remark 2.2(iv)]). We prove that points A € o(T)\ 0, (T') are
isolated in o/(T"): this would then imply that A is simple pole of the resolvent of T
(see[6, Lemma 2.1]; paranormal operators from a sub-class of the “heredetarily
normaloid” operators of [6]), and hence that T' has SVEP at all A € C\ 0,(T")
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and that moo(T) = WBO(T). Since a paranormal operator T has finite ascent,
it follows from [1, Corollary 2.10] that if 0 € o(T") \ 0,,(T) then o(T') does not
cluster at 0. Assume now that (0 #)A € o(T)\ 0,(T). Let N(T') and y(T') denote
the null space and the minimal modulus function of T', and let d(x, N(T)) =
inf,cnr || — y|| denote the distance of x € X from N(T). If A ¢ isoo(T), then,
A being a non-isolated eigenvalue of T, there exists a sequence of non-zero
eigenvalues of T' converging to A. Recall from [6, Lemma 2.2] that eigenspaces
corresponding to distinct non-zero eigenvalues of a paranormal operator are
orthogonal (in the sense of G. Birkhoff [7, pp. 93]). Hence d(x,, N(T' — 1)) > 1
for all x,, € N(T' — A,,) such that ||x,|| = 1. We have:

O(Any A) = sup{d(xp,, N(T — X)) : %, € N(T — Ap), ||xn|| =1} > 1
for all n, which implies that
[An — A|/8(Ap, A) — 0 as n — 0.

But then
YT —A) = | — A|/6(Ay, A) — 0 as n — oc.

Since (T' — A)(X) is closed, this is a contradiction [10, Proposition 36.1]. Con-
sequently, points (0 #)A € o(T) \ 0,(T) are isolated in o(T). O

As yet another example of an operator T' which satisfies the hypotheses of
Theorem (2.3) but fails to satisfy Ho(T —A) = (T'—A)~?(0), consider the operator
T € B(H) (H is a Hilbert space) defined by

T=DU*s U,

where U is the unilateral shift and D is the diagonal operator with diagonal
(1,1/2,1/3,...). Then T does not satisfy Hy(T'— 1) = (T — A)~P(0), since DU*
is a quasi-nilpotent operator. However, o(T') = 0, (T) and hence asc(T — A) =
dsc(T — A) =0 for all A € C\ 0,(T). (We are grateful to Professor Woo Young
Lee for supplying us with this example, albeit in another context.)
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THE ORDER OF REAL LINE BUNDLES

N. E. BARUFATTI, D. HACON, K. Y. LAM, P. SANKARAN, AND P. ZVENGROWSKI

ABSTRACT. It is shown that for any real line bundle £ over a space X, such
that n€ admits » > 1 independent sections, there is a natural upper bound
on the order of [{] as an element of the real K-theory of X, for an arbitrary
space X. Previous work of Antoniano et al. [2], Barufatti and Hacon [3],
[4] furnishes examples where this upper bound is best possible, and this
theorem then enables a sharpening of some of the results in these papers.
Applications are made to classifying spaces, the Alexandrov line, Stiefel
manifolds, and projective Stiefel manifolds.

1. Introduction

For F equal to either R or C, and for a an F-vector bundle of rank r over
a space X, the order of « is the least positive integer m (if such exists) such
that ma ~ 0, i.e. ma is stably trivial. Equivalently, m([a] —7) = 0 € Kg(X),
where Kr(X) = KO(X), K¢(X) = K(X) (and similarly for the reduced K-
theory). We remark that ma need not be trivial, however it is usually the case,
for X a finite CW-complex, that m > dim(X), and one can then use standard
stability properties of vector bundles (cf. [8], Ch.9,§1) to conclude that ma is in
fact trivial (in the real case mr > dim(X) + 1 suffices, and in the complex case
mr > [(dim(X) + 1)/2]).

Suppose now that X is a space of the homotopy type of a finite CW-complex.
If € is any R-line bundle over X, then it is classified by a map f: X — BO(1) =
RP*>. By cellular approximation f factors through a finite skeleton as g : X —
RP™ for some n, with g*(&,) &~ &, where &, is the Hopf line bundle over RP".
Hence the order of £ (respectively c€) divides the order of &, (respectively c&,,),
which from [1] is respectively 2¢("), 2[7/2 (where as usual ¢(n) is the number of
integers j such that 1 < j < n,j=0,1,2,4(mod8) ). In particular £ has order
a power of 2.

The bounds on the order of £ obtained by the above method are generally not
very sharp. Our main result (Theorem (1.2) below) gives much sharper bounds
once information about sections of some multiple n€ of £ is known, in the real
case F = R, and under no additional hypothesis about X. To state this theorem
first recall that for any positive integer ¢, v2(t) is the largest non-negative integer
such that 22(®) divides t. Next, forany 1 < r < n,set n—r = s,c = [s/2],n = 2m
orn=~2m+1.
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Definition (1.1). With n,r,m, s, and ¢ as above, set

min{2j — 1+ 12 ("") : ¢+ 1 < j},nr even,
agp(n,r) = . my m .
mm{2c—|—1/2(c),2]—1+1/2(j) cc+1<j}, nr odd.

Note that in the above definition it is assumed, for j > m, that (Zn) =0 and
also that v2(0) = oo, so in fact these terms have no effect on ag(n,r).

THEOREM (1.2). Let & be a real line bundle over a space X such that ng
admits r > 1 independent sections. Then 2“0("”")§ ~ 0.

The proof of this theorem will be given in §2, using only elementary techniques
from multilinear algebra involving exterior powers and combinatorial identities
with binomial coefficients. For further results on sections of multiples of vector
bundles, in a somewhat different direction, cf. [10].

A somewhat less general version of this theorem appears in [21]. There, under
the extra restriction that X be a finite CW-complex, a proof is given that uses
representation theory as well as previous calculations of the (complex) K-theory
of the projective Stiefel manifolds [2], [4]. The present proof is shorter and more
elementary, does not involve the projective Stiefel manifolds, and imposes no
requirements on the base space X (not even paracompactness). As a consequence
it serves as an independent verification for some of the difficult calculations in
these papers. Also, in this paper, we explore a few applications of Theorem (1.2).

For any real vector bundle « having (finite) real order k, the fact that the
composition I?é(X) S KX) S I?é(X) of complexification with realification
is multiplication by 2 implies that & = 2¢¢, where ¢ is the order of ca in IZ'(X)
and € € {0,1}. The exact value of € can be difficult to determine, as for example
in (part of) the Adams conjecture ([8] , p.240, 14.2(3)). A second example of
this type occurs in the K-theory of the projective Stiefel manifolds X, , (cf. [2],
(3], [4]), where X,, , is defined to be the Z/2 quotient of the Stiefel manifold
Vi.r obtained by identifying any r-frame with its antipodal r-frame. There is an
evident Hopf (or canonical) line bundle &, , associated to this double covering,
and these authors show that the order of its complexification ¢, equals ga(n.r)
where a(n,r) = min{[(n — 1)/2], ao(n,r)}, and thus the real order of &, , equals
ga(nor)te(nr) with e(n,r) € {0,1}.

Definition (1.3). When a(n,r) = ao(n,r),(i.e. ap(n,r) <[(n —1)/2]), we say
that r is in the upper range of n.

Section 3 of this paper explores a few technicalities related to this definition,
which should help to elucidate the somewhat complicated definition of ag(n,r)
as well as the meaning of the “upper range”. As in [21], we now state an easy
consequence of Theorem (1.2) and the above definition, which settles the value
of ¢(n,r) as equal to 0 approximately 70% of the time. More precisely, we have
the following.

THEOREM (1.4). For n = 0,£1(mod8), or for r in the upper range of n,
e(n,r) = 0.

Finally, as remarked above, §4 explores for the first time some of the appli-
cations of these theorems. These are to line bundles over the classifying spaces
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BO(k), to the tangent bundle of the Alexandrov line, to equivariant maps of
Stiefel manifolds, and to span and immersions of projective Stiefel manifolds.
We remark that for any real line bundle £ with order 2%, the multiplicative
height of y = [§] — 1 € KO(X) is then determined as equal to a + 1. This
follows because £ ® £ = ¢, the trivial line bundle, implies y?> = —2y and thus
y' = (—2)""1y,1 < i. We also remark that for the cases not covered by Theorem
(1.4) it seems likely that e(n,r) = 1, cf. the Lower Range Conjecture (3.8).
The authors would like to thank the referees for their careful reading of this
paper, which led to several significant improvements to the original version.

2. Proof of Theorem (1.2)

To begin the proof of Theorem (1.2), suppose that £ is a real (resp. complex
or quaternionic) line bundle over an arbitrary space X such that né admits r > 1
independent sections.

LEMMA (2.1). With the above hypotheses on &, it admits a euclidean (resp.
hermitian) metric and

(2.2) B & re =nk

for some vector bundle 8 of rank n —r.

Proof. We consider the case F = R, the other cases have identical proofs with
“euclidean” changed to “hermitian”. It will be useful to recall (cf. [8], Ch. 3,
Theorem 9.6, or [18], Theorem 3.3) that any short exact sequence o — vy — f3
of vector bundles (over an arbitrary base space X), where v has a euclidean
metric, splits (i.e. 7 =~ a ® f). In particular it follows that any subbundle
and any quotient bundle of a euclidean vector bundle will also be euclidean.
For the case at hand, denote the line bundle £ by p : F — X and the triv-
ial bundle ne by p1: X x R” — X. Since r > 1, n{ admits a nowhere zero
section s: X — E(nf). Writing E(nf) = {(z,v1,...,vn): ¢ € X,p(v;) = z},
we have s(z) = (z,s1(z),...,sn(x)) where each s; is a section of £. Although
s;(z) may well vanish for various z, the fact that s is nowhere zero implies that
{s1(2),...,8,(z)} span the (1-dimensional) fibre p~!(x), for all z € X. Thus
the vector bundle morphism ne — ¢ defined by

n
f:XXRn—>E, f(x,tl,...,tn)zztisi(ﬂﬁ),
i=1

has constant rank 1 and is therefore surjective. This implies that ¢ is a quotient
bundle of the trivial bundle ne, and since the latter admits a euclidean metric
so does & (using the remark at the beginning of this proof).

Finally, this also implies that n¢ is euclidean, and therefore (2.2) follows by
another application of the splitting principle. O

Furthermore, using Exercise 3E in [18], we have the following.

COROLLARY (2.3). With £ as above and F =R, 2 = (@& ~e.

Remarks. Lemma (2.1) above is peculiar to line bundles. Taking rank(§) = 2
and r > 2, it is not hard to produce a counterexample to the corresponding



152 BARUFATTI, HACON, LAM, SANKARAN, AND ZVENGROWSKI

statement of this lemma. The use of the term “hermitian metric” for the quater-
nionic case does not seem to be in the standard texts such as [8], [18], but can be
found e.g. in [15]. Finally, as in Corollary (2.3), we take F = R for the remainder
of the paper.

Now recall the “total exterior power” A\;: R — 1+ R[[t]]*, given by \;(z) =
Y iso A(2)tt, for a A-semiring (R, \?) and its extension to the ring completion
Ai: R — 1+ R[[t]", as defined in [8], Ch. 13, §1. We shall frequently apply the
basic properties of A\; as given in this reference, without further mention, and
use the A-ring R=K O(X). Also, we shall henceforth abuse notation slightly
and write £ for [¢] € KO(X) (e.g. we write £2 = 1 in KO(X)). So, from (2.2)
we now obtain

(2.4) (140" = M(B)- (L4 1)
Also recall that in §1 we defined y = ¢ — 1, and that y* = £2"1y.
LEMMA (2.5). In KO(X) one has 0= (})2" "'y, n —r <.

Proof. Starting from (2.4), we use a trick due to Atiyah (cf. [8], p.175) and
replace t by ¢/(1 —t). With some minor simplifications we get

(L+ty)" /(1 =1)" = Aya-n(B) - (L =)
Clearing the denominators by multiplying through by (1 — ¢)™, this gives

(2.6) (L+ty)" = Aja—n(B) - (L=8)""".

Now observe that \;/1_¢)(B) is a polynomial of degree n —r in t/(1 — t),
so after it is multiplied by (1 — ¢)"~" the right hand side of (2.6) becomes a
polynomial in ¢ of degree at most n — r. Hence all coefficients of the left hand
side in powers t*,7 > n — r, must equal zero. This gives

0= <7?>yi—:|:(7)2i1y, i1>n—r.
i i

The proof of Theorem (1.2) is now very easy. First note that it is equivalent
to showing 290(""y = 0 € KO(X), as remarked in the first paragraph of the
Introduction. Taking i = n in Lemma (2.5) gives 2" 1y = 0, hence the order of
y is 2° for some b < n — 1. Indeed, applying the full strength of Lemma (2.5),
we have

O

(2.7) bgmin{W(?)+i—1:n—r+1§i}.

So the proof will be completed by simply showing that the right hand side of
(2.7) equals ap(n,r).
Recall, from §1, the notational conventions (depending on parities)

. 2m o 2c
" oam+1 " TS T) 2e 41,

Equivalently, m = [n/2], ¢ = [s/2].
It will now be useful to recall Kummer’s rule [14], that v (Z) = alq) +
a(p—q) — a(p), where a(t) equals the number of 1’s in the binary expansion of a
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positive integer ¢. Using this it is readily seen that v (Zn) =1y (227;) =1y (2”2?"1)
We shall always set ¢ = 2j in the following four cases.

For n = 2m even and r odd (so s = 2c¢+ 1), 1 (3”) = 1y (';) and the range
c+ 1< jisequivalent to 2c+2=s+1=n—r+1 < 25§ =4. Thus the right
hand side of (2.7) is identical to ag(n, ) in this case.

The proof for n = 2m even and r even (so now s = 2¢) is identical except that
one now finds n —r + 2 <, i.e. the term for i =n — r 4+ 1 is missing. However,
this is immaterial since Kummer’s rule shows that

2m Loetl< 2m I
1% 1%
2\2¢ 42 CTi=29.41 &

so the missing term does not affect the minimum.

For n =2m + 1 odd and 7 even (so s = 2¢ + 1), using v (7?) = 15(’}) shows
that the two minimums are identical, as in the n even, r odd case.

Finally, for n = 2m + 1 odd and r odd (so s = 2¢), we have 2j — 1 + v (Tj”) =
i—14uv, (?), and c+ 1 < j is equivalent to n — r 4+ 2 < ¢. However, in the right
hand side of (2.7) the term for ¢ = n —r + 1 must also be taken into account,

namely
n n _ 2m +1 Loe— m I
1%} n—r4+1 n r =1V 2%+ 1 C = Uy c C.

So again this equals ag(n,r) in this (final) case. O

3. Lower and upper range

Throughout this section 1 <7 < n and m, s, ¢, ap(n,r) are defined as in (1.1).
The definition of ag(n,r) given in §1 is not quite identical to the corresponding
numerical functions defined in [2] and [4], but the following proposition implies
that the two definitions are in fact the same. The proof involves an elementary
application of Kummer’s rule, and is omitted.

PROPOSITION (3.1). One has

- min{2j—1+y2(?):c+1§j§s}, nr even,
ao(n,7) = min{2c + v5("),2j — 1 + 1/2(?): c+1<j<s} nr odd.

Remark. Proposition (3.1) is vacuously true in case m < s.
PROPOSITION (3.2). For 1 <r <n—2, one has ap(n,r + 1) < ag(n,r).
Proof. From Definition (1.1) this is trivial for n (and hence nr) even, since

increasing r by 1 either fixes ¢ or decreases ¢ by 1. The proof is completed by
observing that for n,r both odd we have

ap(n,r+1) = min{2j—1+1/2<m):c§j}
J

IN

min{2c + v <m) R 2] — 141 (m>} = aO(na T) )
c J
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while for n odd and r even we have

ap(n,r+1) = min{2c+y2<m>,2j—1+ug<m>:c—|—1 <j}
c J

IN

min{2j—1+y2<T>:c+1 <j}=ao(n,r).
o

Recalling now that a(n,r) = min{[(n —1)/2], ap(n,r)} and Definition (1.3) of
the upper range, we have the following three corollaries, the latter two justifying
the nomenclature “upper range” and “lower range”.

COROLLARY (3.3). a(n,r + 1) <a(n,r).
COROLLARY (3.4). Ifr is in the upper range of n, then so are r+1,r4+2,...,n.

Similarly, defining the lower range of n as the complement of the upper range,
we have the following.

COROLLARY (3.5). Ifr is in the lower range of n, then so arer—1,r—2,... 1.

The next lemma gives an obvious lower bound for ag(n,r). The proof is clear
and is omitted.

LEMMA (3.6). One has

2c+1, nr even,
ao(n,7) = { 2¢, nr odd.

A few observations follow that should give a better intuitive grasp of the upper
range, i.e. when ag(n,r) < [(n —1)/2]. Notice that ag(n,r) < 2c+ 1+ 15 (CTl)
always holds. Neglecting the 15 (C:’_Ll) term, which is generally relatively small,
we see that 2¢ 4+ 1 < [(n — 1)/2] approximately suffices, which is in turn readily
seen to be implied by r > n/2 4+ 2. Thus the upper range, in general, starts at
approximately r = [n/2] + 3, and Lemma (3.7) below shows that it cannot start
as low as r = [(n+ 1)/2]. As an example, for n = 199, 200, 201, 202, 203, 204, the
upper range is respectively r > 102,105, 105, 105, 105, 105.

Our final lemma gives a few further properties of the upper and lower ranges.
Since it is not needed in the sequel the proofs (which are simple except for (d),
which involves some number theory) are not given.

LEMMA (3.7). (a) The lower range always contains r = 1,

(b) The upper range, apart from n =4, always contains r =n — 1,

(c) for any n, r = m is in the lower range, while for n = 2m + 1 # 2t — 1,
r=m+ 1 is also in the lower range,

(d) if n > 2°t2 + 1, then r is in the upper range.

The proof of Theorem (1.4) is based on Theorem (1.2), the definitions of the
upper and lower ranges, and the fact that the projective Stiefel manifold X, ,
together with its associated Hopf line bundle &, , are universal for spaces having
a line bundle such that n times the line bundle admits r independent sections.
We omit this proof since it can be found in [21], and close this section with a
conjecture on the lower range.
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Lower Range Congjecture (3.8). For n # 0,£1(mod 8) and for r in the lower
range of n, e(n,r) = 1.

This conjecture has been verified for n < 8, is true for » = 1 (cf. [1]), and
is also obviously true in the Hurwitz-Radon range r < p(n) since the fibration
Xnr — RP™ ! has a cross-section in this range. Other cases have been verified
using the Atiyah-Hirzebruch spectral sequence, but the information at present
is far from complete.

4. Applications

In this section we explore various applications of Theorems (1.2) and (1.4),
as well as the idea of the lower and upper range. The first application is really
just a corollary of Theorem (1.2) and is stated without proof.

PROPOSITION (4.1). Let & be a real line bundle over a space X, and suppose
[€] — 1 has infinite order in KO(X) (equivalently [c] — 1 has infinite order in
K(X)). Then, for any n > 1, n& admits no nowhere-zero section.

Remark. Examples of such bundles are the Hopf line bundles over the infinite
Grassmann manifolds BO(k) = G;(R*) (cf. [8], p.95). In this case, Proposition
(4.1) could also be proved using Stiefel-Whitney classes.

The second application has the same conclusion as Proposition (4.1), but
here the line bundle is the tangent bundle of the Alexandrov (“long”) line. The
definition of this space is given in most topology books, for our purposes it
suffices to recall that it is a smooth connected 1-dimensional manifold that is
not paracompact.

PROPOSITION (4.2). Let & be the tangent bundle of the Alexandrov line L.
Then for any n > 1, n& admits no nowhere-zero section.

Proof. If, on the contrary, n£ admitted a nowhere-zero section, then by Lemma
(2.1) ¢ admits a euclidean metric, which in this case is the same as a riemannian
metric since we are dealing with the tangent bundle of £. But this implies that
L is metrizable (cf. [16], pp.45-46, or [17]), which is impossible since £ is not
paracompact (also see [18], Problem 2-D). O

We also remark here that since ¢ admits no euclidean metric, €2 must be non-
trivial (Problem 3E in [18]). Furthermore, both this observation and Proposition
(4.2) remain true for any differentiable structure on £ (there are uncountably
many inequivalent ones, cf. [9], [19]).

The third application is related to Randall’s work [20] on equivariant maps

of Stiefel manifolds. Recall that a map V,, EN Vs 18 (Z/2)-equivariant if
f(=a1,...,—a,) = —f(a1,...,a,) for any r-frame (a1,...,a,) € Vi . The
main result of [20] asserts that there is no (Z/2)-equivariant map of this type if
m >n and r < s. The following theorem is very easy to prove and strengthens
Randall’s result when r is in the lower range for m (recall from Lemma (3.7)
that this includes all » < m/2, i.e. at least half the r-values for any m).
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THEOREM (4.3). If r is in the lower range of m then there exists no (Z/2)-

equivariant map Vi, » i) Vi,s when
(i) m odd and m > n,
(ii) m even and m > n + 1.

Proof. Any f as above induces a map X, , EN Xn,s with ¢*(&ns) = Emr-
To get a contradiction we simply compare the (complex) order of these two line
bundles, in fact a(m,r) = [(m — 1)/2] by hypothesis and a(n,s) < [(n — 1)/2]
always holds. Either assumption (i) or (i) then implies a(n,s) < [(n —1)/2] <
[(m —1)/2] = a(m,r), which is impossible if such a g exists. O

Remark. Assuming the Lower Range Conjecture one could also add the
case (iii): m = 2 (mod 8) and m > n. To see this one simply notes that
¢(m — 1) > ¢(m — 2) here, and 220"~ is the real order of &, , (by the Lower
Range Conjecture) while the real order of &, s divides 20(m=2) oiving a contra-
diction.

Our final two applications are to the projective Stiefel manifolds X, ., in par-
ticular to the span and immersions of these manifolds (introductory accounts of
the basic properties of these manifolds can be found in [11], [12], and [23]). First
let us consider span(X,, ), where by the span of any smooth manifold M is meant
the maximal number of pointwise linearly independent tangent vector fields on
M, i.e. the maximal number of independent sections of its tangent bundle 7j;.
By the stable span of M, denoted span®(M), we mean one less than the maxi-
mal number of independent sections of 73; @ e. Clearly span(M) < span®(M).
It will also be convenient to use the geometric dimension and stable geometric
dimension of a vector bundle here, in particular, letting M have dimension d, we
set gd(M) = d — span(M) > gd®(M) = d — span®(M).

It would be too lengthy to explore all the implications of the theorems in §1
to span(X,, ,) in any amount of detail here, but we shall illustrate their power
with one easy lemma. Further applications of these theorems, in which the exact
span of X,, , is calculated for n — r < 3, may be found in [24].

LEMMA (4.4). Let nr = q (mod2% (™)) then gd®(X,.,.) < q.

Proof. It is well known that there is a stable equivalence 7, , ~ nré, , (cf.
[15], [22]). By Theorem (1.2), 290(mm)¢, .~ 0, and it follows that 7, ~ ¢ - &n.r,
which proves the lemma. O

Remark. This lemma can be sharpened slightly by using a(n,r) + e(n,r) (cf.
the remark before Definition (1.3)) instead of ag(n,r). Often, it can also be
sharpened by using the “orthogonal complement bundle” 3, , (of rank n — r),
cf. [21], [24].

We now turn to our final application, immersions of X, ;.. For this application,
according to the Hirsch theorem (cf. [7] [18]), one needs lower (respectively
upper) bounds on gd’(v), where v = v, ,. is the (stable) normal bundle. Using
the isomorphism 7 ® A28 ~ (})e (cf. [15]), or equivalently a theorem of Hiller
6], we see gd’v < rank(\283) = (”_T), and this furnishes strong upper bounds

2
for the immersion codimension, especially for r close to n. We shall call this the



THE ORDER OF REAL LINE BUNDLES 157

Hiller bound. For example, for r = n — 2, it gives an immersion of X,, ,_2 in
codimension 1, which is clearly best possible (the same is true for X,, ,—1, which
is parallelizable for all n). Extensive calculations by the first named author in [3]
and elsewhere, of upper bounds for gd"v, using both Stiefel-Whitney classes and
the y-operations in K-theory, suggest that the Hiller bound is not best possible
even for small n — r (as n — r becomes larger in comparision to n it is clearly
an inefficient bound). We now state a lemma quite analogous to Lemma (4.4)
and will give two examples that show that the Hiller bound is indeed not best
possible, even for n — r < 5. In fact, in both cases the Stiefel-Whitney classes
will suffice to show that the best possible immersion dimension has been found.

LEMMA (4.5). Let —nr = q(mod2%(™)) 0 < ¢ < 290" Then X, . im-
merses in codimension max{1,q}.

Proof. The proof is similar to that of Lemma (4.4), this time using the Hirsch
theorem and the stable equivalences v ~ —7 ~ —nré. O

Ezample (4.6). (a) Xppn-a, n =2'2p+1)+2, p > 0, ¢t > 3, immerses in
codimension 4.
(b) Xpn—s5,n=2"(4p+ 1)+ 6, p >0, t > 3, immerses in codimension 2.

Note that the Hiller bounds in these examples are 6, 10 respectively. The proof
in either case is an elementary application of Lemma (4.5) to get an upper bound
for gd’v (i.e. the immersion codimension), and use of the Stiefel-Whitney classes
for the lower bound. We omit the details, and simply remark that in (a) one finds
ap=t+3,N =2 w=1+2*while in (b) ag = 5, N = 6, and w = 1+ 22, where
x generates H'(X,,,;Z/2) and N is its height ( N = min{j: j > n —r +1, (?)
is odd}, cf. [5]).
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LARGE DEVIATIONS FOR MARKOV CHAINS IN A
RANDOM SCENERY WITH COMPACT SUPPORT

CLAUDIO MACCI

ABSTRACT. Let (Z5) be a Markov chain in a random scenery, namely Z,, =
> h—1 ©, where J = (Jy) is an irreducible Markov chain taking values in
a finite set £ and © = (O4),ck is a family of RP-valued random variables
(for some p > 1) assumed to be independent of J. Then, assuming that
© takes values on a compact set, we prove the large deviations principle
of (Zn” ) and, when p = 1, a large deviations estimate for the level crossing
probabilities of (Zy).

1. Introduction

This paper concerns large deviations so that let us start by recalling the
basic definition of large deviations principle (LDP for short). More precisely
we adapt the definition in the literature (see [2], page 4-5) to a sequence of
T-valued random variables (Y, ), where T is a topological space: given a lower
semicontinuous function I : T — [0, 00] (called rate function), (Y;,) satisfies the
LDP if the two following inequalities hold:

1
liminf —log P(Y,, € O) > — inf I(z) (YO open);
n z€0

n—oo

lim sup 1 logP(Y,, € C) < — ingf(x) (VC closed).
zE

n—oo T

Let J = (J,) be an irreducible Markov chain with state space E = {1,...,s}
and let (L,,) be the empiric laws defined by

L, = (Lp(x))zep with Ly(x) =

3

n
> L=
k=1

Furthermore let © = (O,);cr be a family of RP-valued random variables (for
some p > 1) assumed to be independent of J; these random variables play the
role of the random scenery (also called random landscape) and let us denote the
law of © by p. Finally let (Z,,) be defined by

Z, = f:@Jk =n Z O,L,(x).
k=1

z€E

2000 Mathematics Subject Classification: 60F10.
Keywords and phrases: Large deviations, Markov chain, random scenery, level crossing
probabilities, Lundberg parameter.
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In [6] there is a wide source of references concerning random sceneries and
their asymptotic behaviour. In particular Theorem 1 in [6] provides the LDP of

(nz\/ﬁ) when O is a suitable centered Gaussian random field.

In this paper we recall some preliminaries in section 2 and we present the
results in section 3. The first result (Proposition (3.1)) is the LDP of (Z—T:)
and it is proved as a consequence of Theorem 2.3 in [3]; in particular we refer
to the concept of exponential equivalence and we employ a related result (see
[2], Theorem 4.2.13). The second result (Proposition (3.5)) provides a large
deviations estimate for the level crossing probabilities of (Z,,) when p = 1; such
level crossing probabilities are

(P(Ty < 00))p>o defined by T, =inf{n >1:Z, > b}.

In some sense the infimum of the family of Lundberg parameters which appears
in Proposition (3.5) in this paper is the analogous of the infimum of the family
of large deviations rate functions which appears in Theorem 2.3 in [3]. This
analogy leads the author to think that Proposition (3.5) could be extended to a
wide class of mixtures satisfying the hypotheses of Theorem 2.3 in [3].

We point out that all the results presented in this paper agree with the well
known large deviations results for Markov additive processes when O is a family
of constant random variables. Indeed in such a case the support of y is reduced
to a single point 6 where

6= (gzc):cEE € (RP)E

and we have a particular discrete time Markov additive process with finite envi-
ronment’s state space according to the description in [1] (page 40, discrete time
case). More precisely, as far as the conditional distribution of Z; given (Jo, J1)
is concerned, we have

P(Zy € dz|Jo =z, )y = y) = & (d2)

where d5 is the Dirac delta concentrated on 6,. We also recall that Corollary
1 in [5] provides a generalization of the description in [1] to the case in which

FE is not necessarily finite and the additive component takes values in a Hilbert
space.

2. Preliminaries

Throughout this paper we denote the scalar product in R? by (-,-) and the

infinity norm in R? by || - [|; namely, for 6,1 € R? with 6 = (6(i))ic(1,... ,} and
n = (1(i))ieq1,... p}, let us set
P
(0,m) = _0(i)n(i) and [|0] = max{|0(i)| :i € {1,...,p}}.
i=1

(2.1) On large deviations. Let II = (7(z, y))z,yer be the transition matrix
of J which is an irreducible matrix since J is an irreducible Markov chain. Then,
for each o € RP and for each § = (0.).cr € (RP)F, let us consider the matrix
1% = (7% (2,y))zyecr defined by

7wl (z,y) = w(x,y)el=0v).
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In general these matrices are irreducible since II is irreducible. Thus let p(I1%)
be the Perron Frobenius eigenvalue of the matrix I1% and let Ay be the function
defined as follows:

Aa(a) = log p(I1%).

Then it is known (see [2], Theorem 3.1.2) that (£ >, 6,,) satisfies the LDP
with rate function A\g defined by (z € RP)

(2.1.1) Ao(z) = sup [{o, 2) — Ag(a)].
a€ERP

(2.2) On level crossing probabilities. In this subsection we recall some pre-
liminaries in view of the next Proposition (3.5). Then we assume p = 1 and let
0 = (02)zcre € RE be arbitrarily fixed.

For each fixed a € R we can still apply Perron Frobenius theorem for the
matrix I1% as before. Then there exists a (unique up to a constant multiple)
positive eigenvector (hg,;e)(oz))xe g of TIY, corresponding to the eigenvalue p(I1%)
and, for each n > 1, we have

S Ble Ther e,y o = alhlf) (@) = (o))" B @) = " )
yeE
(Vz e E).

Then we can introduce a family of probability measures (P?),cr defined as
follows. In general, for each n > 1, P is absolutely continuous with respect to

P? on the o-field generated by {Jo, J1, ..., J,} with density é(arjg defined by

" " ) (cr)
(2.2.1) oy = exp(—ay 0, +nhg(a)) 1)
k=1 7. (@)

Now let us concentrate our attention on the level crossing probabilities of
(>-p_, 04,), namely the probabilities (P(Tb(a) < 0))p>0 defined by

Tb(e) =inf{n>1: ZGJ,C > b}.
k=1

Furthermore let us consider the condition
(H), : there exists wy > 0 such that Ag(wg) = 0 and Ay(wg) > 0.

Then Theorem 3.1 in [8] shows that, if (H), holds, we have

1 ®) . Ao(2)
2.2.2 lim - log P(T, = —wy = — inf ——=.
222 Pyl P < o) = e =~
We remark that (2.2.2) agrees with the more general results in [4] and, in general,
the value wy is called Lundberg parameter of (}_,_, 6;,). Furthermore, if we

denote the unique stationary distribution of J by (£(x))zer, we can say that
(H), holds if and only if ) 5 0.L(x) <0 and 6, > 0 for some o € E.
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3. The results

Let S(u) be the support of p. The idea is to employ Theorem 2.3 of [3] so
that in the next propositions we always assume that S(u) is a compact set.

Proposition (3.1). Assume S(y) is compact. Then (Z=) satisfies the LDP with
rate function A defined by

AMz) =inf{lg(2) : 0 € S(u)}.

Proof. We prove the proposition employing Theorem 2.3 of [3], so that we
have to check the two following conditions:

(EC) let (™) be a sequence in (RP)¥ (where in general §(™) = (Q;En))er)
such that

(3.2) lim max 16" — 6, =0

n—oo re

for some 6 = (0;),cr € (RP)F; then (L 37, 9&2)) satisfies the LDP with rate
function Ag.
(JLSC) the function (0, z) — Ag(z) is lower semicontinuous.

n
Proof of (EC). By Theorem 4.2.13 in [2], we only need to check that (£ > 952))
k=1

n

and (= 3 6,) are exponentially equivalent in the sense of Definition 4.2.10 in
k=1

[2], namely

N Lggm 1y _
(3.3) llr?isogpﬁlogp(ﬂﬁkzﬂﬁjk —Ekzﬂehn > ) =—o0 (V3 >0).

Thus let § > 0 be arbitrarily fixed. Then we have

s o 1 & .
=265 =~ > 0nl = (6 — 6:) La(a)] <
k=1 k=1

z€E

D168 = 0u]| Lu(w) < max |65 — 6,
zEE vek
whence we obtain the following inclusion between events:

I~y Ly () _
Il ;Q,k - ;ehn > 0} C {max]|%" — 6. > 5}.

Moreover for n large enough the deterministic event

(n) _
{max |65~ 6,] > &)

does not occur by (3.2). In conclusion for n large enough we have

< z n_Z < (n) _ =
05 PUIL 3205 = 5 32 0nl > 9) < Pluggl6f? =601 > 9) =0

and (3.3) holds since § > 0 is arbitrarily fixed.
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Proof of (JLSC). Let (fg,20) € (RP)P x RP be arbitrarily fixed. Then we
have to check

3.4 liminf  Ag(z) > A .
(3.4) o Sminf 0(2) > Ao, (20)

We point out that, in general, we have the following inequality
Ao(2) > (o, z) — Ag()

by (2.1.1). We remark that the latter right hand side is a regular function of
(0, 2z); indeed, reasoning as in the final part of proof of Theorem 3.1.2 in [2] which
explains the regularity of Ag for each fixed 6 (see Theorem 7.7.1 in [7] for some
detail), Ap() is a regular function of @ for each fixed a. Then we have
liminf  Ag(2) > (o, 20) — Ag, (@) (Va € RP);
(9,2)4)(90,20)
thus (3.4) holds by taking the supremum with respect to « in the right hand
side. (]

Proposition (3.5). Assume the following conditions hold: p = 1; S(p) is com-
pact; (H), holds for each 6 € S(p);

1 (©)
(3.6) sup max fe)(wa) < 0.
0€5(p) TYEE Iy (wy)
Then )
lim - log P(T; = — inf .
biglo b og P(T} < o0) 0612‘(“) we

Proof. We have to check

1
liminf - log P(T; > — inf
lbIEMl)lg b og P(Ty < 0) = eensl(u)wa
and

1
limsup = log P(Tp < 00) < — inf wy.
msup g log P(Th < co) < = Iuf wo

Proof of lower bound. Let b, z > 0 be arbitrarily fixed and let us set
b
n.(b) = [;] +1
where [-] denotes the integer part; then we have
P(Tb < OO) > P(an(b) > b)

since {T < 0o} D {Z,_ ) > b} and we obtain
> n(b) o
T b n.(b)
n,(b

b n.(b)

Thus, since limy_, oo nzb(b) = % and (Z—;) satisfies the LDP with rate function A

in Proposition (3.1), we have

%log P(T, < o0)

=
—_
N
3
N
~—
£

1 Azt
libminfg log P(Ty < 00) > — (")

— 00 z
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whence we obtain

+
lim inf % log P(Tp < 00) > — inf AL )

b—o0 2>0 z

Thus we complete the proof of the lower bound showing that

+
(3.7) inf AT < inf  wp.
>0 2 )

In order to check (3.7) let § € S(p) be arbitrarily fixed; then we have

+
<t 20D )

Azt
(3.8) inf AT
z>0 z z>0 z z>0 z
indeed the inequality holds by construction, the first equality holds since Ay is
convex and lower semicontinuous and the second equality follows from (2.2.2).

In conclusion we obtain (3.7) by taking the infimum of wy with respect to 6 in
(3.8).

Proof of upper bound. Let b > 0 be arbitrarily fixed. Then

P(T, < o0) :/

P(T" < oo)u(df) = / P(T? < co)u(dh).
]RE

S(w)

Now, for each fixed 6 € S(u), let us employ the densities égjg in (2.2.1) as in the
proof of Theorem 3.1 in [8]. Then in general we have

(0)
P(T" < 00) = Eps[el]y 1

Tb(Q><oo]

and choosing o = wy we obtain

0 Q)
P(T” < 00) = Epy [6,7 )1T,59><oo] <

1 ©) _ (®)
e~ wob p [ Jo (’U}a) 0 ]éefbmfges(m we sup max ha (’(1)9)
we h(e) T, <oo z,yeE h(a)
T ) 0eS(p) - Y (we)
b

©
since we have Zf”zl 05, > b by construction and Ag(ws) = 0 by (H),. In
conclusion

1
limsup - log P(Tp < o0) < — inf w
msup g log P(Ty < 00) < = Tuf we

follows from (3.6). O

We remark that (3.6) holds when S(1) is a finite set (in such a case S(u) is also

a compact set) and in the proof of the upper bound we have Pfje (Tb(a) <o0)=1
for each fixed 6 € S().
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ON SOME GENERALIZATIONS OF COMPACTNESS IN
SPACES C,(X,2) AND C,(X,Z), ERRATUM

A. CONTRERAS-CARRETO AND A. TAMARIZ-MASCARUA

Every topological space considered in this note is a Tychonoff space.

In [CT], it was proved that for a zero-dimensional normal space X, the space
of all continuous functions defined on X and with integer values C,(X,Z) is
o-pseudocompact if and only if X is an Eberlein compact space. Afterwards, we
gave an example, suggested by one of the referees of [CT], of a zero-dimensional
space Y such that Y is not normal and C,(Y,Z) is o-pseudocompact. The
argumentations made there in order to prove the properties of Y contain some
mistakes and they are not sufficiently clear. In the following, we rewrite some
paragraphs which appear at the end of [CT] obtaining a correct and clearer
demostration of the claims made about Y.

Recall that, for an n € N, B C X is Cj,-embedded in X if every continuous
function f: B — {0,...,n} has a continuous extension to all X, where {0, ...,n}
is the discrete space of cardinality n + 1. It is not difficult to prove that B C X
is Cs-embedded in X if and only if B is C),-embedded in X for every n € N.

There exists an infinite zero-dimensional pseudocompact space Y in which all
countable subsets are closed and Cs-embedded in Y. Since Y is pseudocompact,
Cp(Y,Z) = Cp(Y,N) = U,en Cp(Y ).

The space C,(Y,n) is a dense subset of n¥; so, if f : Cp(Y,n) — R is a
continuous function, then, by Theorem 1 in [A1], there are a countable subset
B C Y and a continuous function g : 7p(Cp(Y,n)) — R such that f = g o np,
where mp : n¥ — n® is the canonical projection. Since B is a countable subset
of Y, B is Cz-embedded in Y; so 75(C,(Y,n)) = n®B. Since n® is compact, f has
to be bounded. Thus, C,(Y,n) is pseudocompact for every n € N. Therefore,
C,(Y,Z) is o-pseudocompact.

Moreover, Y is not normal because normality plus pseudocompactness im-
ply countable compactness, and every countably compact space contains some
countable non-closed subset, contrary to one of the properties of Y.

Now, let us see how we can obtain such a space Y. We modify the example
due to D.B. Shakhmatov of a pseudocompact space which has all its countable
subsets closed and C*-embedded (see [A2], Example 1.2.5 and [S]). The example
of Shakhmatov is connected but his proof can be carried out identically to find
the space Y as a dense subspace of 2¢. Indeed, let 3 be the ¥-product in 2¢ with
center at zero (X = {x € 2°: [{a € ¢ : mo(x) # 0} < Ng}). Then |X| = ¢, so we
can enumerate it as ¥ = {gq : @ < ¢} so that each g € ¥ occurs c-many times in
this enumeration. Let {4, : a < ¢} be an enumeration of all countably infinite
subsets of ¢ such that each countably infinite A C ¢ also occurs ¢-many times in
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this enumeration. For each o < ¢, we define a point z, € 2° by the following
conditions:

(1) Za(8) = ga(8) for every B < a,

(ii) zo(B8) =01if 8 > a and a ¢ Ag,

(iii) zo(B) =1if 8 > v and a € Ag.

Then, the same reasoning as in Shakhmatov’s paper [S] shows that Y = {z, :

a < ¢} is a dense pseudocompact subspace of 2¢ such that every countable subset
of Y is closed and Cs-embedded in Y.

We thank Professors F. Cassarubias and C. Paniagua for pointing out the
mistakes of the last paragraphs in [CT].
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